Matematiikan ja tilastotieteen laitos
Introduction to Algebraic Topology
Fall 2011

Exercise 9

Solutions

1. Prove that the singular homology has compact carriers in the following
precise sense.
a) Suppose © € H,(X) (X a top. space). Prove that there exists compact
C C X such that x belongs to the image of

iw: Ho(C) = Hp(X)

(where i: C'— X inclusion).

b) Suppose C' C X is compact, i: C — X an inclusion and = € H,(C) is
such that i,(x) = 0 € H,(X). Prove that there exists a compact D C X such
that C' C D and j.(x) =0 € H,(D), where j: C — D is inclusion.

Also prove a) and b) for reduced homology groups H,,.

Solution: a) Suppose © € H,(X). Then there exist m € N, singular n-
simplices 0;: A, = X ,i=0,...,m and integers ny, ..., n,, such that

m
r = [Z n;oil,
i=0

where y = >~ n;0; € Z,(X) is a cycle.
Define

m

Then C' is a compact subset of X and by restricting image of o; for all
i =0,...,m we may regard y as an element in C,,(C). Moreover y is still a
cycle in C', so there is

' = [y] € Hn(C)

and i,(2') = .

If 2 € Hy(X), then y above has property £(y) = 0, so it has the same pro-
perty considered as an element of Co(C) as well. It follows that 2’ = [y] €
Hy(C).

b) As above represent x as a class [y], where

m
Yy = E n;og,
=0



for some singular n-simplices o;: A,, — C. Since i.(z) = 0 € H,(X), this
implies that there exists

k
z = an'rj € Cpi1(X)

=0

so that d(z) = y. Let
I
D=Jramuc.

J=0

Then D is compact and C' C D. Moreover z € Cy,41(D) and 0(z) = jy(y) i.e.
J¢(y) is a boundary in D. Hence j.(y) = 0.

This time reduced groups don’t affect conclusion in any way, so the claim
is trivially true also for Hy.

. Suppose K is a A-complex.

a) Let C be a compact subset of |K|. Show that there is a finite subcomplex
L of K such that C' C L.

b) Assume the theorem 3.4.3 (the equivalence of simplicial and singular ho-
mologies) is true for all finite subcomplexes of K. Prove that i.: H,(K) —
H,(]K|) is an isomorphism for all n € N. (Hint: a) and the previous exercise).

Solution: a) It is enough to show that C' intersects int o for finitely many
o € K only, since then the subcomplex L formed by these simplices and all
their faces is also finite.

For every o € K such that C'Nint o # () choose one point 2, € C'Nint o and
consider the set

B={z,]0€K,Cninto # 0}.

Then B C C. It is enough to prove B is finite. Suppose A C B and 0 € K
arbitrary. Since A intersects every interior of a simplex in at most one point
and o intersects finitely many interiors of simplices, it follows that AN o is
finite, in particularly closed in o. Since | K| has weak topology, it follows that
A is closed in |K]|. In follows that every subset of B is closed, hence B has
discrete topology and B itself is a closed subset of C', hence compact. Since
compact and discrete space is always finite, claim follows.

b) Suppose y € H,(|K|). By exercise 1 there exists compact C' C |K]|
such that y = j.(y') for some vy € H,(C) j: C — |K| inclusion. By a)
there exists finite subcomplex L of K such that C' C |L|, so y = k.(y"),
where v = ji(y') € H,(L), j': C — |L|, k: |L| — | K| inclusions. Consider
commutative diagram

H,(L) —== H,(|L|)

|- |-

H,(K) —"> H,(|K)),
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where [: L — K is inclusion of A-complexes. Since i,: H,(L) — H,(|L]) is

surjection by assumption, there exists 2" € H, (L) such that i.(z") = y". Let
x = lx"). Then

i (z) = 1 (lu(2") = k(1. (2")) = R (y") = ¥

Hence i, is surjection.

Suppose x € H,(K) such that i,(x) =0 € H,(|K]). Now

m
v =) nioi,
i=1

wherem € N, 0, € K,1=1,..., m. The subcomplex L generated by simplices

0i,i = 1,...,m and all their faces is finite and =’ = [>_." n0;] € H,(L) is

such that [, (2’) = z for inclusion [: L — K. Let k: |L| — | K| be an inclusion.
From the commutativity of the diagram

H,(L) —~ H,(|L|)

Hy(K) —= H (| K]),
we see that
ky(ix(2") = i.(1(2")) = i.(z) = 0.

