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Exercise 2

1. Continuous logic cannot express negation, i.e., for an L-sentence ϕ, e.g. the
expression ϕ ≤ r is (shorthand for) a condition, but the expression ϕ > r is in
general not. Still, continuous logic extends �rst order logic (which has negations).
Explain how this is possible.

2. Assume that F is a full system of connectives. Show that for any ε > 0 and any
L-formulas ϕ(x1, . . . , xn) there is an F -restricted (i.e., one using as connectives only
those in F) L-formula ψ(x1, . . . , xn) such that for all L-structuresM one has

|ϕM(a1, . . . , an)− ψM(a1, . . . , an)| ≤ ε

for all a1, . . . , an ∈M .

3. Give an axiomatization of (the unit ball of) an in�nite dimensional Hilbert space.

4. A condition is universal if it is of the form supx̄ ϕ = 0, where ϕ is quanti�er-free
(supx̄ is shorthand for supx1 . . . supxn). Let N be a submodel of M and assume
M |= E for some universal E. Show that N |= E.

5. Let (Mi)i<κ be an elementary chain (i.e., Mi 4 Mj for i < j). Show that
Mj 4

⋃
i<κMi for each j < κ, where

⋃
i<κMi denotes the model de�ned on the

completion of the union of the universes Mi.


