Interference competition and noise

Model 1

Individual model :

Blt] ,
X——» X + X (birth)

2 ,
X+X—2 X+ 0 (interference)

x—2 ¢ (death)

modelled as independent Poisson processes and
assuming mass - action when appropriate.

Environmental noise :

Blt] := o et
do == —aoedt+bdw

witha > 0.
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Population model :
dx = (Boe® X -6 X - y X?) dt
doe == —aedt +bdw

witha > 0.

Linear approximation :

X=(B0-6)/7%

dU = - (Bo-S) Udt + S (Bo-95) ylodt

do == -~a@dt +bdW

with Bo > § and a > 0.

ornstein - Ulenbeck process :

U ~N[0, 02] and hence X ~N[f, 02] with X = (B -6) ¥y !

(Bo-6)° B b?
S;[w] = p T
v (& + (Bo-06)%) v +a
b? B3 (Bo-5) ™ (2070) (aeta-(Bo-0) et (%))
ifBo#a+d
2ay? (a®-(5,-9)?)
Ci[t] =
-a 2
b? et (1+at) (a+d) ifBp=a+é

4ay?

for t >0, and so, in particular,

b? 5% (Bo-6)

_ if a+d
2 ay? (a+fBo-9) Bo #

o -
b (a+0)? iffBp-a+d

4ay?



In[1]:=

In[11]:=

Out[11]=

<< MultivariateStatistics”

Bo=5;¥=1;6=1
(* Bo=2; =*)
SeedRandom[1234];
tMax = 10000;

dt = .01;

t=0;
x=(Bo-96)/vi
6=0;

data; = {};

While[
t < tMax,
Do[

.
7

a=1;b

~

z = RandomReal [NormalDistribution[0, 1]] // N;

de =-a6dt+Vdt bz;
dx = (Boesx—éx—xxz) dt;

t = t+dt;
6 =6+d6;
x = x +dx,

(i, 1, 100}];

data; = Join[data;, {{t, x}}]];

ListPlot[data;, PlotStyle » {Black, PointSize[.001]}, AxesOrigin -» {0, 0}]
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Inf12]= M = (Bo-98) /¥;
b? B3 (Bo - 8) b? (a+5)2
o= If[/30¢a+6l ’ ];
2ay? (a+fBo-9) 4ay?
distrl =
Show [

Histogram[data; [[All, 2]], Automatic, "ProbabilityDensity"],

Plot [PDF [NormalDistribution[u, o], x], {x, O, Max[data;[[All, 2]]]}, PlotRange - All],
AxesOrigin » {0, 0}
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Out[14]=

P

30 35 4.0 45 50 55




Pop+env.noise.nb

|5

Model 2

Individual model :

ABlt] s
X——> X + X (birth)

2 ,
X+X—2 X+ 0 (interference)

x—2 5 ¢ (death)

modelled as independent Poisson processes and
assuming mass - action when appropriate.

Environmental noise :

Blt] :=Bo+e[t]
where £ [t] is the standard white noise.
Population model :

dX == (Bo X -8 X -y X?) dt + € X dW

Linear approximation :

—  (Bo-9)
Xz —o
Y
U=X-X
(Bo - 9)
dU == - (Bo-6) Udt +6 ————— dW

Y
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Ornstein - Ulenbeck process :

U ~N[0, 02] and hence X ~N[f, 02] with X = (B -6) ¥y !

€? (6 -Bo)?
S;[w] = p
¥? (& + (Bo-5)?)
2
2161 = 5079 o e
2y?

for t >0, and in particular

€% (Bo - 6)
2y?

o} =

Since we have no natural interpretation of the e,
we have to callibrate the variances of the two models
such that they become equal, which gives

b? 33 b? (a+5)2]

ez=If[/30;.‘a+5, ,
a(a+Bo-95) 2a(Bo-9)



In[15]:=

In[26]:=

Out[26]=

<< MultivariateStatistics”

~

Bo=5;¥=1;6=1;a=1; b=.1;
(* Bo=2; =*)

b? 32 b? (a+ )2

€ = If|Bo#a+é, ’ ;
[#o a (a+Bo-5) 2a(/30—6)]

