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1 Inverse scattering problems

Description of the problem
Physical configuration:
Let D C R™ : m = 2,3 is an impenetrable

obstacle. For given incident wave u'(z), w(x) =  sommsman.
u'(x) + u®(x) outside of D meets
(Au+ kP = 0, z € R™\ D ——
{Bu=0, 2e€dD _ merae_|
: ~1)/2 {(0u’(x : >
\hmf,a_mo p(m=1)/ ( (97(~ ) —zkus(x)) =0, 7= 7|, pepsy
Specify the boundary operator 5: o |
e Sound-soft: u|gp =0 Fusceen_|
e Sound-hard:d,u|g9p = 0 Q—:

e Impedance boundary: 9, u + iAu|gp = 0
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Description of the problem

Scattered wave representation:
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Description of the problem

Given incident plane wave u'(z, d) = ehdT for di-
rection d.

Scattering and inverse scattering

e Direct scattering: Find scattered wave for given
obstacle D.

e Inverse scattering: Detect the obstacle DD from
the information about u°, including the geo-
metric property (shape) and physical property
(type/impedance).

e If [ degenerates into a crack [, determine the

shape of I" and the physical property in both sides
of I.
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2 Reconstruction of a complex obstacle

A “complex” obstacle

By a “complex” obstacle, we mean

e The obstacle 1s impenetrable and has different
acoustic property at different part of 0D, and/or

e The impedance coefficient may be complex, or

e The obstacle 1s a crack, with different property
1n 1its two sides.

The 1nverse scattering problems:

e Determine the boundary shape 0D
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Special attention:

The effect of boundary curvature and boundary
impedance on the reconstruction accuracy?

We find:

e The introduction of 1imaginary part of boundary
impedance coefficient can change the visibility
of the obstacle essentially.

e The suitable distribution of boundary impedance
in terms of the boundary curvature can make the
obstacle more (or less) accurate.

We believe:

This observation has some potential application in
some industry design problems.
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Description of the problem

For D C R? with 9D € C?!, assume

0D = 0DV 0Dp, 0DrNdDp =0,
where 0D p and 0D are open curves in 0D. .
1Kkd-T

For u'(z) = €""%* the total wave u(z) = u'(x) +

e Home Page
S |
u®(x) satisfies
(Au+r2u=0 inR?\D, el
IR
< u = O on aDD, (1) Page 9 of 49 |
| % +ikou =0 ondDy, e
Full Screen |
where the scattered fields «° satisfies the Sommer- oose |
feld radiation condition. _an |
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Description of the problem

Assume that the surface impedance o(z) =
o"(x) + ic'(x) is a Lipschitz function, ¢"(z) has
a uniform lower bound o, > 0 on dDy.

0Dy : the coated part, ODp : the non-coated part.

Given u”°(-,-) on S x S, we need to
e Reconstruct 0D;

e Reconstruct some geometrical properties of 0D
such as normal directions and the curvature;

e Distinguish 0D from 0D p;

e Reconstruct the complex surface impedance
o(x)on dDj.
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Indicator function for boundary

Compared with our work 1in 2007, here we use the
far-field data to construct the indicator directly.
probe method:

Use detecting points z outside of ) to approach
0D, consider the asymptotic behavior of the indi-
cator.

Assume D CC € for known 2. Fora € Q\ D,
denote by {z,} C Q\ D a sequence tending to a.
For any z,, set Dg a CQ—regular domain such that
D c D¥ (resp. 0D C D%) with Zg € 1\ DY for
every ¢q = 1,2,--- ,p and that the Dirichlet inte-
rior problem on D7, for the Helmholtz equation is
uniquely solvable.
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Geometric configuration of approximation do-
main
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Indicator function for boundary

Due to the superposition principle, the scattered
field associated with the Herglotz incident field
vy = vg(x) defined by

vg() = / einrdy () ds(d), zER2  (2)
S
with ¢ € L*(S) is given by

vi(z) = /S (2. d)g(d) ds(d), z€R\D, (3)

and its far field 1s
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Indicator function for boundary

In this case, the Herglotz wave operator H from
L?(S) to L?(0DF) defined by

Hlg)(a) = vyla) = [ " lgla) dsta) (5

1S Injective, compact with dense range.

