SIS model

Deterministic

ds :
di :

+(A-v)S-BSi +yi;
-(a+Vv)i +Bsi -yi;

A=2;, v=1 a=1; B=1; y=1,

sol = NDSol ve[{s'[t] == (A-v)S[t]-Bs[t]i[t]+yil[t],
i7[t]=-(a+v)i[t]+BS[t]i[t]-vi [t], s[O]=.25, i[0] =4}, {s, i}, {t, 0, 20}71;
obp = ParanetricPl ot [Evaluate[{s[t], i [t]} /. sol], {t, O, 20},
Pl ot Styl e » {Li ght Gay, Thick}];
isp=ContourPlot [{ds, di}, {s, 0, 8}, {i, 0, 4}, ContourStyle -» {{Black}}];
ver = Graphics[{Dashed, Line[{{¥ /B, 0}, {¥/B, 4}}1}1;
hor = Graphi cs[{Dashed, Line[{{0, (A-v) /B}, {8 (X-v)/B}}1}1;

det = Show[isp, ver, hor, obp, FraneLabel - {"S ->", | —)} | mageSi ze -» Medi um]
Clear[A, v, a, B, ¥I;
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Stochastic
US 1=+ (A-v)S-Bsi +yi;
i = -(a+v)i +Bsi -yi;
0SS =+ (A+V)S+BSi +yi;
oSi :=-BSi -yi;
oilS:=-BSi -yi;
oli i=+(a+v)i +BSi +yi;

<< MiltivariateStatistics’;
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Wil e[t =< tmax,

{ds, di} =
{us, wi}dt +
RandonReal [Mul ti normal Di stribution[{0, 0}, € {{oSS, oSi}, {ois, oii}}dt]];

s=s+ds; i =i +di; t =t +dt;
dat = Join[dat, {{s, i}}];
1;

sto = Li stPl ot [dat, Joi ned » Fal se, PlotStyle - {Bl ack, PointSize[.001]},
Pl ot Range -» Al I, MaxPlotPoints -» Infinity, | mageSi ze » Medi um];

Show[det, sto]

Clear[A, v, a, B, ¥, €, S, 11;

w?—'\\:—'\ '1,\ ]

4

Cross-covariance OU approximation

(» determnistic equilibrium =)
eq = Sol ve[{us =0, ui =0}, {s, i}] // Last

S -

B (a+v) B

(A=-V) (a+y+V) oa+Y+V
{i- ' }

A=D[{us, ui }, {{s, 1}}¥1/. eq//Sinplify;
% // Matri xForm
¥ (=A+v)

-aA-Vv
o+v

(A-Vv) (o+y+V) 0
o+v
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B2 = € {{oSs, oSi}, {ois, oii}} /. eq//Sinmplify;
% // MatrixForm

2 (asy+y) (@ A+Y (A=V) 44 V) e (A-v) (a®+3av+2¥2+2 0 v+3 y v+v?)
B (o+v) B B (a+v)
e (A-V) (orz+3 ay+2y?+2 orv+3yv+v2> 2 (A-v) (a+y+v)?
B B (a+v) B (a+v)

5 = {{=11, =12}, {=12, =22}};
A =+ Transpose[A =] +B2 // Flatten

2€e (a+y+V) (AA+y (A=-V) +Av) 2y (-A+v) =211

{ + +2 (—a-v) 212,
B (a+ V) a+ v
e (A-v) (@®+3ay+2¥2+2av+3yv+v?)  (A-v) (a+y+v) 311 ¥y (~A+v) 512
_ + + + (-a-v) 222,
B (a+ V) a+v a+ v

e (A-v) (@®+3ay+2¥2+2av+3yv+Vv?)  (A-v) (a+y+v) 311y (~A+v) 512

_ + + + (-a-v) 222,
B (a+ V) a+ Vv a+ Vv
2 (A-V) (@+y+V)2 2 (A-V) (a+y+V) 212}
+
B (o+ V) o+ v
Solve[
2e(a+y+V) (AA+y¥ (A-Vv) +Av) 2y (-a+v)=ll
{0 + +2 (-a-v) 212,
B (a+vV) a+v
e (A-vV) (a2+3a7+272+2av+37v+v2)
0= - +
B (a+vV)
A-v) (a+y+v) 21l vy (-A+v) =212
+ + (-ma-v) 222,
a+v a+v
€ (A-v) (a2+3a7+272+2av+37V+V2) (A-v) (a+y+v) =11
0= - + +
B (a+vV) a+v
¥ (A +v) 212
— + (-a-v) =222,

a+yv

2e (A-v) (@a+¥+v)2 2 (A-v) (a+y+v) 212

== + }v
B (a+v) a+v
(211, £12, =12, 222}] // Flatten /7 Sinplify;

