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Vi = BeBe + V¢St = Bey1Br + 7e41S: ( self-financing condition
gt - St/Bh Vt - Vt/Bh Vt - Vt/Bt, E - G/BT

!
Ve = Eq(G|Fr) = Eq(G|Fo) + D> 7udS,
u=1

('S has the PRP in the filtration I )

Vr=G
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By Abel discrete integration by parts formula

t t
Ve = VB, = VoBo+ Y _ B,AV, + >V, 1AB,

u=1 u=1

t t
= V,_
= a(G)+Y_ BuAS+) & 1ABU
u=1 u=1 Y~

where
c 1 Su—1
AS, = —AS, —
Bu BuBu—l

AB,

and we get

t (V1 — 7S,
Vt:co(G)—i-Z%ASU-l—Z( 157 Y
u=1 u=1 u=

1

AB,

t t
= CO(G) + Z’VUASU + Z nuABu
u=1 u=1
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T T
G=Vr=0c(G)+ ) 1AS,+> nAB,

u=1 u=1

attimet =T

Note that it is not necessary to assume that the numeraire B,
is IF-predictable.
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Application to hedging

Consider the finite probability space (2, F, P) where
Q=1{0,1}7, with T < oo, and F = 2%, the finite collection
of all possible subset, and probability measure satisfies
P({w}) > 0 for all w € Q.

here Fo = {2, 0} is the trivial o-algebra.

An history is a vector w = (w1, ...,wt) € Q and denote

w' = (wy,...,w) for t < T.
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Application to hedging

Consider a market with a bank account B; and a stock price
S;,, t=0,1,..., T, adapted to the filtration F with

Fi =o(ws,s < t), Fo={Q,0}

We assume that there are {F;}-predictable processes
Ur(w) > Re(w) > Dy(w) > —1. By > 0 and Sy > 0 are
determistic values, and we let

t
B. =By [[(1+R.).
s=1

t

St = S() H(l + Dt + wt(Ut — Dt))

s=1
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Application to hedging

Suppose that G(w) is a F;-measurable contingent claim, and
we want to find a self-financing hedging strategy (5:, V)
satisfying

Vi = ﬁtBt + ’Ytst = ﬁt+1 B: + ’7t+15t .
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Application to hedging

Let G(w) = G(w)/Br(w) the discounted contingent claim.
We show first that there is an unique probability measure Q@
such that @ ~ P and the discounted process S, := (S;/B;) is
a Q-martingale.

Once we have shown that Q is the unique martingale measure
for (S;) in the filtration T, it follows that every (@, F)
martingale (N;) has the representation as

t
N, = Ny + Z H,AS,

u=1

where (H,) is a F-predictable process.
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Application to hedging

In particular we can take N, = Eq(G|F;), and obtain when
t=1T

G(w) = = Eo(G|F7) = )+ Z%Ast

where (7:) is a F-predictable process.
This gives the unique price ¢(G) = Eg(G)By and the hedging
strategy for the contingent claim G.
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Application to hedging

Lets' first compute the martingale measure Q.

(S Sa\
ASf‘(Bt Btl)‘

S, ((1 + Di + (Ur = De)we) 1) _

Bi_1 (1+ Re)
St-1
5y (U= Dwe = (D= R)
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Application to hedging

Taking conditional expectation with respect to a measure @,
and imposing the martingale property

Eq(AS,|Fi1) =

St1
5y (U~ DIE(wdFer) (D~ R)) =0
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Application to hedging

This implies that Q is a martingale measure for (S;) if and
only if
(Re — D)

Ge(w') := Eq(we| Feo1) = (U= Dy)’

where g;(w'™!) € (0,1) is a probability since we have assumed
that D; < R, < U, P a.s, and it is uniquely determined.
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Application to hedging

We define globally the unique risk-neutral measure Q as
follows:

Q) = [Taelw (1 = aelwt 1)

and note that Q({w}) > 0 for all w € Q, therefore Q ~ P.
We define the basic @Q-martingale

t

My = (ws — gs(wC1))

s=1
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Application to hedging

We write
AS, = L(Ut — D) (we — qt(w(tfl)))
Bi1(1+ Ry)
Si1
=——— (U, — D;,))AM,
Bt—1(1+ Rt)( t t) t

and we can represent AM, in terms of AS;:

AMt . Btf]_(l + Rt)

= 2T AT
Sea(Up— D) 7F
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Application to hedging

Next we show how to use the martingale representation to
compute the hedging strategy for the contingent claim G.