Consider the sequence of point sources: pole
®(-, 2p), dipoles 52-®(-, zp) and multipoles of order
J

two 8%]8%2 (-, zp) for 7 = 1,2, where

)

~Hy (k| —y|), m=2
4770 ) y
CD(CIZ,y) = 4 eik]x—y\

L 4m|z—y|’ m =3,

1s the fundamental solution.
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Indicator function for boundary

For every p fixed, construct three density sequences
{gh}. (/37 and {1]"} in LX(S) with j = 1,2, by
the Tikhonov regularization such that

||vg£ — (I)(-, Zp)”ﬁ(@pg) — 0, n — oo, (6)

0
”U j,p_Tq)('azme%aDg) — 0, m — o0, (7)
i J
0 0

(I)(', Zp)HLQ(aDg) — O, k — 00.
(8)

Then use these density functions to construct the
indicators:

o
H h{{p 83:]-8:52
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Indicator function for boundary

(2 lim hm// —z,d) gb (d
72 m—00 N—00

]; Zp) lim hm// —2,d) f7r(d
’)/2 m—00 N—>00

12 () o= lim hm// —2,d) hiP(d
’7/2 m—00 N—00

where v = €'™/4/\/87k.

(z) ds(2)ds(d),

g5 (%) ds()ds(d),

gn(2) ds(2)ds(d),

©)

(10)

(1)

These three indicators are computable from the far-
field data, and have different blowup property as
zp — a € JD which make us detect the obstacle.

(Curvature C(a), o'(a) and o”(a) will enter the
asymptotic behavior explicitly in our higher-order

expansion of indicators!)
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Indicator function for boundary

Higher-order asymptotic for indicators:

I. For pole ®(x, z) as source, it follows that

% 19(;) = | ~7l(m=a)-v(@)|+0Q), a€dDy,
P +4n(zp — @) - v(@)| + O(1), a€dDp.

S 1%(z,) = O(1), a€dD.

II. Using dipoles %@(CE,Z) with 7 =
J

sources, it follows that

_v;(a) __lg(aﬂﬁa%a)+%cuw)ln¢(2¢ —a)-v(a)|+0O(1), a € 0Dy,

RI(z) = e @l T
47r\(zpia)~y(a)| - jQﬂ' C(CL) In |(Zp - a) : V(a)| + 0(1)7 ac aDD

\9]1(,2 ) _ _MIM(%—@) -V(CL)|—|—O(1)7 a € 0Dy,
7 0(1),” a € dDp.

(12)

(13)

as

(14)

(15)
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Indicator function for boundary

Higher-order asymptotic for indicators:

0 0

III. Using multipoles of order two --— i

with 7 = 1, 2, it follows that

and

s ]12(317) =

d(x, 2)

lalalO) s — 25 (a) 4+ 3¢ (a) ] =dora+

4r|(zp—a)-v(a)[?

™

|(zp—a)-v(a)]|

+

O(ln|(zp —a) -v(a)|), a€ 0Dy,
—vi(a)va(a) . 3v(a)ivz(a) 1

e-av@P ~ O D@t

O(ln|(zp —a) -v(a)|]), a€0Dp.

v2(a)—v?(a) _ v2(a)—v 3 1
8al(zp—a) (a2 [0 (a) + §C(a)] [Gzp—a)v(a)]
O(ln|(zp —a) -v(a)|), a€dDy,

vi(a)—vi(a) _ 3(v3(a ) 1(a)) 1
57z —a) 1) Clo) =@
O(In|(zp, —a) - V(a)|) a € 0Dp.

e o™ + O(In[(2 — a) - v(a)]), a €Dy,
O(ln |(zp — a) - v(a)]), a € 0Dp.
%na + O(In|(z, — a) - v(a)|), a € 0Dy,
O(In|(zp — a) - v(a)|), a € 0Dp.

