Introduction to Hopf algebras and representations 7.4.2011

Problem sheet 10

Exercise 1: A central element in D,
Let g be a non-zero complex number which is not a root of unity, and let D, = D(H,, H) be the

Hopf algebra which as an algebra is generated by o, a™!, B, @, a1, f with relations

ad™ =1 = ala art =1 =a'la
ap =q pa ap =qpa
af =q' pa ap =q ' pa
ad =ada BB-PBB =a-a.

Consider an element of the form
v =fB+ra+sa.
Find values 7, s € C such that v is central in D;.

Exercise 2: Some g-formulas
In D and in U,(slp) we prefer to use modified g-integers and g-factorials. Define the following
rational functions of an indeterminate g

_7'-q [a]t = [n][n—1] - [2][1] [Z]zﬁ

When g € C\ {0} we denote the values of these rational functions at g by adding a subscript g4 to
the above notations. Recall also that [n] = (1 —4")/(1 — g) is a rational function of q and [n], its
value atg € C\ {0}.

Show the following properties of the (symmetric) g-integers, g-factorials and g-binomials

@) [ =g"" 4"+ 47 4 g7 and [n], = g [l
(b) [m+n]=q"[m]+q™" [n]=q7"[m] +q" [n]
(© [HIm=n]+[m][n =1+ [n]ll -=m] =0
(d) [n]=[2][n-1] = [n-2].
Exercise 3: A finite dimensional quotient of U,(sly) when q is a root of unity

Letq € C\ {0,1, -1} and consider the algebra U,(sl»).

(a) Prove that for all k > 1 one has

(K],

EFk _ Fk E = — Fk—l (ql—k K — qk—l K—l)
q9-9
k
FEk _ EkF — i (qk—l K—l _ ql—k K) Ek_l.
q-q7"

Now suppose that g ¢ {+1, —1} is a root of unity and denote by e the smallest positive integer such
that ¢° € {+1,-1}.

(b) Show that the elements E°, K¢, F* are central in U,(s).

(c) Let ] be two sided ideal in the algebra U,(sl>) generated by the central elements E°, F* and
K¢ —1. Show that | is a Hopf ideal in the Hopf algebra U,(sl>). Show that the quotient Hopf

algebra ﬂq(slz) = U,(sly) / ] is finite dimensional.
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Exercise 4: A first step of a calculation for diagonalization of a in D-modules
Let g be a non-zero complex number which is not a root of unity, and let D> be the algebra

generated by o, o™, B, @, @', p with relations

acl =1 = ala aa' =1 = a'a
ap =q* pa ap =q* pa
ap =q7* pa ap =q7* pa
ad = dw BB—pB =a-a.

(a) Letc € Dy be a central element (examples are ¥ = ad and the element v found in Exercise 1).
Show that for any irreducible D,:-module V, there is a constant A € C such that on V, the
element c acts as Aidy.

(b) Suppose that V is a finite dimensional D;.-module, of dimension d. By considering general-

ized eigenspaces of & (or of &), show that the elements ¢ and ¥ must act as zero on V for
any k > d.

(c) Find polynomials P(a, &), Q(a, &), R(a, &) of a and & such that the following equation holds
Pa,d) p* % + Q(a, @) pp* B+ R, @) 22 = (qa—q7' @) (@=@) (97 a = ).

(d) Suppose that V is a Dp2-module where the central element x = ad acts as Aidy and where

f? acts as zero. Show, using the result of (c), that @ and & are diagonalizable on V and the
eigenvalues of both are among

+VAg, VA, £VAgq.

Conclude in particular that in any two-dimensional U,(sly)-module, K is diagonalizable and
its possible eigenvalues are 1, +g, 7.



