Introduction to Hopf algebras and representations 28.4.2011

Problem sheet 12

Recall:
e When g is a root of unity, we denote by e the smallest positive integer for which g° € {+1}.

e For¢ € {+1} and d € N we have an irreducible U (sl»)-module W with basis wo, wy, . .., w41
defined by the formulas

Kw; =¢ g wj
F.w]- = w]-+1
Ew;j = ¢[jlyld = jly wj

when either ¢ is not a root of unity or whend <e
(see lectures and Problem sheet 11: Exercise 2).

e When g is a root of unity, the indecomposable U, (sl)-module W,(u;a, b) is defined by the
formulas

Kw] :‘u_q_zlw] fOI‘OS]Se—l

F.w]' =w]-+1 fOI'OSjSE—Z
F.wg_l =b wWo

Ew; = (ab + %(MH - [J_lqj_l)> Wi fori<j<e-1
Ewy =a w.q

(see Problem sheet 11: Exercise 4).

Exercise 1: A family of indecomposable Uy (sl2)-modules of dimension e when q is a root of unity
Let g € C be a root of unity. Assume thate > 1.

(a) Show that W,(u;a,b) is irreducible unless b = 0 and p € {+1, £q, £¢°,..., +¢°2}.

(b) Consider the Hopf algebra flq(slz) which is the quotient of U (sl;) by the ideal generated
by E°, F® and K° — 1 (cf. Problem sheet 10: Exercise 3). A Uy(slz)-module can be thought of
as a Uy(sl)-module, where E°, F* and K° — 1 act as zero. Show that a U (sl,)-module V is
irreducible if and only if it is irreducible as a U,(sl)-module.

(c) Consider the modules W for d < ¢, and the modules W.(u;a,b). Find all values of 4 and ¢,
and of u, a, b for which these are irreducible ﬂq(slz)—modules in each of the following cases:

- wheneis odd and g° = +1

(Answer: d anything, ¢ = +1;a=0,b =0, u = g7}; in fact W,(q71;0,0) = W, 1)
- wheneisodd and 4° = -1

(Answer: d anything, ¢ = (-1)"1;a=0,b=0, g = —q~'; in fact W,(—¢~1;0,0) = W}1)
— when e is even

(Answer: d odd, € anything; no possible values of y, a, b)
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Exercise 2: A solution of Yang-Baxter equation from two-dimensional @q(slz)—modules
Letg € Cbearoot of unity. Assume thate > 1, thateis odd and thatg° = +1. The finite dimensional

algebra ilq(slz) is generated by E, F, K with relations

KE =¢* EK KF =g 2FK EF-FE = (k-x71)

-1

E =0 F =0 K =1.

It can be shown that the Hopf algebra ﬂq(slz) is braided with the universal R-matrix

C1vk
R = % G-q97) gHE=DI242KG=)2if ERE @ PR

Let V be the two dimensional ﬂq(slz)-module w3 1 with basis wy, w; and calculate the matrix of

R = Syyo(py®pv)(R)

in the basis wy ® wy, wy @ w1, W1 ® Wy, W1  W1.

Hint: In the calculations one encounters expressions of type Y.‘_y 4, for s € Z, which can be
simplified significantly when g is a root of unity of order e.

Exercise 3: Some tensor products of Uy (slp)-modules
Assume that g € C is not a root of unity.

(a) Show that Wi = Wil @ We.

(b) Letd; > d, > 0and denote by wél), w(ll), . w{(ill)_l and wg), w(12), e, w{(fz)_l the bases of W;ll and
W;zl, respectively, chosen as in the beginning of the problem sheet. Consider the module

W:{ll ® Wgzl. Show that for any I € {0,1,2,...,d> — 1} the vector

B U R B SR R
o sl [Tl [ =10t [ 1= 1]

s(21-dy—s) wgl) ® w1(2)
=S
is an eigenvector of K and that it satisfies
Eov = 0.

(c) Using the result of (b), conclude that we have the following isomorphism of U, (sl)-modules

+1 +1 o +1 +1 o +1 +1
Wdl ® Wdz = Wd1+d2—1 @ Wd1+dz—3 @ Wd1+d2—5 @ @ Wd1—d2+3 @ Wd1—d2+1'