(16)

(17)

(18)

(19)
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Practical indicators:

Using these three indicators 1n a different but equiv-
alent way, we can identify the boundary property:

Case 1. The geometric shape including the surface
impedance 1s unknown. We can use the formula

D
lim R 1°(z)) = oo, acoby, (20)

Zp—rQ —00, a € 5’DD.

or
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Practical indicators:

.
hmzpﬁa |:1671'2 |(zp

—a)v(a)? 272|(zp—a)-v(a)|

1 (ko' +3C(a)) In (Zp—a)-V(a)l] +

li 2 RN = O(mmimaywy) = +00, a € 8D,
Zplgla ( j) = 9 li 1 C(a)In |(zp—a)-v(a)|
Jj=1 Nz, —a 1672[(zp—a)v(@)]2 8n2|(zp—a)v(a)] ] +

O

\

TGaw@)) = 100, ¢ € 9Dp

O(ln|(zp —a) - v(a)|) = +o0, a € Dy,

[t — 0) - @)+
) _
0(1), a < 8DD

to detect the boundary shape.
(20) and (22) can also be used to 1dentify the bound-

ary type.

Our numerical performance show:
(21) 1s suitable for reconstructing the boundary
shape, while (20) i1s suitable for identifying the

boundary type.

1)

(22)
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Practical indicators:

Detection of normal direction of 9.D:

Noticing the numerical error reconstructing 0D, we
can use the formula

1 1 . RI(z) )
. L1 :: 1\%p) _
v(a) = ( t\/l 1 g2 \/1 + t2> where ¢ zlplga R 1(z)  va(a) =

from the dipole sources to detect the normal direc-
tion, the sign 4+ can be fixed by the orientation of
0D and the rough reconstruction of 0D.

This information can be used to improve the recon-
struction of 0.D.
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Practical indicators:

Detection of C(a) and o*(a) in Dy:

Using the multipoles formulas, the curvature and o
can be computed from the known (or already com-
puted) normal direction of 0D. If the point a is on
0Dy, then we start to compute the two quantities

B i g (G (@u@RE() + (3(a) — (@) RI(,)
@ erle) = =2 G~ ) (@)
1
8w @) &
1 o T V(@RI (%) + s
EC(a) + ko'(a) = — lelina (7 —a) 2(0) (25)

from which we deduce the values of C(a) and o (a).
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Practical indicators:

Detection of C(a) in 0D p:

If a is on 0D, then we have either

8l (F2ni(@)ra(a)RIF(z) + (15(a) — vi(a))REy (%))

Cla) = —= lim|

3 zp—a |(Zp —a)-v(a)|™!
L
8|(zp — a) - v(a)|

using multipoles of order two as sources or

|

3% vi(a)RIL(z) —
C(a) = —2 lim = ) AN

zp—a)v(a)|

Zp—>G In ‘(Zp —a) - v(a)

using multipoles of first order as source
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Practical indicators:

Detection Of O-,r (a/) in aD[: Inverse scattering . ..

2
. w2 i via) G(Z’p) romerie_|
o' (a) =— lim . a€ Dy
e i |(zp — a) - v(a) iy
(26) L« >

or R
_Pagoiof o |

Page 24 of 49

2 2ni(@)va(@)S () + (W) — vi(@)S 13(z) _ oy
K zl —a |(Zp — CL) o V(CL)|71 ( )’ € aDr. Go Back

Full Screen |
Close |
_ou |

uit
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From identification to controllability

Observations:

The theoretical expression of indicators with higher
order expansion contains the information about cur-
vature and impedance simultaneously.

Numerical applications:

If the geometric shape 1s known/specified in ad-
vance, we can introduce suitable surface impedance
distribution in terms of the curvature to adjust the
blowup property of indicators.

Practical applications:
We can improve or weaken the boundary shape vis-
ibility by introducing surface impedance.
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The relations between curvature, o (z) and visibil-
ity

Observe
2 ] 1
T 1 (50’ +1C(a)) In|(z — @) - v(a)]
;GRR” ~ 16m(z —a) - v(a)P 22 (s —a) @)
O ) @7

4r|(z — a) - v(a)|
for dipoles and

(@R 1) + (30) = (@) B(z)
: e (<a) +0(In |(z, — a) - v(a)]) (28)

8|(zp — a) - v(a)|? 7r|(Zp —a)-v(a)

for multipoles.

