
SIS model

Deterministic

ds := +HΛ - ΝL s - Β s i + Γ i;
di := -HΑ + ΝL i + Β s i - Γ i;

Λ = 2; Ν = 1; Α = 1; Β = 1; Γ = 1;

sol = NDSolve@8s¢@tD � HΛ - ΝL s@tD - Β s@tD i@tD + Γ i@tD,
i¢@tD � -HΑ + ΝL i@tD + Β s@tD i@tD - Γ i@tD, s@0D � .25, i@0D � 4<, 8s, i<, 8t, 0, 20<D;

obp = ParametricPlot@Evaluate@8s@tD, i@tD< �. solD, 8t, 0, 20<,
PlotStyle ® 8LightGray, Thick<D;

isp = ContourPlot@8ds, di<, 8s, 0, 8<, 8i, 0, 4<, ContourStyle ® 88Black<<D;
ver = Graphics@8Dashed, Line@88Γ � Β, 0<, 8Γ � Β, 4<<D<D;
hor = Graphics@8Dashed, Line@880, HΛ - ΝL � Β<, 88, HΛ - ΝL � Β<<D<D;

det = ShowBisp, ver, hor, obp, FrameLabel ® :"s ®", "i ®">, ImageSize ® MediumF

Clear@Λ, Ν, Α, Β, ΓD;
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Stochastic

Μs := +HΛ - ΝL s - Β s i + Γ i;
Μi := -HΑ + ΝL i + Β s i - Γ i;

Σss := +HΛ + ΝL s + Β s i + Γ i;
Σsi := -Β s i - Γ i;
Σis := -Β s i - Γ i;
Σii := +HΑ + ΝL i + Β s i + Γ i;

<< MultivariateStatistics`;



Λ = 2; Ν = 1; Α = 1; Β = 1; Γ = 1; Ε = .01;

dt = 0.0005; tmax = 20;

s = .25; i = 4; t = 0; dat = 8<;

While@t £ tmax,

8ds, di< =

8Μs, Μi< dt +

RandomReal@MultinormalDistribution@80, 0<, Ε 88Σss, Σsi<, 8Σis, Σii<< dtDD;

s = s + ds; i = i + di; t = t + dt;
dat = Join@dat, 88s, i<<D;

D;

sto = ListPlot@dat, Joined ® False, PlotStyle ® 8Black, PointSize@.001D<,
PlotRange ® All, MaxPlotPoints ® Infinity, ImageSize ® MediumD;

Show@det, stoD
Clear@Λ, Ν, Α, Β, Γ, Ε, s, iD;
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Cross-covariance OU approximation

H* deterministic equilibrium *L
eq = Solve@8Μs � 0, Μi � 0<, 8s, i<D �� Last

:i ®

HΛ - ΝL HΑ + Γ + ΝL

Β HΑ + ΝL
, s ®

Α + Γ + Ν

Β

>

A = D@8Μs, Μi<, 88s, i<<D �. eq �� Simplify;
% �� MatrixForm

Γ H-Λ+ΝL

Α+Ν
-Α - Ν

HΛ-ΝL HΑ+Γ+ΝL

Α+Ν
0
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B2 = Ε 88Σss, Σsi<, 8Σis, Σii<< �. eq �� Simplify;
% �� MatrixForm

