HARMONIC ANALYSIS AND SQUARE FUNCTIONS: EXERCISE SET 3

Return your written solutions preferably directly to Emil Vuorinen (office C435,
emil.vuorinen@helsinki.fi). You can also return them during the lectures. Dead-
line for the third set is Friday, December 4. Ask for hints!

(1) Check that the martingales (defined in the p. 30 of the lecture notes) Apf,
P € D", satisfy [, Apfdo =0.

(2) Let (s;)i>0 be an m-LP-family and V' be the corresponding vertical square
function. Let Q C R” be a cube and o be a finite Radon measure so that
spto C Q. Suppose that there is a Borel set £ C R" so that o(£) > 0 and
for every x € E there holds that

o(B(z,r))

Veolo(r) < o0 and sup ————= < 0.
r>0 T

Show that there exists G C E and C' < oo so that ¢(G) > 0 and

11aVeofllrze) < Cllfll2e)

for every f € L?*(o).
(3) Let (s¢)1~0 be an m-LP-family, ) C R™ be a cube and  be a Radon measure
in R". Show that for every f € L?(u) for which spt f C Q we have

o dty 1/2 Q)
1 0! f()|*— <C
z s 1o() /a@' @P%) »

= Cugyrl ez
(4) Let D, and D, be two dyadic systems in R". Let v € (0,1) and r > 1. Like
in the lecture notes we say that () € D; is (7, 7)-Ds-good (or just Dy-good),
if d(Q,0R) > ¢(Q)"¢(R)' ™7 for every R € D, satisfying that {(R) > 27¢(Q).
We denote these cubes here by D go04-
Let ;. be a radon measure in R” and M > 1. We say that a € BMO?, (1)
if a is locally integrable and there is constant C' < oo so that

(/L la — (a).f? d/~b)1/2 < CM(ML)I/z

for every cube L C R". Here

e L[,
(@) = (ol = = [ adu

The best constant C' is denoted by ||a||gyoz, (.-
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Recall also the definition of the standard martingales from the lecture

notes
Doa= Y lla)g —(aolle,  Q€Dy.
Q'€ch(Q)
We define the operator

Mf=>Y >,  (frDea.

ReD2 erl,good
QCR
{Q)=2"¢(R)

Prove that given M, v and a large enough r we have that
1L fl 220y < Cllallemo?, (o ll Il 22(0) feL*(p).

(5) Let i be a measure of order min R" and 1 < p < oo. Let @ C R" be a cube
with ¢-small boundary. Prove that

/Q (/QQ\Q %)pdu(m’) < Ctp(2Q).



