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ABSTRACT. Passive imaging refers to problems where waves generated by unknown
sources are recorded and used to image the medium through which they travel. The
sources are typically modelled as a random variable and it is assumed that some
statistical information is available. In this paper we study the stochastic wave
equation 02u — Ayu = xW, where W is a random variable with the white noise
statistics on R1™™ n > 3, y is a smooth function vanishing for negative times and
outside a compact set in space, and A is the Laplace-Beltrami operator associated
to a smooth non-trapping Riemannian metric tensor g on R”. The metric tensor
g models the medium to be imaged, and we assume that it coincides with the
Euclidean metric outside a compact set. We consider the empirical correlations on
an open set X C R™,

1 T
Cr(ti,z1,t2,22) = f/ u(ty + s,x1)u(te + s,22)ds, t1,t2 >0, x1,220 € X,
0

for T > 0. Supposing that x is non-zero on X and constant in time after ¢ > 1,
we show that in the limit 7" — oo, the data C'r becomes statistically stable, that
is, independent of the realization of W. Our main result is that, with probability
one, this limit determines the Riemannian manifold (R™, g) up to an isometry. To
our knowledge, this is the first result showing that a medium can be determined
in a passive imaging setting, without assuming a separation of scales.

1. INTRODUCTION

In passive imaging, waves generated by unknown sources are recorded and used
to image the medium through which they travel. Passiveness refers to the observer
having only little or no control over the source (think earthquakes in seismic imaging).
However, some statistical information of the source may be available and it can be
useful to model the source as a random variable: while the statistics of the random
variable is known, its realization remains unknown.

Passive imaging has had a fundamental impact to seismic and various other imag-
ing modalities. We refer to the recent book by Garnier and Papanicolaou [18] for an
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2 IMAGING WITH AN WHITE NOISE SOURCE

extensive review of the field. The previous mathematical theory is, to a large extent,
based on assuming some physical scaling regime. Such an approach has produced
a number of important and efficient numerical methods. However, our key finding
in the present paper is that exact recovery of an unknown medium is also possible
without any scaling assumptions. The proof of this is based on a reduction to a
deterministic inverse problem.

In this work we consider the wave equation

(1) Dfult,z) — Agu(t,z) = x(t,2)W(t,z) in RI™ = (0,00) x R,
U|t=0 = atu’t:O =0,
where n > 3 and A, is the Laplace-Beltrami operator corresponding to a smooth

time-independent Riemannian metric g on R™. In coordinates (x;)}j_, this operator
has the following representation.

— 15 O 4 0
Ay = Z |91 1/2@ <|g|1/2gjkﬁu> )

jk=1

where [gjn]?—; = g(), |g| = det(gj) and [¢/*]",_; = g(x)~'. We assume that
our source W is a realization of a Gaussian white noise random variable on R*".
Moreover, x stands for a smooth function

X(t, =) = xo(t)r(x),
such that yo € C*(R) and

oo [0 t=o
XOW=31 1>1,

and k € C§°(R™). We assume that there exists an open and non-empty set X C R”
where £ is non-vanishing. The source YW can be modelled as a random variable
taking values in a local Sobolev space with negative index, and the same is true for
the solution u. Contrary to papers such as [10,37,40], we do not consider ¢ — u(t, -)
as a random process.

The problem we study is the following: suppose we can record the empirical cor-
relation

1 /T
(2) Cr(ti, z1,t2, 22) = T/ u(ty + s, 21)u(ts + s, 12)ds,
0

fort1,to > 0, z1, 20 € X and T' > 0. What information does this data yield regarding
the metric g7 For any finite 7', the correlation C7 is random in the sense that it
depends on the realization of the source. A fundamental part of our result below is to
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show that this data becomes statistically stable, i.e. independent of the realization,
as T increases. More precisely, we show that the limit

’Ilgr(;lo <OT, f ® h)D/XCSC(R2+2n) ) f, g 6 Cgo(Rl-i-’l’L)’

is deterministic, see Theorem 3 below. Thereafter, the paper is devoted to showing
that this stability enables the recovery of g:

Theorem 1. Letn > 3. Suppose that g is non-trapping and that g coincides with the
Euclidean metric outside a compact set. Let u = U(w) be the solution of (1) where
W = W(w) is a realization of the white noise W on R™™. Then with probability one,
the empirical correlations (2) defined in the sense of generalized random variables
in D'((R x X)?) for T > 0, determine the Riemannian manifold (R, g) up to an
1sometry.