X=x/. %,
% // Matri xForm

€ (a+y+v) (02+y (A-v)+v (A+v)+a (A+2 V) ) € (a+y+v)
By (A-v) B
_€ (o+y+Vv) € (a+7{+v)2 (a+A+v)

B By (a+v)
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Cov[z_] := Matri xExp[AAbs[z]]. 5;
A=2, v=1 a=1, B=1, y=1, € =.01;
= // MatrixForm
Grid[
Table[If[i =1.5V]j =1.5, Plot [Cov[c][[i, jII,
{t, -10, 10}, PlotStyle - Bl ack, Ticks » None, AxeslLabel - {z, G ;[zl1}]].
{i, 1,2 .5} (i, 1, 2 .5}]]
Clear[A v, a, B, ¥ € S, il;
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Stationary distribution OU approximation

eq=(s, i} /. Solve[{us =0, ui =0}, {s, i}] // Last

a+y+v (A-V) (ad+Y¥+V)
{ B B (a+v) )



A=2;, v=1 a=1;, =1, y=1; € =.01;
dt =0.01; tmax = 200;
{s, i}=eq; t =0; dat = {};
Wi | e[t <t nmax,
{ds, di} =
{us, upi}dt +
RandonReal [Mul tinormal Di stribution[{0, O}, € {{oSS, oSi}, {ois, oii}}dt]];
s=s+ds; i =i +di; t =t +dt;
dat = Join[dat, {{s, i}}];
1
sdi = ListPl ot [dat, Joi ned -» Fal se, PlotStyle » {Bl ack, PointSize[.001]},
Pl ot Range - Al |, MaxPl ot Points - Infinity, | mageSi ze » Smal | 1;
dist = Multinormal Distribution[eq, =1;
q95 = G aphics[Elli psoidQuantile[dist, .95]];
q99 = G aphics[EllipsoidQuantile[dist, .9917;
Showli sp, 995, q99, sdi, FraneLabel - {"S-", "I -"}]
Clear[A, v, a, B, ¥, €, S, i];
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A=2;, v=1 a=1;, =1, y=1; € =.01;
dt =0.001; tmax = 50;
{s, i}=eq; t =0; datS = {}; datl = {};
Wi | e[t <t nmax,
{ds, di} =
{us, upi}dt +
RandonReal [Mul tinormal Di stribution[{0, O}, € {{oSS, oSi}, {ois, oii}}dt]];
s=s+ds; i =i +di; t =t +dt;
datS=Join[datS, {{t, s}}];
datl =Join[datl, {{t, i}}];
1
spS = Li st Pl ot [dat S, Joi ned - Fal se,
Pl ot Style » {Green, PointSize[.001]}, PlotRange -» All, MaxPlotPoints » Infinity];
spl = ListPlot [dat], Joi ned » Fal se, PlotStyle » {Red, PointSize[.001]},
Pl ot Range -» Al I, MaxPlotPoints » Infinity];

Show[spS, spl, AxesOrigin - {0, 0}, | mageSi ze » Medi um AxeslLabel - {"t ", "S, i }]
Clear[A, v, a, B, ¥, €, S, i1];

| W’W\AMN | \Wﬂ

! 10 20 30 40 50

A=2; v=1 a=1;, B=1;, y=1;, € =.001;
dt =0.01; tmax = 200;
{s, i}=eq; t =0; dat = {};
Wil e[t < tnmax,
{ds, di} =
{us, upi}dt +
RandonReal [Mul ti normal Di stribution[{0, O}, € {{oSS, oSi}, {ois, oii}}dt]];
s=s+ds; i =i +di; t =t +dt;
dat = Join[dat, {{s, i}}];
1
sdi = Li st Pl ot [dat, Joi ned - Fal se,
Pl ot Styl e » {Bl ack, PointSize[.001]}, PlotRange -» All, MaxPlotPoints » Infinity];
dist = Multinormal Di stribution[eq, =];
50 = G aphics[Elli psoi dQuantil e[dist, .50]117;
q95 = G aphics[El i psoi dQuantil e[dist, .95]7;
q99 = Graphi cs[El lipsoi dQuantile[dist, .99]11;
Showli sp, 950, q95, 99, sdi, FraneLabel -» {"S-»", "I "}, PlotLabel -» €, | nageSi ze -» Snal | ]

Cear[x v, a, B, ¥, €, 5, i];
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Fig. 1.6. Population fluctuations and their autocovariance

functions. The left-hand plots show segments of four distinct

population histories and the right-hand plots show the equi-

valent theoretical ACFs determined from the entire time
history.

Copi ed fromNi sbet &Gurney (1982)