Since L is finite, |L| is compact, so by the exercise 1b) there exists compact
D D |L| such that k. (i.(x)) = 0 for k: |L| — D is an inclusion. By enlarging
D to a finite subcomplex (which exists according to a)) we may assume D =
|L'|, where L' is a finite subcomplex. We have a commutative diagram

Now if I': L — L’ denote a simplicial inclusion we have
i(l(2') = k. (ix(2")) = 0,

so by assumption I (2') = 0 € H,(L'). It follows that
v = 1L(2') = [[(I,(2") =0,

where [": I/ — K is a simplicial inclusion.
Hence i, is an injection.
3. Consider the Mobius band X triangulated as usual.



a) Calculate the simplicial homology of the "boundary"i.e. a subcomplex
generated by the 1-simplices a, b, c.

b) Deduce that Mobius band and S* are not homeomorphic (remove a
point and use a)).

x_ 2 y
b /\ / C
Solution: a) Y a” X

Let L be a subcomplex generated by 1-simplices a, b, c. Since L is 1-dimensional
it is enough to calculate only groups Hi(L) = Ker 0, and Hy(L). There are
two vertices, x and y (see the picture) and

A (a) = 01(b) = 0i(c) =z —y,

hence
O(ma+nb+lc)=m+n+1)(y—z)=0

if and only if [ = —(m + n). It follows that H;(L) = Ker 9, is a free abelian
group on two generators a — ¢ and b — ¢, i.e. isomorphic to Z & Z.

It also follows that the image By(L) C Cy(L) is a subgroup generated by
x —y. Since {z,r — y} is a basis of Cy(L), it follows that

Hy(L) = Cy(L)/Bo(L) = Zjz] = Z.

b)If Mobius band and S* are homeomorphic, then also M\ {z} and S*\ {y}
are also homeomorphic, where we choose x to be an "interior point "of the
square and y is the image of x under isomorphism. But M \ {z} has the
same homotopy type as the "boundary "|L|, while S* \ {y} is contractible.
We obtain contradiction, since a) implies that H;(M \ {z}) = Z & Z, in
particular not trivial.

.a) Let n > 0,7 € {1,...,n+ 1} and let ¢;: S™ — S™ be defined by ¢;(x) =
(.]71, ey L1, =Xy L1y - - - 5 Ty + 1) Show that that

(ti)(z) = —x
for all z € H,(S™), i = 1,...,n, assuming this is known for ¢, (proved
in the lecture notes). (Hint: use the fact that (; = f o ¢,41 o f for some



homeomorphism f.)
b) Let h: S™ — S™, h(x) = —z. Prove that

h.(x) = (—1)" o
for all x € H,,(S™).

Solution: a) Let f: S™ — S™ be a mapping that interchages ith and n+ 1th
coordinates, i.e.

Flmr, o i1, Ty Tty ooy Tpg1) = (T4, ooy Tty Tt 1, Tids - - -5 L)
Mapping f is clearly a homeomorphism and
ti=fotnp10f
Now f o f =id, so for every x € H,(S™) we have
(ti)«(x) = fu((tns1)s (fiul2)) = fu(=fi(2)) = =(fi 0 fi)(z) = —2.
b)Since
h=110130...00,01p11

claim follows easily from a).
. Suppose D = {0 =ty < t; <...<t, =1} beafinite subdivision of I = [0, 1].
Define for every i = 0,...,n — 1 a path a;: I — S* by

Oéz(t) = COS(Qﬂ'ti(l - t) + t27rt2-+1) +1 Sll’l(27TtZ(1 - t) + t27Tti+1).

In other words «; is an arc that connects x; = €™ and x;,, = e?™li+1,
Define vp € C1(S?) as

n—1
YD = E Q.
=0

Show that ~yp is a cycle. By induction on n prove that [yp] = [y] € Hy(S'),
where v = vp,, D = {0,1}. (Hint: exercise 4.7).

Conclude that [yp] is a generator of H;(S") for every D.

Solution: Suppose n > 1 and D = {0 = t;, < t; < ... < t, = 1} be
a finite subdivision of I = [0,1]. Then 0 < ¢,.1 < 1. Let D' = {0 =

to < t1 < ... < tyo < t, = 1} be subdivision with smaller amount
of points (¢, is removed). It is enough to show that [yp] = [yp/], since
then we may proceed by induction. First we show that [yp| = [yg], whe-

re {0 =ty <t < ... <t _, <t, =1} is a subdivision with the same
points as D, except t,_, = (t/,_, + t,)/2. Define for every subdivision D as
above the continuous mapping fp: I — S! as following.

Let D, ={0,1/n,...,i/n,n—1/n,1} be a standard regular subdivision of
I. For any subdivision of n + 1 points D = {0 =ty <t; < ... <t, =1} we
let ap be a piecewise linear mapping ap: I — I which maps i/n to t; and is
linear on the subintervals [t;,t;11]. In other words

ap(ti/n+ (1 —#)(i +1)/n) = tt; + (1 — )tz = 0,...,n — 1.