Conclusion:

If we take 9D = 0D; and choose ¢*(z) such that
(ko + %C (a)) (respt. %C (a) + ko'()) is uniformly
distributed, then 0D is easily detected.

Inverse scattering . ..
Reconstruction of a. ..
The efficient. ..

Numerical. ..

Home Page

Title Page

Page 26 of 49

Go Back

Full Scree

Close

EREEREE

Quit


http://www.seu.edu.cn

3 The efficient computational algorithm

Main task in recovering 0D

Recall the indicator:

I°(2,) :—hm l1m// —z,d) gb ( z) ds(2)ds(d),
()= lim hm || ) gh(d) g2(2) ds(2)ds(d)
1 P i
I}(z) Wgrgmgggo/glfgl —&,d) f2(d) (@) ds(@)ds(d),
]22 :—hm hm// x) ds(z)ds(d),
3z i=— lim hm [ [ 92(#) ds(#)ds(d)
and
||Ug$ - (I)('7ZP)I|L2(8D§) — 0, n — oo,
0
||Uf;gp - a_qu)('a Zp)||L2(aDg) — 0, m — o0,
0 0
[ 030 — a_%a—m‘b(',zp)ﬂﬂ(a[)g) — 0, k— oo,
where

(o) = Hlgl(@) = [ ¢"9(a) ds(a)

(29)

(30)

€1Y)

(32)

(33)

(34)

(35)
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Recall the approximation domain
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Compute the three density functions

To reconstruct 0D, we should compute
gh(d), ). (d), hiP (d) for z, — a with all pos-
sible a around 0D, large amount of computations!

Hope: When a rotates around 0D, the approximate
domain DY also rotates!

Solution:

e Generate DY, from some fixed domain Dy;

e Approximate the singular sources 1n
0Dy using the minimum norm solution

g0(d), f70(d), b O( ) for 0 ¢ D,

),
e Generate gi,(d), il (d), hiP (d) for z;, — a from
go(d), £0(d), WY (d) by some simple ways and
guarantee the approximate relations!
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Compute the three density functions

Known work by Potthast in 2000:
For reference domain GG with 0 ¢ G, let

G = MGq + 2,

with an orthogonal unit matrix Ml and vector zy: G
is generated from Gy by rotation and translation!
Consider two integral equations of the first kind

Hlgo)(z) = ®(2,0), = €dGy,  (36)
Hlg|(z) = ®(z, 2g9), «x € 0G. (37)

Result: Assume that go(d) is the MNS of (36) with
discrepancy €. Then

g(d) == go(M ™ d)e~ """ (38)
1s MNS of (37) with discrepancy € > 0.
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Compute the three density functions

Importance:
e Only compute the MNS of (36) once in 0G/y;
e g(d) can be computed in a simple way;
e g(d) is also the MNS of (37);

e The approximation in JG is also €.

Our problems: How to approximate dipole
CDQ;].(:E, 2) and multipoles CIijxQ(:I;, 2p) for j = 1,27

For (¢1, )1 € LA(S) x L*(S), define

H[(¢1, 02)" |(2) = (Hlp1)(x), Hlpo)(z))"
For functions (f1, fo)! € L*(T') x L*(I"), define

I1(f1, fQ)THQL2<FXF) — HleQLQ(F) + |yf2|y§2m.



http://www.seu.edu.cn

Compute the three density functions

We have the following generalizations:

Result 1: Assume that fg (d) with j = 1,2 are MNS
of

[f()K ) = ZE](:E 0), z€dGy (39)
with discrepancy ¢ > 0. Then (f!, f2)! given by
fl(d> o fl(M_1d> —ikd-2
(Fiay) = (Fip ) o

satisfies that

IHI(f £ @) — (D, Day)” ($I%ﬁHL28Gg<128Z

(41)
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Compute the three density functions

