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Problem sheet 11

Exercise 1: A lemma in Drinfeld double
Let A = (A, u, A n,€,7) be a Hopf algebra with invertible antipode, and let A° be its restricted
dual Hopf algebra. Below we denote the Drinfeld double associated to A and A° by D, and the
restricted dual Hopf algebra of it by D°.

Note that if ¢p € D°, then since the Hopf algebra A embeds to Dby 14 : A - D, a—~a®1", we
can define an element ¢|4 € A° by the formula

(Pla,a) = (¢, 1a(a))

for all 2 € A. Furthermore, since the Hopf algebra A° embeds to D by 14 : A° = D, ¢ = 11 ¢,
we obtain an element ¢ € D by setting

O = 1a=(Pla).
Show that for all ¢ € D° and x € D, the following identity holds in D

Z (¢(1>,x(2>>x(1)¢3(2) = Z <¢<2>/x<1>>€5(1>x<2>-

(@)(x) @)

Exercise 2: Irreducible U,(sly)-modules of low dimension when q is a root of unity
Let g € C be a root of unity and denote by e the smallest positive integer such that 4° € {+1, -1}.
Assume e > 1. Consider the Hopf algebra U, (sh).

(a) For d < e apositive integer and ¢ € {+1}, show that the formulas

Kw; =¢ g1 w;
F.w]' = ZU]'+1
Ewj = e [jl; [ fl, v
still define an irreducible U (sl;)-module W¢ with basis wy, w1, wy, ..., wg-1.

(b) Show that any irreducible U,(slz)-module of dimension less than e is isomorphic to a module
of the above type.

Hint: Especially for (b), you can just check that the proofs we used when g was not a root of unity
work in this case, too. Probably it is not worth going through this in great detail in the exercise
session.

Exercise 3: No irreducible U,(slp)-modules of high dimension when q is a root of unity
Let g € C be a root of unity and denote by e the smallest positive integer such that 4° € {+1, -1}.
Assume e > 1. Suppose that one would have an irreducible U, (slz)-module V with dim V > e.

(a) If there exists a non-zero eigenvector v € V of K such that F.v = 0, then show that the linear
span of v, E.v, E2o,...,Elvis a submodule of V. Conclude that this is not possible if V is
irreducible and dim V' > e.

(b) If there doesn’t exist any non-zero eigenvector v € V of K such that F.v = 0, then considering
any non-zero eigenvector v € V of K, show that the linear span of v, F.o, F’o,...,FFlvisa
submodule of V. Conclude that this, too, is impossible if V is irreducible and dim V > e.

(c) Conclude that there are no irreducible U (sl;)-modules of dimension greater than e.

Hint for all parts of the exercise: Recall that K¢, E®, F® are central by Problem Sheet 10: Exercise 3, and

remember also the central element C = EF + ——(g7'K + gK™).
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Exercise 4: A family of indecomposable U,(sly)-modules of dimension e when q is a root of unity
Let g € C be a root of unity and denote by e the smallest positive integer such that 4° € {+1, -1}.
Assume e > 1. Consider the Hopf algebra U, (sh).

(@) Let u,a,b € C with u # 0. Show that the following formulas define an e-dimensional
U, (s12)-module with basis wp, wy, wo, ..., We-1:

Kw; = uq ¥ w; for0<j<e-1
Fw; =wj for0<j<e-2
Fw..1 =bwy

[71q
qg=q!

Exw; = (ab+ (g™ = p7'g ™) i forl<js<e-1

Ewy =a we._q
Denote this module by W.(u;a, b).

(b) Show that W,(u;a, b) is indecomposable, that is, it can not be written as a direct sum of two
non-zero submodules.

(c) Show that W,(u;a,b) is irreducible unless b = 0 and p € {£1, +q, 4%, ..., £4°2}.

(d) Consider the Hopf algebra (Zlq(slz) which is the quotient of U, (sly) by the ideal generated
by E¢, F* and K — 1 (cf. Problem sheet 10: Exercise 3). A U,(s)-module can be thought of
as a U,(slr)-module, where E°, F* and K° — 1 act as zero. Show that a U (sl;)-module V is
irreducible if and only if it is irreducible as a U,(sl)-module.

(e) Consider the modules W of Exercise 2, for d < e, and the modules W,(u;a,b). Find all
values of d and ¢, and of y, a, b for which these are irreducible ;I:Iq(slg)—modules in each of the
following cases:

- wheneis odd and g° = +1
(Answer: d anything, e = +1;a=0,b =0, u = g71; in fact W,(q71,0,0) = W, 1)

- wheneisodd and g° = -1
(Answer: d anything, ¢ = (=1)*1;a=0,b =0, u = —q7'; in fact W,(—g~;0,0) = W}1)

— when eis even
(Answer: d odd, € anything; no possible values of y, a, b)



