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Exercise 10.1

We compute the jacobian matrix in (0,0):
g <7’ -m m )
m o —p—m

tr(J) =7 —pu—2m, det(J) = —r(p +m) + mp

Hence

The equilibrium is unstable (hence, the population is viable) if the determinant is negative
or if the trace is positive, i.e., if one of these conditions holds:
mu
n+m

r>

or
T > 1+ 2m.

Notice that

(p+2m)(p+m)  mp +u2+2mu+2m2 mp

1“ + 2m = - > ’
n+m w+m n+m n+m
hence we conclude that the population is viable if

mu
pw+m’

r>

Exercise 10.2

(a) Ry is the expected number of offspring in a lifetime of an individual in a virgin environ-
ment. Since a juvenile becomes adult with probability v/(u1 + ) and the average lifetime
of an adult is 1/us, we have

R | () S 1
Py p2 o Ay e

(b) At equilibrium, Ny = /@Ng/fy, and




(¢) We compute the jacobian matrix at equilibrium
J_ <—,u1 —v by — 2CNQ> _ (-ul -5 —bo+ 2#2“17+7>
Y —H2 Y —H2
tr(J) = —p1 —p2 —v <0,  det(J) = boy — papa — yp2

hence the equilibrium (N, N») is stable whenever it is positive, i.e. whenever

b > K12 ¥ .
Exercise 10.3
The equilibrium (Z, ¢) satisfies
r(e)=f
. _Co—C¢C
xr =
k

and it is positive if and only if cg > ¢ = 771(f). The jacobian at equilibrium is

g r(é)—f r'(¢)z (0 r'(&)z
~\ —kr(e) —kr'@z—f) \-kf —k’'()z—f
tr(J) = —kr'(¢)z — f <0, det(J) = kfr'(¢)z,
(because 1’(c) > 0 for all ¢). Hence, we conclude that the equilibrium is stable whenever
it is positive. To prove that it is a node, we need to verify that det—tr?/4 < 0:

o (@2 + £ _ (kD)2 ~ f)?

e sy o
det 1 kfr'(¢)z 1 1 < 0.

Exercise 10.4

(a) The equilibria are (0,0) and (N, T) satisfying

=0, N=%>o
c pc

7 <0 —cN)
p —«

tr(J) = —a <0, det(J) = peN > 0,

The jacobian at equilibrium is

hence the positive equilibrium is always stable.
(b) The nontrivial equilibrium (N, 7)) is a stable focus when det—tr?/4 > 0, i.e., when

ar—a?/4>0 &  a<dr

hence oscillations occur when the toxin decays slowly.



(c) Assume p, > r, cT. We introduce a small parameter ¢ < 1 and the scaled parameters
p=p/e, « = &/e. Then, by substituting and letting £ — 0,

ﬂ:7“]\7—CTN
dt
N
0=pN—aT = T=25
(07

and hence the dynamics of the bacteria is described by
Wy <1 . N)

dt a
pc

which is logistic with carrying capacity K = %—O;‘.

Exercise 10.5

(a) We model the reactions involving RyU and RyV:

dx

i Ei(l—z—y)u—k_1x
d

d—gz =ko(l—xz—y)v—Fk_ay

The quasi-equilibrium is

z(u,v) = Qi1k—2k1u, 9(u,v) = Qrkok_qv

where

1
N k‘gk_l’l) + k_2k1u + k_gk'_l '

@1

For the stability, we compute the jacobian:

J = —klu — k_l —k:lu
- —kov —kov — k_o

tr(J) = —kju — kv — k_o9 < 0,
det(J) = (k:lu + k_l)(k'Qv + k_g) — kikouv = k_l(kgv + k_g) + k_okiu >0,

hence the quasi-equilibrium is stable.
Analogously, we derive the system for p and ¢:

dp

= kol —p—q)u—k_
i 2(1 —=p—q)u 2D
dq

2 k(1 —p—qv—k_
m 1(I=p—q 19

The quasi-equilibrium is

P(u,v) = Qakak_1u, G(u,v) = Q2k_2k1v



where

Qs = 1
2= kok_1u+k_okiv +k_ok_1
(a) The slow system is
du ou
prial iy U a@Qik_okiu — pu = Trout bo Hu
@*a — v = aQok_okiv — U*L— v
a1 KT AkaR2m M_l—i-ﬂu—i-av a
with . & &
— g M — 22
¢ - ak_lv « k'_l’ ﬂ k_2
(b) The equilibria of the slow system are (0,0), (0,?o), (%0,0) and (u,?) such that
P e
ug = Vg =
Jites
and
R il
p(e+ B)

Notice that the system admits nontrivial equilibria if and only if ¢ > pu.
For the stability, we compute the generic jacobian matrix:

p(l+autpv)—adu —Bou
J _ (I4+au+pv)? H (I4+au+pv)2
(u,0) = —Bgv ¢(14Butav)—agu
(1+Butav)? (1+Butaw)? —H

and then we compute it at the different equilibria:

¢p—p 0 )
J(0,0) =
0.0 ( 0 o—n
%}102 — —/395}102
J(ﬂ()’ 0) — | (14ado) (1(;rau0)

0 THaa, M

)
. 555 — M 0
J(0,00) = <1+§1é%@0 —adio )
(1+O¢ﬁo)2 (1+04170)2

—B¢v —agb
(1+Ba+ad)2  (1+Ba+ad)?

—adl_ —Bed_
J(f, o) = <<1+au+ﬁv>2 <1+cw+ﬁv>2>

It is easy to check that the trivial equilibrium is always unstable. The positive equilib-
rium (u,0) is stable if &« > § and in this case (g, 0) and (0, ?g) are unstable. Vice versa, if
a < f3 the positive equilibrium (4, 9) is unstable and the equilibria (g, 0) and (0, 79) are

stable.

Hence, the system can actually function as a genetic switch only under the condition

a < p.