Result 2: Assume that hg(d) with j = 1,2 are MNS
of

H[R|(2) = o a0(2,0), z€0G)  (42)
with discrepancy ¢ > 0. Then (h!, h?)! given by

(8) =0 (MR ) emee (g Yoo o

satisfies that
[HI(RY B)TI) = (P Baaan)” (5 20) 206
< (2+ KY)E2 (44)
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Compute the three density functions

Using this result, we can approximate the singular
sources by Herglotz wave functions in all approx-
imate domains OD;, = M(a)Dy + z, with a few
amount of computations.

e M(a) : approaching direction and zj, : approach-
ing step along this direction.

e Choose different M(a) and 2, from Dy, 2, ¢ D5
can approach to any points a € dD.

e We compute MNS g in 0D, the density func-
tions for approaching singular source in 9D, can
be computed from g by a simple function trans-
formation.
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Configuration of (G| with some cone shape
boundary and its transform

G(co,t) with y0=0.9 for different ¢ G(c,t) with tauc=pi rotated from G(co,t)

08 1 08f

06 1 06

Needle ¢

04

0.2 (0.d)

Gleyh
oF Obstacle D
-0.2

-04f

— cycle

+ =7
c=10

— obstacle

— cycle

+ c=7
c=10

— obstacle

-0.6F

-0.8F
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Special Difficulty
The essences of approximating ®(x, zp) (respt.
Dy ;(x, 20), Payz; (2, 20)) by Herglotz wave function

Hlg) i [ ey (@yds(a

in JG for zg near to OG is: Approximate a almost
singular function by a smooth function.

Notice: Real part of ® 1s almost singular, while its
imaginary part 1s smooth.

Difficulty:
e Integral equation of the first kind;
e The right-hand side 1s almost singular;

e Efficient solution algorithm.
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Approximation behavior:

08 T T T 015 T T T 18 T T T 016 T T T
\ ;‘ 16f 1
06 h o1l ] | 0.14 f&&
\ i 14t . ook
| ¥ * 4 \
[ *
0.4f | 1 | % 0.12f %
#
# 005} e * : ‘
A % X 12 ] 5%
\¥ | t ¥ *
0.2f \ * \ 01f *
\k | ¥ it 1
of Jf X g
w *
0fy B g it : * t 08t . 0.08}
* ! ¥ ¥
4 005f | % 1 X
e 061 1 X *
-02F *\* . 7L % 0061} ]
p t ol | o
! -01f ¥ \% 1> X I
04 | 1 | 004 ¥
¥ %
““ d 02r ]| X f
X ¥
-06} “ : 015¢ 1 002} * #
| i
-0.8 1 1 1 02 1 1 1 0.2 1 1 1 0 1
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 0 2 4 6

The singular behaviors of & (z,z9) (left) and
®yo(z, 20) (right) in a circle |x| = Ry with 25 =
(0, Rg+ ) for small d, together with their approx-
imations shown 1n star line using uniform mesh.
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4 Numerical implementations

Model problem
We focus on the effect of surface impedance
and the obstacle curvature, by using (21) to de-

tect the boundary, explaining the effect of surface s

impedance.
Example 1. Take < = 1,2 and D being a cycle

Home Page |

0D = {x = 1.5 x (cost,sint),t € |0, 27|}. oo _|

: : L w ]

Case 1: The surface impedance 1s a real constant, R

0D has a mixed boundary pags 30014 |

ODp={x€dD:tc0,n)}, OD;={rcdD:tc mn

Close |
The results for o(x) = 30, o(x) = 3 using the same au |

criterion in all directions are shown below.


http://www.seu.edu.cn

Numerics:
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Recovery of 0D for mixed boundary condition with
o(x) = 30 (left) and o(x) = 3 (right).

For small o(x) (right), the blowing-up behavior for
the impedance boundary 1s weak. Using the same
criterion in all directions, the impedance part can
not be detected (just initial guess).

2

Inverse scattering . ..
Reconstruction of a. ..
The efficient. ..

Numerical. ..

