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1. True or false (and why)?
(a) If A ⊂ Rn is open, then its boundary ∂A is measurable.
(b) If B ⊂ Rn is an arbitrary set, then ∂B is measurable.
(c) If A ⊂ R is open and bounded, then m1(∂A) = 0.

2. Let E ⊂ Rn be measurable and A ⊂ Rn. Prove that

m∗(A ∪ E) +m∗(A ∩ E) = m∗(A) +m∗(E).

3. Let A = {(x, y) ∈ R2 : x ∈ [0, 1], y ∈ [0, 1] \ Q}. Prove that A is
measurable and compute m2(A).

4. Prove that {(x, y) ∈ R2 : x ∈ Q or y 6∈ Q} is measurable.

5. Let

Fσ = {
∞⋃
i=1

Fi : Fi ⊂ Rn is closed ∀i}

and

Gδ = {
∞⋂
i=1

Gi : Gi ⊂ Rn is open ∀i}.

Prove that Fσ ⊂ BorRn and Gδ ⊂ BorRn, where BorRn is the
family of all Borel subsets of Rn.

6. Let f : Rn → Rm be continuous and A ⊂ Rn is closed. Prove that
fA ∈ Fσ.


