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1. If (A,)22, is a sequence of subsets of X, we denote

n=1
ﬂ Ak) and liin_)s;ip A, = ﬂ (,p Ak) )

liminf A,, = U (
e k=n n=1 =n

[liminf = limes inferior, lim sup = limes superior]
Let (X,I', 1) be a measure space and A; € I for all j € N.
(a) Prove that

liminf A; € I, limsupA; € I’

Jj—oo Jj—o0
and
p(liminf A;) < lim (inf M(Aj)> .

j—00 k—oo \ j>k
(b) Prove that
p(lim sup Aj) > lim (sup M(Aj)) )

j—00 k—oo \ j>k

if ,u(U;il A;j) < oo

(c) Prove the so-called Borel-Cantelli Lemma: If 3 °°% | u(A;) < oo,
then p(limsup, ., A;) = 0, that is, almost all points belong to
at most finitely many A;’s.

2. Suppose that A} C Ay C A3 C --- C R™. Prove that
m (L_Jl Ai> = Zlggom (A;).

3. Prove that the set A = {(z,y) € R*: z > 1ja0 < yz* < 1} is
measurable.

4. Let ACR" and f: A — R. Let
A, ={z e A: f(x)>r},
when r € R. Prove: if m}(A4y) > 0, there exists r > 0 such that
m(A,) > 0.

5. Let A C R"and f: A — R. Suppose that there exist sets By, B, ...
such that A = U2, B; and the restriction f|B; is measurable for
every 7. Prove that f is measurable.
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6. Let A, C [0,1], £ =1,2,..., be measurable. Suppose that
2k 1
ok -
for all k£ € N. Prove that the intersection (),-, Ay is non-empty.

m(Ak) >



