Introduction to Differential forms
Spring 2011
Exercise 11 (for Wednesday Apr. 20)

x1. Let U =R?*\ [0,00) x {0} and U, = R?\ (—o0, 0] x {0}. Find
generators for cohomologies H*(R? \ {0}) and find formulas for
Or: H*(UyNUy) — H*Y(U; UU,) in terms of these generators for all k > 0.

2. Let f: R?\ {0} — R?\ {0} be the map (using complex notation)
z +— 2%, Calculate f*: H'(R?\ {0}) — H'(R?\ {0}).

*x3. Let
ks g*

A, B, C,
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A, B, C,

be a commutative diagram of chain complexes and chain maps with exact
rOWS.
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(1) Show that the diagram

commutes.

(2) Conclude that the diagram

= H(A) LH’“(B*) L*)sz(c*) inH(A*) I
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-+ — H*(A,) — H*(B,) — H*(C,) —> H*'(A,) — - -~
commutes.

*x4. Let R: R"™™\ A x {0} — R""\ A x {0} be the map
(X1, .. Tps1) — (1, ..., Tp, —Tpy1). Let sets Uy and Uy and maps
Ry, Ry, Ry be as in the proof of Theorem A in the lecture notes.



(1) Show that the diagram

00— Qk(Rn+1 \ A X {O}) —_— Qk(Ul) D Qk(U2> —_— Qk(Ul N UQ) —0
| lp |
00— Qk(Rn+1 \ A x {O}) —_— Qk(Ul) D Qk(U2> —_— Qk(Ul N UQ) HO,
where p(wy,ws) = (Rjws, Riw;), commutes.
(2) Show that 9* o Rt = —R* 0 &* for every k > 1.

(3) Conclude that R* = —id: H*(R"* \ A x {0}) — H*(R"*1\ A x {0})
for k > 1.

5. Let f: R"\ {0} — R"\ {0} be the map x — —x. Show that
fr=(=Drid: H"H(R™\ {0}) — H""H(R"\ {0}).

6. Show that the map g in the proof of Brouwer’s fixed point theorem has
the formula g(z) = = + t(z)u(z), where u(z) = (v — f(z))/|z — f(z)| and
) = —{a,u@)) + (1= [2? + (x,u(2))) "



