
Matematiikan ja tilastotieteen laitosIntrodu
tion to Algebrai
 TopologyFall 2011Exer
ise 1128.11-02.12.20111. Let n > 1 and suppose f : Sn−1 → Sn−1 is a 
ontinuous mapping. Write
Sn = {(x, t) ∈ R

n−1 × R | |x|2 + |t|2 = 1} and de�ne Σf : Sn → Sn by theformula
Σf(x, t) =

{

(|x| · f(x/|x|), t), if x 6= 0,

(x, t), if x = 0.Prove that Σf is 
ontinuous.2. Suppose f : Sn → Sn is even, i.e. f(x) = f(−x) for all x ∈ Sn. Prove that
deg f is even integer and if n is even then deg f = 0. (Hint: f fa
tors throughthe proje
tive spa
e RP n).For every m ∈ Z give an example of an even mapping f : S1 → S1 with
deg f = 2m.3. a) For every x ∈ B

n
, x 6= 0 let

α(x) = 2

√

1− |x|

|x|
.De�ne h : B

n
→ Sn by

h(x) =

{

(α(x)x1, α(x)x2, . . . , α(x)xn, 1− 2|x|), if x 6= 0

en+1 = (0, . . . , 1), if x = 0.Prove that h is a well-de�ned 
ontinuous surje
tive mapping whi
h restri
-tion to Bn is a homeomorphism to Sn \ {−en+1} and whi
h maps Sn−1 onto
−en+1. Dedu
e that h indu
es a homeomorphism B

n
/Sn−1 ∼= Sn.b) De�ne f : Sn → Sn so that f |B+ = h ◦ g, where g is a standard ho-meomorphism B+ → B

n, g(x1, . . . , xn, xn+1) = (x1, . . . , xn) and f |B
−
is a
onstant mapping that maps everything to the south pole −en+1.Prove that f is a well-de�ned 
ontinuous mapping and f(x) 6= −x for all

x ∈ Sn. Dedu
e that deg f = 1.4. Suppose (X,A) is a topologi
al pair and A is a 
losed subset of X . Let
f : A → Y and let p : X ⊔ Y → X ∪f Y be the 
anoni
al quotient proje
tion.Then p|X \A is an open inje
tion and p|Y is a 
losed inje
tion. In parti
ularboth restri
tion are embeddings, p(X \ A) is open in X ∪f Y and p(Y ) is
losed in X ∪f Y .5. Suppose Z is obtained from Y by atta
hing n-
ells. Show that the set of open
ells depends only on the pair (Z, Y ) (Hint: 
onsider 
omponents of X \ Y ).Assuming Z is Hausdor� show that the same is true for 
losed 
ells.



26. Suppose p : X → Y is a quotient mapping and A ⊂ Y is open or 
losed. Showthat p|p−1A : p−1A → A is a quotient mapping.7. a) Suppose Z is obtained Y by atta
hing n-
ells and C is a 
ompa
t subsetof Z. Then Z interse
ts only �nitely many open 
ells of Z.b) Suppose X is a CW-
omplex and C is a 
ompa
t subset of Z. Then thereexists n ∈ N su
h that C ⊂ Xn.Bonus points for the exer
ises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


