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Exercise 4

Oct. 5, 2015

1. Suppose f is the 27m-periodic function given by f(z) = sgn(z) = z/|z|
when z € (—m,7)\ {0}, and f(0) = f(£m) = 0. Determine the Fourier series
of f and show that for N > 1 an odd integer, you can write the partial series

in the form
A (N-1)/2 .

sin((2k + 1)z

2. Suppose the sequence (x,,)2 | is equidistributed (mod 1) and a € Z\{0}.
Show that then also the sequence (az,)5°, is equidistributed (mod 1).

n=

Does the result hold when o ¢ Q 7

sin Lyg .
3. Use the Dirichlet kernel Dy(z) = % and the integral
2
5= |7 Dn(x)dz =1 to show that
/Oosmxda::: lim Msinxdx:z'
[Hint: Show that the function g(z) = == — 2 is continuous on the interval
2

[—7, 7], and use the Riemann-Lebesgue Lemma.]

4. Show that the sequence (< alogn >)>°, is not equidistributed (mod 1)
for any a € R.

[Hint: Apply Weyl’s criterium and compare the sum Y0 ¢?7ielogn with the
corresponding integral.]

5. Suppose f is the function of Problem 1. Show that

2 [T
lim SNf(%) - —/0 @) e 2 6

N—oo T T

and that Gy > 1. This proves the Gibbs phenomenon for the function f, c.f.
the pictures on the next page.

[Hint: In ” > " make use Problem 3]
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