Home Page

i

Title Page

[« ]»]

Page 39 of 49
Go Back
Full Screen

Close

e

Quit


http://www.seu.edu.cn

Numerics:

Case 2: The surface impedance case.
We assume 0D = 0D  and consider three cases:

O 6 6 6 7 Reconstruction of a. ..
L]

hesefficient. . .

o(x) =5—bi,0(x) = 5— i, 0(x) = 5—5Sin (62129 fwe

2K
The second case meets %C(a) +ko'(a) = 0in OD;. s |
Using different uniform blowing-up values, the re- —IL|L|
constructions are given below for the first two con- K
figurations. We see that the whole obstacle can be paga 00t |
seen for both cases. However, the reconstruction 18
better in the picture of the left hand side. e
Close |
This 1s natural and it can be explained using (27). __ o |
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Numerics:

Reconstruction in the first two-cases.

— true

— CB=0.10
— CB=0.20
ok i L CB=0.30
— CB=0.40

initial

Reconstruction of 9D for surface impedance in 0D
with o(z) = 5 — 5i (left) and o(z) = 5 — 300L;
(right), using the uniform blowing-up criteria in all
directions. For large blowing-up values, the bound-
ary can not be seen (right).
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Numerics:

Case 2: The surface impedance case.
In the third configuration, the imaginary part of esesen

Reconstruction of a. ..

impedance has serious oscillation.

Numerical. ..

It can be seen that the oscillation of ¢*(z) on 0D

makes the reconstruction of the obstacle less ac- _tomerage |
curate. In addition, for large blowing-up values of III
C' B, we cannot recognize at all the very well uni- S
form shape of a circle. It is worth noticing that this T
phenomenon should be the same using any of the
indicator functions 1V, ];-, 1,7 = 1,2 or even using

of indicators based on multipoles of higher orders.
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_ Fursoreen_ |
Close |
o |


http://www.seu.edu.cn

Numerics:

Reconstruction in the third configuration.
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Reconstruction of dD for surface impedance with

oscillatory imaginary part(left), and the function rursoeen_|
S o(x)(right). The formula (21) can be used to ex- =
plain this reconstruction. That 1s, the oscillation of ar |

o'(z) in D decreases the visibility of obstacle.
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Numerics:
Example 3. Consider a complex obstacle

0D = {x : x(t) = (cost+0.65 cos 2t—0.65, 1.5sint), t €

2 T T T T T T 12
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A kite-shaped obstacle (left) and its curvature dis- ursoon |
tribution with respect to the polar angle (right). The __ o |
curvature takes maximum value near points A, B, e

which means a strong scattering in this part.
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Numerics:
Case 1. Consider the constant surface impedance

for o(x)

2

=5, 0(z) =5 — Bi.

— frue
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CB=0.30
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initial
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For real surface impedance, the part of the bound-
ary with the maximum curvature is relatively easy
to be detected. For o(x) = 5—5¢ with blowup value
C'B = 0.4, the reconstruction is not improved for
the part with minimum absolute value of curvature,

due to the constant imaginary part.
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Numerics:

Case 2. Curvature effect.

Take o(x) = 5+ o*(x)i. The reconstructions with
o'(x) satisfying %C(SIZ‘) + kol(z) = —5 (left) and

1 Inverse scattering . ..
L] L]
5C(x) + ko'(x) = —10 (right) in 0D are shown s
2 The efficient. ..
b el OW Numerical. ..
L]
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Observations:

The variable imaginary part of impedance in terms
of the curvature removes the nonuniform blowing-
up due to the curvature distribution.

Explanation:

e The uniform blowing-up property is obtained,
except on the parts near the point £, where the
curvature takes the negative minimum value.

e This phenomena is physically reasonable. There
are multiple reflections of the scattered wave. So
the information about this concave side 1s rela-
tively small in the far-field data.

e To explain more about this phenomenon, a
higher asymptotic expansion using higher mul-
tipole sources 1s needed.
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Some open problems:

e Efficient realization of singular sources approxi-
mation;

e Numerically reconstruction of boundary
impedance by asymptotic expression;

e Physical explanation on So(x) # 0?

e Convergence order analysis for noisy data
us(Z, d)?

e 3-dimensional obstacle case?

e Potential applications?
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Thanks a lot !
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