(» this e equalizes the vars of the two models )

SeedRandom[1234];
tMax = 10000;
dt = .01;
t=0;
x=(Bo-96)/vi
6=0;
data; = {};
While[
t < tMax,
po]
z = RandomReal [NormalDistribution[0, 1]] // N;
dx = (Box—éx—yxz) dt+exVdt z;
t =t+dt;
X = x +dx,

(i, 1, 100}];

data, = Join[data,, {{t, x}}]];

ListPlot[data,, PlotStyle -» {Black, PointSize[.001]}, AxesOrigin -» {0, 0}]
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Inf27]= M = (Bo-98) /¥;
€% (Bo - 8)
o= _
2 72
distrz =
Show [

Histogram[data, [[All, 2]], Automatic, "ProbabilityDensity"],
Plot [PDF [NormalDistribution[u, o], x], {x, O, Max[data,[[All, 2]]]}, PlotRange - All],
AxesOrigin » {0, 0}

1

Out[29]=
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Comparing models 1 and 2

The difference between the models is not in the stationary distribution,

but in the time structure

In@3o0)= Bo=5;¥=1;6=1;a=1; b=.1;
(* Bo=2; =)

b? B2 b2 (a+6)2

€ = If(Bo#a+é, ’ H
[£0 a (a+Bo - 6) 2a</30—6)]

b? (6 - Bo)? B}
nE2= Si[w_] := . ;
¥? (a% + w?) (w® + (6 - Bo)?)

€2 (6 - Bo)?
Sy[w_] := 7

¥? (w®+ (Bo - 8)2)

Plot[{S;[w], S2[w]}, {w, O, 10}, PlotRange -» All, AxesLabel » {"w",

Out[34]=

005

"S"}]
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In[35]:=

out[37]=

In[38]:=

Out[46]=

Covy[t_] :=
b? B3 (Bo - 6) e™® (35~ (ae*2 - (B -6) e* (=) p2eat (liat) (a+6)?
If[Bo 4a+6, , ];
2ay* (a®- (Bo-6)?) 4avy?
€? (Bo - 6)
Covy[t_] :=2 ——M8M8M8M8 — @ (Bo-0) t ;
272

Plot[{Cov;[t], Cov,[t]}, {t, O, 10}, PlotRange -» All, AxesLabel -» {"t", "C"}]
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SeedRandom[1234];
tMax = 100;
dt = .005;
t=0;
x=(Bo-96) /i
6=0;
data; = {};
While[

t < tMax,

po]

z = RandomReal [NormalDistribution[0, 1]] // N;

do = -~aedt+Vdt bz;

dx = (Boesx—éx—xxz) dt;
t = t+dt;

6=6+d6;

x = x +dx,

{i, 1, 1}]; (* collect full data *)

data; = Join[data;, {{t, x}}]];

ListPlot[data;, PlotStyle » {Black}, Joined -» True, AxesOrigin » {0, 0}]
5

(6
e e s e LA m s s

1
20 40 60 80 100



Pop+env.noise.nb

In[47]:= SeedRandom[1234];
tMax = 100;
dt = .005;
t =0;
x=(Bo-06)/v;
6 =0;
dataz; = {};
While[
t < tMax,
po]
z = RandomReal [NormalDistribution[0, 1]] // N;
dx = (/Sox—éx—xxz) dt +exVdt z;
t =t+dt;
x = x +dx,
{i, 1, 1}] ;7 (* collect full data «*)
data, = Join[data,, {{t, x}}]];
ListPlot[data,, PlotStyle » {Black}, Joined -» True, AxesOrigin » {0, 0}]
5L
qfi
3L
Out[55]= r
2L
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In[56]:= Row [ {
Show [
DensityPlot [PDF [NormalDistribution[u, o], x], {t, O, tMax}, {x, u-4o0, u+4o0o}],
ListPlot[data;, PlotStyle » {Black}, Joined -» True], ImageSize - Small],
Show [
DensityPlot [PDF [NormalDistribution[u, o], x], {t, O, tMax}, {x, u-4o0, u+4o}],
ListPlot[data,, PlotStyle » {Black}, Joined -» True], ImageSize -» Small]
1]
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