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1.

solution. Consider the open cover of S™ by sets

Uiy = {(21,.. ., Zpng1) € S" 1, > 0}
Up_ = {(:L‘l,. . -axn—O—I) eS"a < O.}

Any point on S™ has at least one coordinate different from 0, and hence either greater or
less than 0.
Define

Okt Ukt — B (1, Tpg1) = (X1, o Tl 1, Thg 1y - - - 5 T 1)-

This is a homeomorphism with inverse

n
(1,...,xp) — (1,..., 21, = 1—5 T2, Thy ... Tn.

i=1

For Ui+ NUj+ we have the transition map
Git © %}1 t i+ (Ui NUx) — ¢ix (U N U)

has one component function given by (/1 -3, 5612, and the rest are given by projections

(21,...,2pn) = ;. Since t — 1/(t) is smooth on (0,00), the transition maps are smooth.
The function u(z1,...,Zn41) = Tpt1 is smooth on S™ since

Uoﬂﬁ;—sl-li(yla---ayn) = UI_ZZ/?
l

uo¢];:|1:(y17"'7yn = Yn

is smooth and

is smooth. O



2.

solution. It suffices to show that @) is homeomorphic to a smooth manifold. Then the
smooth structure cane be pulled back via the homeomorphism. In this case we show that
@ is homeomorphic to S2.

The appropriate homeomorphism is given by translating and scaling @ to 9[—1,1]3,
via ¥ + 22 — (1,1,1). Then because 9[—1,1]3 is compact and hausdorff we just need to
construct a continuous bijection. But this is given by associating every point 2 on S? to

the unique point on the ray from 0 to z intersecting 9[—1, 1]3 ]
3.
solution. We know that TM = UpeprTp M for an M-manifold m. Given (U, z) a chart on
M and p € M. The vectors %M,, e a%h, form a basis for T,M, where
0

f=Di(fox™")(z(p).

i
ﬁxp

This allows us to define a bijection U X R" — TU = Uy T, M, via (p,v) — >, 0:0,ip.
If we define a topology on T'M by taking a base from the images of open sets under this
bijection, the maps 77 : U x R®™ — TU will be homeomorphisms if we can show that
W C TU is open only if 7, 1(I/V) is open It suffices to check this for another base element
W = 1y (W'). Let us consider charts (U, z) and (V,y)

plomyUNV XR" = UNV xR™

(p,v) = (p,0)

where (p, v) is first mapped to (p, ) ; v;0,:) which by change of variables is equal to ®(p,v) =
(p, Z” ;i 0y (¢")0,:), where ¢ is the transition map oy ! so is finally mapped to (p, Dgv),
which is smooth in p and v. But then 7;;* (W) = ®(W’) but ® is a smooth homeomorphism,
so this topology turns T'M into a manifold, with smooth transition maps. We need only
check that it is Hausdorff, and has a countable base.

It is Hausdorff because (p,€) can be separated from (p/,¢’) by TU and TU' where U
and U’ separate p and p’. (p,§) can be separated from (p,¢’) by choosing appropriate sets
under a local trivialisation about p.

A countable base exists, because each T'U has a countable base, and M has a countable

cover by charts.
O



solution. Let f : N — M be a smooth map. We define f, : TN — T'M to be given by
() (@) = &(¢ o f) where € is a derivation. In this case if £ is a derivation at p then
f«(&) is a derivation at f(p) (this can be checked by the Leibniz rule). mpr o fu = fomy
thus ¢, will suffice. We must show that f, is smooth map, solet U C N and V C M
be local trivialisation such that p € U and f(p) € V. Then 7y : TU — U’ x R™ and
v : TV — V! x R™. Then let us see how f, maps 0,

f*lel(:E(p)a ei) = f*aac’|p¢

= ng(quf)

0 -
=5 (0ofoa™)

9 -1 -1
= ggi(¢oy oyofourT)
_ OFI 9oyt

= oxt Oy

-~ OFJ
=2 g1 w?

j=1

where F' =y o f o x~!. This shows that

_ JOF7
Tv o [« OTUl(x(p),v) = ZZU 57 6"

i=1 j=1

We have that F' is smooth by the assumption that f is smooth, and hence that 7y o f, o7, !
is smooth. Thus f, is smooth. O

5.

solution. 1. a : P,(M)/ ~— T,M, [7] — %, where [y] = {0 : (=6,0) = M : 0(0) =
p, (x00)(0) = (x0+)'(0) for all charts x}. Suppose 0,7 € P,(M) are similar, y ~ o.
Then we have (z o 0)'(0) = (x 0v)'(0) for all coordinates x.

i=1
= (2" 07)(0)8yl,
i=1

=) (@' 00) (000l
i=1

=0.



Hence v ~ 0 = 4 = d. Now given & € T'M take (0,v) = 77§), and p = w(§), then let
7(t) = 271(0 + tv). Then ¥ = ¢ clearly.

Suppose 4 = ¢ then
(z07)(0) = ((z129)(0),- .., (zn ©7)'(0))
= ((z100)'(0),..., (zn 0 0)'(0))
= (z00)(0).
Hence the map is injective and surjective, and so an isomorphism.

2. This is a straight-forward application of problem 1-3. We just note that the derivations
of R™ are given by partial differentiation, whose basis at a point is given by 0.
O

6.
solution. The end result we are striving for is
O~ 'Ts™ ! = {(p,v): pe S, (p,v) = 0}.

Let p = (p1,...,pn) and assume without loss of generality that and p,, > 0 (otherwise take
k = n and reorder). Let ¢ : U,y — B"~! be the map (p1,...,pn) — (P1,...,Pn1). Then

Y : B — §" 1 ps (p, /1= [p]?).

U1
Set v =371 VO |p. Let v : (—6,8) — R™ be given by y(t) = p+ Dp~* : and
Un—1
U1
ay:(=6,0) = B Yt g(p)+t| : |. Then
Un—1

n—1
bvf = (0 )pf
k=1

n—1
= Z kO |p(f o @0 ¢71)¢(p)
k=1

= (fod™ o) (0),
by the chain rule for f € C*°(R™) and the fact that o/,(0) = (vq,...,v,)" Thus

ivof = (fo¢ ! o) (0) (1)
= Vf(D® ey, (0) (2)
=V (0) (3)
= (foy)(0) =4(f). (4)



U1

Where v = 75 and © = D¢p~* : . Since
Un—1
In—l)x(n—l)
DO (y) =
w=("""
where u = —(y%, ..., yn_1)/+/1 — |y|?, we have that
n—1
U= (Ula ey Un—1, — kapk‘/pn)a
k=1
where p = ¢~!(y). Then
v-p=0.