Definition

If X(w) is a Fr-measurable random variable, we define its
discrete Malliavin derivative or stochastic gradient at time t
w.r.t w; as

ViX(w) = X(wi,- w1, 1, Wept, ..o w7T)

—X(W1, 000 7wt71707wt+17 000 JwT)

forl<t<T.
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Application to hedging

Note that in general VX (w) is not F; measurable unless the
rv. X(w) = X(w") is Fr-measurable. In such case V. X(w) is

also F;_i-measurable.
In particular the following quantities are F1_;-measurable.

VrGw ) = (6w 1)+ 6w 0)
V6w ) =(Gw™ 1)+ Gw™1,0))

_ 1 T-1 T-1
- BT(W)(G(W ) 1) + G(w 70))
- VTG(wT_l)
Br(w)
since Br(w) is Fr_1-measurable, and

VTST(WTil) = (ST(wTil, 1) + ST(wTil, 0))
= ST_l(UT(wT_l) — DT((JJT_I)) .

- _ 1 - B
VTST(WT 1) == —VTST((UT 1)
Br



Application to hedging

Note also that

ASr = (St —571) = Sg;l(UT - Dr)(wr — q7)
= VrSr(wr —qr)
so that we can write
AMr = (wr — qr(wT) = = A3y = LAy
V1St VrSr
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Application to hedging

We have
Gw)= 6w wr) =
Gw 0+ (Gw™ 1) - Gw™0)wr =
Gw ™ 10)+VrG(w Hwr =
G(wT_l,O)+VTG( = 1)qT+VTG( )( T—qT) =
_ _ _ VG -
Eq(GlFr1) + VG AMr = Eg(G|Fro) + Ts BrASt
ToT
= VG VG
= E, _ ASt — ——R
o(G|Fr 1)+VTST St V.5, 7511
- VG VG St
= Eo(G|F7r_1) + =———AS+ — AB
o6l Fr) + G AT s B, B
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Application to hedging

By investing at time (7 — 1) the (random) value

cr-1(6) = Eq(G|Fr1(w)Brs(w) = EQ(GETR;)(“)

we replicate the contingent claim G as follows: we buy the
amount of stocks

VG
- V1St

at price y7S57_1 (if v7 < 0 we short-sell stocks) , if necessary
by borrowing from the bank at the predictable interest rate
Rt, and buy the amount of

1
= B (CT—l(G) - 'VTST—1>
T-1

bonds at price Br_1, so that our capital is
Vroi = cr-1(G) = BrBr_1 + 77571

T

Bt




Application to hedging

At time (T — 1) the value of our portfolio is
Vro1 = BrBr—1 + 77571 = c7-1(G)
while at time T the value of the portfolio becomes

Vr = BrBr + 7757 = BrBr_1(1 + Ry) + v7S7_1 + 77 AST
= EQ(G|]:T—1) - ’YTST_l(]. + RT) +47S7_1 + v AST

= Eq(G|Fr-1) = v7ST-1RT + 7 AST =

EQ(G|Fr_1) +v7(St— (1 + R7)St_1) =

Eo(G|Fr_1) + BryrAST = G(w)
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Application to hedging

Remark The martingale measure @ when it is unique gives a

device to compute the price and hedging strategy. In fact the

price hedging can be computed without using probability, once
we have assumed that all histories w € Q have positive

probability:
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Application to hedging

A direct way to compute the hedging without using
martingales is to solve at time T the system of equations:

G(w'™™,0) = Brfr +yrST-1(1+ Dr)
G(w™ 1) = Brfr +yrSra(1+ Ur)
By substracting these two equations we get
VrGw™1)
= 51 (Ur - Dr)

and if the two equations with respective weights
(1 — gr(w™1)) corresponding to wr = 0 and g7(w
corresponding to wr = 1 we obtain

1
Br= B—T(EQ(G\]:TA) —7EQ(ST|Fr-1))
1 St

:_E _ —
B, o(G|Fr-1) T,
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Application to hedging

combining these toghether we get the price of the contingent
claim at time (T — 1):

1
1+ Rt

cr-1(G) = BrBr-1 + 97571 = Eq(G|Fr-1)
The martingale method has the advantage that it gives a
probabilistic interpretation to the price of the contingent
claim, which can be computed directly as a Q-expectation.
The other reason is that the martingale method can be
extended to the continuous-time setting.
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Application to hedging

The price and the hedging strategy in the whole time interval
t=1,..., T, is then obtained by induction:

Let ¢:(G) be the price of the contract G at time t < T. This
is a F;-measurable contingent claim. This means that are able
to hedge the contingent claim G expiring at time T if and only
if at time t we own a portfolio of value ¢;(G). By repeating
the martingale argument or by writing directly the system of
equations we find the price of the contract at time (t — 1)
c¢:—1(G) and the replicating portfolio B,(w'™1), v:(w!™1).
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The advantage the martingale method is that enables to
compute directly price and replicating strategy at all times t
by computing Q-expectations.

