Introduction to Differential forms
Spring 2011
Exercise 5 (for Wednesday Feb 23.)

*1.

(i) Let w be a compactly supported C'-smooth (n — 1)-form in R™. Show

that
/ dw = 0.

(ii) Let o € CHT*(TR™)) and 8 € CHTYTR™)) be an k- and ¢-form in
R"™, respectively, where k., ¢ > 0 and k + ¢ = n — 1, so that a A 3 is
compactly supported. Show that

/nda/\ﬁ:—(—l)k/na/\dﬂ.

*x2. Let (P,&), P = W + p, be a k-dimensional oriented affine subspace of
R", 0 < k < n, and w a C*-smooth compactly supported k-form in R". Let
veR"\ W, W =span{W, v}, and Q = W' + p. Orient Q with ' = v A&.

Show that
/ w — / w = / dw,
P+v

where D ={P +tv: t € [0,1]} C Q.

*3. For every k > 0 let 0),: A, R® — Alt"(R") be the standard isomorphism
€, N Ney =& N Ngj.

(i) Let x: Alt*(R") — Alt"*(R") be the Hodge star operator as in Ex. 2
Prob. 4. Define #: A\, R" — A, ,R" by « =, oxo06;. Show that
the cross product v x w of vectors in R? satisfies v x w = +' (v A w) for
v,w € R3.

(i) Find a formula for the curl-operator! in terms of x, # and exterior d.

!This operator has many names in vector calculus: rot, Vx, etc.



(iii) Let X be a C'-vector field in an open set U of R™. Show that
div(X) = *d(Xvdzy A -+ Ndxy,),

where Xvdx A - -Adxy, is the n—1-form (XvdxiA- - -Adxy,)p(v, ...y Upo1) =
dry A+ Nda, (X (p),v1, .. Up1).

4.2 Let 0 < k < n. Show that there exists a C*°-smooth (n — k)-form £ so

that
/ w = ENw
Rk x {0} R™

for all closed compactly supported C'-smooth k-forms w in R™. (Hint: Con-
sider forms in R"* and the projection R¥ x R"=% — Rn=k))

5. Let U C R"™ be an open set and 0 < k < n. The operator d* =
(=)D dwe: CHTF(U)) — CO(TF1(U)) is called the co-exterior deriva-
tive.

(i) Show that d* o d* = 0.

(ii) Show that —Au = d*du for u € C?*(U), where A is the Laplace operator
Au = 2?:1 %'
(iii) Define A = —d*d—dd*: C*(T*(U)) — C°(T'*(U)) for k > 0. Show that
Audxy, N --- Ndzg,) = (Au)dz;, A - ANdx;,,

where 1 <41 < -+ <1 < n.

(i) Let @ = [0,1]®> C R3. Show, using the definition, that OQ is a manifold.
(ii) Show that
T = {(R +rcoss)(cost,sint,0) + (0,0,rsins) € R*: s,t € R}

is a manifold if R > r > 0.

2Poincaré dual of R* in R*—*,
3The choice of sign may vary in different texts.
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