2 Ε HΑ+Γ+ΝL HΑ Λ+Γ HΛ-ΝL+Λ ΝL

Β HΑ+ΝL
-

Ε HΛ-ΝL IΑ2+3 Α Γ+2 Γ2+2 Α Ν+3 Γ Ν+Ν2M

Β HΑ+ΝL

-
Ε HΛ-ΝL IΑ2+3 Α Γ+2 Γ2+2 Α Ν+3 Γ Ν+Ν2M

Β HΑ+ΝL

2 Ε HΛ-ΝL HΑ+Γ+ΝL2

Β HΑ+ΝL

S = 88S11, S12<, 8S12, S22<<;
A.S + Transpose@A.SD + B2 �� Flatten

:
2 Ε HΑ + Γ + ΝL HΑ Λ + Γ HΛ - ΝL + Λ ΝL

Β HΑ + ΝL
+

2 Γ H-Λ + ΝL S11

Α + Ν

+ 2 H-Α - ΝL S12,

-

Ε HΛ - ΝL IΑ2 + 3 Α Γ + 2 Γ2 + 2 Α Ν + 3 Γ Ν + Ν2M

Β HΑ + ΝL
+

HΛ - ΝL HΑ + Γ + ΝL S11

Α + Ν

+

Γ H-Λ + ΝL S12

Α + Ν

+ H-Α - ΝL S22,

-

Ε HΛ - ΝL IΑ2 + 3 Α Γ + 2 Γ2 + 2 Α Ν + 3 Γ Ν + Ν2M

Β HΑ + ΝL
+

HΛ - ΝL HΑ + Γ + ΝL S11

Α + Ν

+

Γ H-Λ + ΝL S12

Α + Ν

+ H-Α - ΝL S22,

2 Ε HΛ - ΝL HΑ + Γ + ΝL2

Β HΑ + ΝL
+

2 HΛ - ΝL HΑ + Γ + ΝL S12

Α + Ν

>

SolveB

:0 �
2 Ε HΑ + Γ + ΝL HΑ Λ + Γ HΛ - ΝL + Λ ΝL

Β HΑ + ΝL
+
2 Γ H-Λ + ΝL S11

Α + Ν

+ 2 H-Α - ΝL S12,

0 � -

Ε HΛ - ΝL IΑ2 + 3 Α Γ + 2 Γ2 + 2 Α Ν + 3 Γ Ν + Ν2M

Β HΑ + ΝL
+

HΛ - ΝL HΑ + Γ + ΝL S11

Α + Ν

+
Γ H-Λ + ΝL S12

Α + Ν

+ H-Α - ΝL S22,

0 � -

Ε HΛ - ΝL IΑ2 + 3 Α Γ + 2 Γ2 + 2 Α Ν + 3 Γ Ν + Ν2M

Β HΑ + ΝL
+

HΛ - ΝL HΑ + Γ + ΝL S11

Α + Ν

+

Γ H-Λ + ΝL S12

Α + Ν

+ H-Α - ΝL S22,

0 �
2 Ε HΛ - ΝL HΑ + Γ + ΝL2

Β HΑ + ΝL
+
2 HΛ - ΝL HΑ + Γ + ΝL S12

Α + Ν

>,

8S11, S12, S12, S22<F �� Flatten �� Simplify;

S = S �. %;
% �� MatrixForm

Ε HΑ+Γ+ΝL IΑ2+Γ HΛ-ΝL+Ν HΛ+ΝL+Α HΛ+2 ΝLM

Β Γ HΛ-ΝL
-

Ε HΑ+Γ+ΝL

Β

-
Ε HΑ+Γ+ΝL

Β

Ε HΑ+Γ+ΝL2 HΑ+Λ+ΝL

Β Γ HΑ+ΝL
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Cov@Τ_D := MatrixExp@A Abs@ΤDD.S;

Λ = 2; Ν = 1; Α = 1; Β = 1; Γ = 1; Ε = .01;

S �� MatrixForm

GridA

TableAIfAi � 1.5 ê j � 1.5, , PlotACov@ΤD@@i, jDD,

8Τ, -10, 10<, PlotStyle ® Black, Ticks ® None, AxesLabel ® 9Τ, Ci,j@ΤD=EE,

8i, 1, 2, .5<, 8j, 1, 2, .5<EE

Clear@Λ, Ν, Α, Β, Γ, Ε, s, iD;