Recall that a metric tensor g on R” is non-trapping if for each compact K C R"
there exists 7' > 0 such that for each (p,&) € TR", p € K, [[{||, = 1, it holds that
Ype(t) ¢ K when t > T. Here we denote by 7,¢ the unique maximal geodesic of
metric g that satisfies the following initial conditions

T£(0) = 2 and 4 (0) = €.
Note that the covariance data (2) is determined by the measurement | c)xx-
This implies the following corollary:

Corollary 1. The measurement u| 00 xx, With a single realization of the white noise
source, determines the Riemannian manifold (R™,g), up to an isometry, with prob-
ability one under the assumptions of Theorem 1.

The statistical stability of Cp, T > 0, allows us to reduce the passive imaging
problem to a deterministic inverse problem, that we then solve. As this deterministic
problem is of independent interest, we solve it in a more general geometric setting
formulated as follows:

Theorem 2. Let (N, g) be a smooth and complete Riemannian manifold of dimension
n>2. Let X C N be an open set. Consider the following initial value problem for
the wave equation
(3) Qfw(t,x) — Ayw(t,z) = f, in (0,00) x N,

W|t:0 = atW|t:0 = 0.
Let Ay : C§((0,00) x X) — C*°((0,00) x X) be the local source-to-solution operator
defined by

Axf = w\(o,oo)xx-

Then the data (X,Ay) determines (N,g) up to an isometry. More precisely this
means the following:
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Let (N;, g:), i = 1,2, be a smooth and complete Riemannian manifold. Let X; C N;
be an open set, and assume that there exists a diffeomorphism

(4) (b : Xl — XQ
that satisfies
(5) " (A, f) = Ax, (¢7f),  forall f € C57((0,00) x Az).

Then (Ny, g1) and (Ng, g2) are Riemannian isometric.

Above the pullback ¢* of ¢ is defined by ¢*f = f o 5, where 5 is the lift of ¢ on
(0,00) x Xy, that is, ¢(t,x) = (¢t,¢(x)) t > 0, x € X.

Lastly we will point the connection of Theorem 2 to the following Inverse spectral
problem of Laplace-Beltrami operator.

Corollary 2. Let (N, g) be a smooth and compact Riemannian manifold of dimension
n > 2 with out boundary. Let X C N be an open set. Let (pr)52, C C(N) be the
collection of orthonormal eigenfunctions of operator A, in L*(N). Let (A\)32, be the
collection of corresponding eigenvalues of Ay. Then the Spectral data

(6) (X, (@l )iz, (Aw)iZs)

determines (N, g) up to isometry.

1.1. Outline the paper. We begin by showing that the empirical correlation Cr
is well-defined in Section 2. In Section 3 we show the statistical stability discussed
above, and in Section 4 we reduce the proof of Theorem 1 to that of Theorem 2. We
prove Theorem 2 in Section 5. For the convenience of the reader, we have collected
some well-known results in an appendix.

1.2. Previous literature. For previous mathematical results on passive imaging
problems we refer to [12,17]. The monograph [18] gives a thorough review of the
related literature. Passive imaging problems arise in geophysical applications. In
seismic imaging ambient noise sources, that appear due to nonlinear interaction of
ocean waves with the ocean bottom, can be utilized to image the wave speed in the
subsurface of the Earth, see e.g. [42,43,52].

We also mention the closely related topic of imaging random media by time reversal
techniques [2,7,8,14] as well as inverse scattering from random potential or random
boundary conditions [9, 22, 34].

