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Problem sheet 9

Exercise 1: A central element in braided Hopf algebras

Let A be a Hopf algebra such that the antipode y : A — A has an inverse y' : A — A. In the

lectures we found an invertible element u € A, which satisfies y(y(x)) = uxu~! for all x € A.
Show that y(u)u is in the center of A, i.e. y(u)ux = xy(u)u for all x € A, and that y(u) u = uy(u).

Exercise 2: Inverse of the antipode for the building block of quantum groups
Let g € C )\ {0} and let H, be the Hopf algebra, which as an algebra is generated by a,a7",b with
relationsaa™t = 1,a7'a =1,ab = qgba,and has A(a) =a®a, A(b) =a®b+b® 1.

Show that the antipode y of H; is invertible with inverse given by

y—l(bmun) — (_1)m q—%m(m—l)—mn 7

Exercise 3: Universal R-matrix for Drinfeld double, the rest of the proof

Let A be a finite dimensional Hopf algebra (with invertible antipode), and let A* be its dual Hopf
algebra and D(A) the Drinfeld double of A. Let (e,-)f’:1 be a basis of A, and ((Si):?l:1 the dual basis of
A*. We claim that

d
R = (14 ® 1a-)(coev(l)) = Z(ei ®1)®(1®5)
i=1
is a universal R-matrix for D(A). In the lectures we (almost) verified the properties (R0) and (R1)

for R and D(A).
Verify the properties (R2) and (R3) for R and D(A).

Exercise 4: The Drinfeld double of the Hopf algebra of a finite group
Let G be a finite group, and A = C[G] the Hopf algebra of the group G. Let (eg)sec be the natural
basis of A, and let (f;)cc be the dual basis of A”.

(a) Show that A" is, as an algebra, isomorphic to the algebra of complex valued functions on G
with pointwise multiplication: when ¢, ¢ : G — C, the product ¢ is the function defined

by (p¥)(g) = ¢()y(g) forall g € G.

(b) Find explicit formulas for the coproduct, counit and antipode of A" in the basis (f;)ec-
Let D(A) be the Drinfeld double of A.

(c) Find explicit formulas for the coproduct, counit and unit of D(A) in the basis (e; ® f¢)gec-

(d) Show that the product up and antipode yp of D(A) are given by the following formulas

f’l@((eh’ ® fg’) ® (en ®fg)) = 6g’,hgh‘1 enn ®fg
VD(eh ® fg) =e,® fhg—lh—l.