We also define bp: I — S* by
bp(z) = ?mian (@)

and notice that bp(0) = bp(1), so bp induces a mapping cp: S* — S* so that
c(e*™) = bp(t).

It is easy to see that ap and ag are homotopic rel {0, 1}, so ¢p is homotopic
to cg. It follows that

[vp] = (cp)«([vp.]) = (ce)«([Vp,]) = [VE]-

Now for subdivision £ we have that o2 - a,,—1 = al,_,, where «/,_, is the
last summond in yp. Exercise 4.7 implies that

[vp] = [vo/]-

Since [yp,] is known to be the generator of H;(S'), the last claim follows.

6. a) Suppose K is a simplicial complex and L; and L, are subcomplexes of K

such that K = Ly U Ly. Show that (|K|;|L1|,|L2|) is a proper triad. (Hint:
use the equivalence of simplicial and singular homologies).

b)Show that (S™; B, B_) is a proper triad using a). Write down the Mayer-
Vietoris sequence of this triad and use it to prove that H,(S™) = H,_1(S"1)
for n > 1.

¢) Can you prove that (S™; By, B_) is a proper triad using the properties of
the singular homology, such as homotopy axiom and Mayer-Vietoris sequence
for the open covering by 2 sets?

Solution: a) Consider the commutative diagram

A - A

0 —— Cu([L1 N La|) —= Cu([La]) ® Cu(|Le]) —— Cu(|La]) + Cu(| Lo|) ——0,

where vertical mappings k are canonical embeddings of simplicial chain group
into singular chain group and horizontal mappings are defined as usual in
Mayer-Viatoris sequence. Notice that |L;| N |Ls| = |Ly N Lg|. This diagram
induces the commutative diagram in homology

H,(Ly N Ly) H,(Ly) @& H, (L) H,(K) H,_1(L, N Ly)

lk*% lk*EBk*% lk* lk*%

Hy(|Ly 0 Ly|) —— Hy(|L1]) © Hyu(|La|) — Hn(C|Ly1| + C|Ly|) — Hy, 1 (| L1 N Lo|) —— H,

H,
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Five-lemma implies that k,: H,(K) — H,(C|L;| + C|Ls|) is an isomorp-
hism. On the other hand there is a commutative diagram

Hy(K) —E,(C|L1| + C|Ls|)

~ .

Hy (K1),
which shows that i.: H,(C|Li| + C|Ls|) — H,(]K]) is an isomorphism.

b) Since (S™; B4, B_) is homeomorphic to (|K|;|L1|,|Ls|) for a A-complex
| K|, which consists of two n-simplices U and V' glued by their boundary, whe-
re U generates Ly and V generates Lo, the first claim follows from a).

Since By N B_ = S™1, the exact Mayer-Vietoris sequence of the triad
(S™ By, B_) looks like

.. ——= H,(B}) ® H,(B_) —> H,(5") —% H,_1(S"') — H,_1(B,) ® Hy_1(B_) — ...

If n > 1, then H,(By) = H,(B-) = H, 1(By) = H, 1(B_.) = 0,
since both B, and B_ are contractible. Hence from exactness it follows that
d: H,(S™) = H,_1(S™") is an isomorphism.

c) Let
Up = 5"\ {—ens1}

U-=S"\{ens1}-

Then {U,,U_} is an open covering of S™, in particular (S™, By, B_) is a pro-
per triad. Moreover inclusions i: S" ' U_NU, =8S,i: By : Uy,i: B_: U_
are all homotopy equivalences, hence induce isomorphisms in homology.
Consider the commutative diagram

H,(S"7") — Hy(By) @ Hy(B-) — Hy(C(B+) + C(B-)) — Hy 1 (") — Hya(By) @

H,(S) —— Ho(Us) & Hy(U-) —— H,(C(U-) + C(U-)) —— H,1(8"™) — H,_1(Us) &

%4

which is induced by the standard looking diagram

0 —— Cp(S™ 1) —— O (By) @ Cp(B_) —— C(By) + C(By) —— 0

| ! g

00— C(S) ——= Co(Uy) & Co(U~) —= C(U,) + C(U-) —= 0.

By the Five-Lemma we see that i,: H,(C(By) + C(B.)) — H,(C(Uy) +
C(U-)) is an isomorphism for all n € N. On the other hand j—x: H,(C(Uy)+
C(U-)) = H,(S™) is an isomorphism for all n € N. Hence their composition,
which is mapping H,(C(By) + C(B-)) — H,(S™) induced by inclusion of
chain complexes, is an isomorphism.
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Bonus points for the exercises: 25% - 1 point, 40% - 2 points, 50% - 3 points,
60% - 4 points, 75% - 5 points.