Let us now turn to results on deterministic inverse problems similar to Theorem
2. In such coefficient determination problems, it is typical to use the Dirichlet-to-
Neumann map to model the data. Apart from immediate applications, this is rea-
sonable since several other types of data can be reduced to the Dirichlet-to-Neumann
case. For instance, in [38] an inverse scattering problem is solved via a reduction to
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the inverse conductivity problem in [44], and the latter uses the Dirichlet-to-Neumann
map as data. In the present paper, however, we do not perform a reduction to the
Dirichlet-to-Neumann case but adapt techniques originally developed in that case to
the case of local source-to-solution map A,.

The approach that we use is a modification of the Boundary Control method. This
method was first developed by Belishev to the acoustic wave equation on R™ with an
isotropic wave speed [4]. A geometric version of the method, suitable when the wave
speed is given by a Riemannian metric tensor as in the present paper, was introduced
by Belishev and Kurylev [5]. We refer to [29] for a thorough review of the related
literature. Local reconstruction of the geometry from the local source-to-solution
map A, has been studied as a part of iterative schemes, see e.g. [25,32]. In the
present paper we give a global uniqueness proof that does not rely on an iterative
scheme.

We restrict our attention to the unique solvability of the inverse problem but note
that several variants of the Boundary Control method have been studied computa-
tionally [3,13,27,41] and stability questions have been investigated [1, 31, 36].

This work continues the line of research started by the authors in [20,21], where
similar unique solvability of the geometry was considered for random and pseudo-
random boundary sources. A novel feature of this paper is that we consider passive
imaging, when the source is not assumed to be known.

2. THE STOCHASTIC DIRECT PROBLEM

In this section we show that the running averages Cp, T' > 0, are well-defined as
random variables. Let us first recall the concept of generalized Gaussian random
variable [19]. A cylindrical set in a locally convex vector space V' with the dual V’
is of the form

fweV | (i), ... {6,u) € BY,

where k > 1, £y,...,¢, € V', and B is a Borel subset of R*, i.e., B € B(R¥). Above,
we write (-,-) = (-, -)vxv for the dual pairing between V' and V. The o-algebra
generated by cylindrical sets in V' is denoted by B.(V'). Notice that the cylindrical
o-algebra is always a subset of the Borel o-algebra, and the two o-algebras are known
to coincide if V' is a separable Fréchet space [6, Thm. A.3.7.].

We denote the rapidly decaying functions on R” by S(R%). The topological dual
of S(R?) is the space of tempered distributions &’'(R%). It is well-known that &'(R%)
is a locally convex topological vector space (even nuclear).

Throughout the paper, let (2, F,P) stand for a complete probability space.

Definition 1. A generalized random variable is a measurable function

X (Q,F) = (S'(RY), B.(S'(RY))).
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A generalized random variable X is called Gaussian, if for all ¢y,. .., ¢, € S(RY),
k € N, the mapping

Q3w (X(W),d1),...,(X(w), o) € RF

1s a Gaussian random wvariable.

The probability law of a generalized Gaussian random variable X is determined
by the expectation EX and the covariance operator Cx : S(RY) — S'(R?) defined
by

(7) (11, Cx1ha) = E((X — EX, 1 )(X — EX, 1)) .

If X is zero-mean and satisfies Cx = ¢, where ¢ : S(R?) — S'(RY) is the identity
operator t(¢) = ¢, then X is called Gaussian white noise.

Remark 1. The construction above is identical for generalized random wvariables
obtaining values in the space of generalized functions D'(R?). This was also the
original formulation in [19].

It was proved by Kusuoka in [33] that for any ¢ > 0, white noise satisfies
(8) W e H-¥27¢(R%:; (x)~427¢)  almost surely,

where the weight function is defined by (z) = (1 + |z|?)"/2. Moreover, we have
H=42=¢(R%; (1)=427¢) € B,(S'(R?)) (see e.g. [16, Prop. 7]) and therefore we can con-
sider W as a random variable restricted to H~%27¢(R%; (x)~%2~¢) assigned with the
cylindrical o-algebra. Since the weighted Sobolev space is separable (and Fréchet),
the cylindrical o-algebra coincides with the Borel o-algebra and W is Borel mea-
surable in H~%27¢(R%; (x)~%27¢). Finally, since we have a continuous embedding

H2=¢(RY: ()~4/2-¢) Hl;f/ 2_E(Rd), we can identify W as a random variable

W (Q,F) — (H,d* (RY), B(H,Y(RY))).