K
0.27 -0.03

-0.03 0.18
O

Τ

C1.,1.HΤL C1.,2.HΤL

Τ

C2.,1.HΤL C2.,2.HΤL

Stationary distribution OU approximation

eq = 8s, i< �. Solve@8Μs � 0, Μi � 0<, 8s, i<D �� Last

:
Α + Γ + Ν

Β

,
HΛ - ΝL HΑ + Γ + ΝL

Β HΑ + ΝL
>
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Λ = 2; Ν = 1; Α = 1; Β = 1; Γ = 1; Ε = .01;
dt = 0.01; tmax = 200;
8s, i< = eq; t = 0; dat = 8<;
While@t £ tmax,

8ds, di< =

8Μs, Μi< dt +

RandomReal@MultinormalDistribution@80, 0<, Ε 88Σss, Σsi<, 8Σis, Σii<< dtDD;
s = s + ds; i = i + di; t = t + dt;
dat = Join@dat, 88s, i<<D;

D;
sdi = ListPlot@dat, Joined ® False, PlotStyle ® 8Black, PointSize@.001D<,

PlotRange ® All, MaxPlotPoints ® Infinity, ImageSize ® SmallD;
dist = MultinormalDistribution@eq, SD;
q95 = Graphics@EllipsoidQuantile@dist, .95DD;
q99 = Graphics@EllipsoidQuantile@dist, .99DD;
Show@isp, q95, q99, sdi, FrameLabel ® 8"S®", "I®"<D
Clear@Λ, Ν, Α, Β, Γ, Ε, s, iD;

0 2 4 6 8

0

1

2

3

4

S®

I®

SISdemo.nb   5



Λ = 2; Ν = 1; Α = 1; Β = 1; Γ = 1; Ε = .01;
dt = 0.001; tmax = 50;
8s, i< = eq; t = 0; datS = 8<; datI = 8<;
While@t £ tmax,

8ds, di< =

8Μs, Μi< dt +

RandomReal@MultinormalDistribution@80, 0<, Ε 88Σss, Σsi<, 8Σis, Σii<< dtDD;
s = s + ds; i = i + di; t = t + dt;
datS = Join@datS, 88t, s<<D;
datI = Join@datI, 88t, i<<D;

D;
spS = ListPlot@datS, Joined ® False,

PlotStyle ® 8Green, PointSize@.001D<, PlotRange ® All, MaxPlotPoints ® InfinityD;
spI = ListPlot@datI, Joined ® False, PlotStyle ® 8Red, PointSize@.001D<,

PlotRange ® All, MaxPlotPoints ® InfinityD;

ShowBspS, spI, AxesOrigin ® 80, 0<, ImageSize ® Medium, AxesLabel ® :"t", "s,i">F

Clear@Λ, Ν, Α, Β, Γ, Ε, s, iD;
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Λ = 2; Ν = 1; Α = 1; Β = 1; Γ = 1; Ε = .001;
dt = 0.01; tmax = 200;
8s, i< = eq; t = 0; dat = 8<;
While@t £ tmax,

8ds, di< =

8Μs, Μi< dt +

RandomReal@MultinormalDistribution@80, 0<, Ε 88Σss, Σsi<, 8Σis, Σii<< dtDD;
s = s + ds; i = i + di; t = t + dt;
dat = Join@dat, 88s, i<<D;

D;
sdi = ListPlot@dat, Joined ® False,

PlotStyle ® 8Black, PointSize@.001D<, PlotRange ® All, MaxPlotPoints ® InfinityD;
dist = MultinormalDistribution@eq, SD;
q50 = Graphics@EllipsoidQuantile@dist, .50DD;
q95 = Graphics@EllipsoidQuantile@dist, .95DD;
q99 = Graphics@EllipsoidQuantile@dist, .99DD;
Show@isp, q50, q95, q99, sdi, FrameLabel ® 8"S®", "I®"<, PlotLabel ® Ε, ImageSize ® SmallD

Clear@Λ, Ν, Α, Β, Γ, Ε, s, iD;
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Copied from Nisbet & Gurney H1982L
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