The predictable representation property of the Q-martingale
M gives

Theorem

Discrete Clarck-Ocone formula:
Eq(G|F: )( )=
2(G) +Zv Eq(G(w)|Fs) (ws — as(w™™7))
s=1

— Eo(§) + 5 LeERlClT) 5

where by definition V,Eq(G(w )|]-"t) is F;_1-measurable.




We set

_ VtEQ(G(W)‘]:t)
e V.S,

This gives

Vt — EQ(G“Ft) == EQ(G’.thl) + ’thtAS‘t
Eqo(G|Fi Eqo(G|Fi 1
_ Eol6lFn) | A, ¢ (M_%gH) AB,

]. + Rt ]- + Rt Bt—l
= Vi1 + 'YtASt + BtABt

where

o EQ(G|.F1_-_]_) ].
Pe= ( 1+R YeSe1 B4
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Application to hedging

This means that to obtain a portfolio with value Eq(G|F;) at
time t, we need to invest

ce—1:= Eq(G[Fe-1)/(1+ Re)

at time (t — 1). Equivalently, to have EQ(GB%U-}) in our
portfolio at time t we need to invest the amount

B

EaG 5

|Fe—1) at time (t —1) .
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Application to hedging

Inductively , to have G = Eg(G|F7) at time T we have to
invest at time s < T the amount

ct(G) = EQ(G—Ifr)

at time t.
The hedging at time (t — 1) is given by

_ ViE(G(w)5EF)  Via(G)
T = vtSt - vtSt ’

Be = (Ct—l(G) - 'Vtst—l) Bl

t—1
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Application to hedging

and we get

Vi = ¢(G) = «(G) + Y (1AB,+ B.AB,)

u=1

-
Vr =G =c(G)+ Y _(1AB, + B.AB,)

u=1

When R; is deterministic, we can take the discounting factors
B:/ Bt outside the conditional expectation.

If (D:, Ry, U;) are all deterministic, then under the martingale
measure @ the random variables w; is independent from the
past. Then the computation of the hedging strategy may be
simplified by using the following formula:
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Application to hedging

Corollary

If (D, Ry, U;) are deterministic at all t < T, conditional
expectation and gradient commute in [to-Clarck formula

vtEQ(GpEt) = EQ(VtG|Ft) = EQ(VrG|~7:t—1) ;

giving

EQ(GIF:)(w) = Eo(G) + Y Eq(VsG|F) (ws — gs(w™™)) -

s=1
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Application to hedging

Proof When w = (wy,...,wt) we denote w®7 the vector
(wt, c ,WT).
Using the independence of the r.v. (w;),

Eo(V:G|Fe)(we) =

Z {G(wt_l, 17 wt—i—l,T) . G(wt_l, 0, wt+1,T)}

wt+1,T€{071}T—t

% Q(wt+l’T)

= ViEq(G|Fe)(we)

which is F;_;-measurable.
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Application to hedging

Example Assume that R, = r, U; = u, D; = d deterministic,
with —1<d<r<u Theng =qg=(r—d)/(u—d)is
constant. We have that

Se = So(1+ u)Me(1 + d)— e

t
where Ny = > ws.
s=1
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Application to hedging

Then if G(w) = ¢(S7) is a plain european option, we compute
the price at time t = 0 using the distribution Binomial(q, T).

Vo = a(G) = BoEo(y(ST)/Br) =

(1+r) TZ() (1—q)" "o(So(L+u)"(1+d)"").
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Application to hedging

Similarly since the conditional distribution of (N7 — N;) given
Fi is Binomial(q, T — t), at time t the price of the replicating
portfolio is

Vi = ci(G) = BiEo(#(ST)/Br|F) =

1+ t TZ( ) 1_q)T—t—n
x@(So(L+ u)¥et™ (14 d)T—Nemmy

with this amount of money, we invest in ~;,; stocks and invest
the rest in the bank account,
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Application to hedging

with

Yer1 = Vr+1Ct+1(G) _
o vt+15t+1
t+1—TEQ(Vt+IG|]:t) _

(147) S/(u—d)

x ((,0(50(1 + U)Nt+n+l(1 + d)T—Nt—n—2)

—0(So(1 + u)V (1 + d) T—Nt—"—1)> }
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