We denote by O ' the solution operator of (1), that is, O '(W) = u where u
solves (1) and w is defined to be zero for negative times. Then

-1 . o 1+n o+1 1+n
0. Hy (RY™) — HZFY(RY™), o R,

loc loc
is continuous, see e.g. [24, Thm. 23.2.4]. We denote by 7° the translation by s € R
in time, that is,
T'o(t) = ot +s), ¢ <€ CF(R),
and extend this definition to D'(R) by
<7-8w7 ¢>D'xcg°(R) = <w7775¢>D’><Cg°(R)-

The function

O:(0,7)xR—=>R, P(s,t) =7°0(1)
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is smooth, and moreover ® = 0 when t ¢ (0,7 + R) where R > 0 is such that
supp(¢) C (0, R). Hence function
(9) s = (w, (s, ')>D’><Cg°(]R) = <Tsw7¢>D’><C’g°(R)
is smooth for all w € D'(R) and ¢ € C°(R), see [23, Thm. 2.1.3]. An analogous
argument shows that

S <T5w & Tsw, ¢>'D’XC§°(R2+2")
is smooth for all w € D'(R'™") and ¢ € C5°(R?**?"). Here ® denotes the tensor

product of distributions, see e.g. [23, Thm. 5.1.1] for the definition.
For a fixed T" > 0, we define the map

1 7
Arp(w) = —/ Tw® rSwds, w € HY (R™™),
0

T
in the sense of the Pettis integral, that is,
1 T
(Ar(w), ¢>D/xcg°(R2+2n) = T/ (T°w @ T w, ¢>D/X080(Rz+2n)ds.
0

The integral above defines Ar(w) as a generalized function in D'(R?*™") and,
moreover, yields a continuous map in the following sense:

Lemma 1. The map Ay : H ;7 (R™") — H,_7(R*") o € R, is continuous.

loc

Proof. We recall that the topology of H,,7(R™) is induced by the semi-norms
w = ||¢w||Hfa(R1+n) , Ye Cgo(Rl+n).

Let wy € H 7(R'™™), ¢ € C°(R**") and € > 0. In order to show that Az is

loc

continuous, it is enough to show [47, p. 64] that there are ¢» € CS°(R"™") and § > 0
such that

[ —wo)|, ., <0 implies (A (w) = Ar () y-s e < €

We choose ¢ € C°(R'*™) so that (¢ @)1y 15 % = 71 °75 ¢ for all s € (0,T). Here
7%, j = 1,2, act in the different time variables. Let ¢ € H?(R***"). Tt follows that

[(Y(Ar(w) — Ar(wo)), @) o x fro (m2+2n) |

gi/jH(zﬁ@@)(w@w—wo@wo)

H—o (R2+2n) “TfST{Sw¢}}HU(R2+2n) ds

T
<C H&(w — wp) ® Yw + Pwo ® P(w — wp)

H‘”(R2+2n) H¢HHU(R2+2n) .
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Finally, for small § > 0
H@Z’(w — wp) ® Yw + Ywy ® P(w — wo)H

<o,

H-c (R2+2n)

o], =00

7U(R1+7L 7U(R1+n)

U
By combining the continuity results above, we define Cp(w) = Ap(O; ' (W(w))),
T > 0, and see that

1+n
2

Cr : Q — (Hip (R*™"), B(H (R**"))), o< — +1,

is a random variable.

Remark 2. Since the weighted Sobolev space H~%?~¢(R%; (x)~%2~¢) is separable,
the random variable W in (8) has the Radon property [6]. Notice carefully that the

Radon property is transferred through any continuous mappings and therefore also
Cr is Radon.

