
PDE II
Demo 3

1. Assume 0 < β < γ ≤ 1. Prove the interpolation inequality

||u||C0,γ(Ω) ≤ C||u||
1−γ
1−β
C0,β(Ω)

||u||
γ−β
1−β
C0,1(Ω).

2. Prove that if u ∈W 1,p((0, 1)) for some 1 ≤ p <∞, then u is equal a.e. to an
absolutely continuous function (that is, for any ε > 0, there is δ > 0 such that
for any sequence of pairwise disjoint sub-intervals [ai, bi] ⊂ (0, 1) satisfying∑

i

|bi − ai| < δ,

we have ∑
i

|u(bi)− u(ai)| < ε.)

and u′ (which exists a.e.) belongs to Lp((0, 1)).

3. Suppose that Ω is a domain in Rn and u ∈W 1,p(Ω) satisfies

Du = 0 a.e. in Ω.

Prove that u is a constant a.e. in Ω.

4. Assume that F : R → R is C1, with F ′ bounded. Suppose that Ω ⊂ Rn is
open, bounded, and u ∈ W 1,p(Ω) for some 1 < p < ∞. Let v = F (u). Show
that

vxi = F ′(u)uxi and F (u) ∈W 1,p(Ω).

5.

(i) Prove that if u ∈W 1,p(Ω), then |u| ∈W 1,p(Ω).

(ii) Prove that if u ∈W 1,p(Ω), then u+ = max(u, 0), u− ∈W 1,p(Ω) and

Du+ =

{
Du a.e. on {u > 0};
0 a.e. on {u < 0}.

(iii) Prove
Du = 0 a.e. on {u = 0}.
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