3. THE STOCHASTIC INVERSE PROBLEM AND STATISTICAL STABILITY

For any function f € Cg°(R™™), let us define v/ = v as the solution of a time
reversed wave equation
(10) Olv— Ay =f in (—o00,5) x R,
U’t:S = atU’t:S =0,

where S € R is large enough so that f € C§°((—o0,S) x R™). In this section we
show the following theorem.

Theorem 3. Suppose that n > 3, (R", g) is non-trapping and that g coincides with
the Fuclidean metric outside a compact set. Let D C C§°((0,00) x X) be a countable
set. There exists Qo C Q such that P(Qy) = 0 and for allw € Q\Qy and all f,h € D,
it holds that

Tl‘glgo(CT(w), f (9 h>D’><C’8°(R2+2") = </{’Uf7 /{’Uh>L2(R1+n).

In what follows, we write (-,-) = (-, ) prxcge@2+2n).
Lemma 2. Let W € D'(R'"™") and f € C°(R™") be arbitrary sources in problems

(1) and (10), respectively. Moreover, let u and v/ be the corresponding solutions.
Then we have the identity

(u, f) = (W,xv").
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Proof. Suppose that W € Cg°(R'™™). The general case follows since test functions
are dense in distributions. Next, let v and S be as in (10). Using the shorthand
notation O, = 97 — A,, we have that

(u, f) = (u,0gv) 12((0,5)xrm) = (g, V) 12((0,5)xr7) = (W, XV).
This proves the claim. U

Let us recall the following result regarding the local energy decay which is due to
Vainberg [48,49], see [50] for the formulation as below.

Theorem 4. Let u € C*((0,00) x R™) solve the problem
Ofu— Aju=0, in (0,00) x R,
ul=o = uo, Opuli=o = u.

Suppose that ug and uy are compactly supported. Suppose that (R", g) is non-trapping
and that g coincides with the Euclidean metric outside a compact set. Then there is
to > 0 such that u satisfies local energy decay

/R” (|0pu(t, 2)|* + |Vu(t, z)*) x(z)dz < Cn(t)Ey, t > to,

for any compactly supported function x € C3°(R™). Here we have

By = [ |Vu@)f +a@Pds, o) =17,
R™ )

n > 2 even,

{ebt, n > 3 odd,

and the constants C;b > 0 depend on g, x and the supports of uy and uy.
We need a decay estimate for the norm [[u(t, )| ;2(g) where K C R" is compact.

Lemma 3. Let (R", g) be as in Theorem 3 and let u be as in Theorem j. Let K C R"
be compact. Then there is ty > 0 such that u satisfies

[u(t, )l p2grey < Cult)Eo,  t> to,

where

11 t) =
(11) p(t) =2t n >4 even,

{ebt, n > 3 odd,
Proof. To simplify the notation, we assume without loss of generality that Fy = 1.
Let B(r) = {||z|| < r} be the Euclidean ball of radius r and write

1
up(t) = Bl - u(t, z)dz,
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where |B(r)| is the volume of B(r). Theorem 4 implies |0u,(t)| < Cn(t) where the
constant C' > 0 depends on r» > 0 and ¢g. Thus for t; <t < s,

(12) 0 (8) = up(s)] < C / “n(r)dr = C(u(t) — u(s).

We see that lim; . u,(t) exists, and denote the limit by u(r).
The Poincaré-Wirtinger inequality
u(t, ) = ur(t)[ 2By < ClIVUlt, )20y,
together with Theorem 4 and (12), implies that

(13)  lu(t, ) = a(r)l 2oy < On(t) + [ur(t) = a(r)[[[Hl2 ey < Cp(t).

In particular, for 0 < ry < ro, u(t, ) = u(r;), 7 = 1,2, in L*(B(r1)). Thus u(r) does
not depend on r > 0 and we denote it by u.

[t remains to show that @ = 0. As u(t) is compactly supported, by the finite speed
of propagation, the Gagliardo-Nirenberg-Sobolev inequality implies that

Ju(t, ')HLP*(]R”) < C|[Vu(t, ')”LQ(R") ’

where p* is the Sobolev conjugate of 2, that is, 1/p* = 1/2 — 1/n. Note that p* > 2.
We apply Holder’s inequality with p = p*/2 and 1/p+1/q =1,

/B( )u2(t, Ddx < Hu2(t, -)HL,,(B(T)) ||1HLq(B(r)) :

The conservation of energy implies that [|Vu(t, )|l 2gny, ¢ > 0, is bounded. Thus

|ul(t, ~)||ig(B(T)) < Or™/% with a constant C' > 0 independent of 7.
To get a contradiction, suppose now that @ # 0. Then there is € > 0 such that

_n2 _ 2 n
||u||L2(B(r)) = u2 ||1||L2(B(r)) = 2er”.

By the convergence (13), for all » > 0 there is ¢, such that [|u(t,, -)||iQ(B(r)) > erm.
Thus /2 < C, r > 0, which is a contradiction since ¢ > 1. O

Lemma 4. Let (R", g) be as in Theorem 3. Suppose that K C R™ is compact and
f e CP(R™). Let u € C°((0,00) x R™) solve the problem

Ofu— Agu=f, in (0,00) x R",
U|t:0 = (9tu|t:0 = 0.

Then there exists to > 0 such that for all t > t
[u(t, )2y < Cl)]| fll2@ren),

where u(t) is defined in (11). Here the constants C' and ty depend on g, K and the
support of f.
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Proof. Let t; > 0 be such that supp(f) C [0,#1] x R*. By the finite speed of
wave propagation, it holds that supp(u|.—, ) and supp(Oyuli—,) are compact in R™.
Consider the solution v of the initial value problem

Ofv —Ayv =0, in (t;,00) x R,
U|t:t1 = U(tl), atU|t:t1 = atu|t:t1~

By the uniqueness, it must hold that v = u. By Lemma 3 there exists t, > t; and
constant C' independent of ¢t > ¢y such that

[Ju(t, ')HLZ(K) < Cu(t)Ey, t>ty,

Where Ey = [p. [Vu(ty, )]* + [Owu(ty,)]*dz. As u is an energy class solution of a
wave equation with zero initial values, by the standard energy estimates for the wave
equation it holds that

EO S C||f||L2(R1+n).
This proves the claim. 0

Lemma 5. Let (R, g) be as in Theorem 3. Let S > 0 and f,h € C§°((0,S) x R™).
It follows that

Jim E(Cr, f ® h) = (k0! KU L2 ((“oo,8) xRm).

Proof. Here we will use notation f*(t,z) = f(t + s, x) for a time sift s € R. By the
Lemma 2 and standard energy estimates, we have

E(u, f)2 = B(W?, o) = (0!, 0/} < C | flageny» 5 < T,
where the constant C' depends on T'. Therefore, we see that the mapping
(w, 8) = (u(w), f)(u’(w), h)

is integrable on Q x (0,7") with respect to P x d¢. In consequence, together with (7)
the Fubini theorem yields

1 T
E<CT7f & h> = f/ E<Xsws’vf><xsws7 = _/ X U >X U
0
For the time-shifted characteristic function we have

Xt x) = xo(t)r(r) = K(2) = (1 = xp(t))r(2)

and supp(l — x§) C (—oo,1 — s). By the local energy decay in Lemma 4, there is a
constant C' > 0 depending on ¢ and the supports of £ and f such that

1—s 1/2
—4n —2n+3
197 ey < € ([ 177200) Ul < O 1

[ee]
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for large s. Hence we obtain

1 T
E(Cr, f @ h) = (kv!, ko) + T/ R(s)ds,
0

where
opt3
|R(s)| < Cs™2""2 || || 2 gueny 12l L2 reny

To conclude, one has
I 5
1 / R(s)|ds < CT~2+3
T Jo
and the claim follows. 0

In order to show the statistical stability of the data, we need the following result
from ergodic theory (see e.g. [11, p. 94]):

Theorem 5. Let Z, t >0, be a real—vghied random variables such that EZ =0
and the covariance function (t,s) — E(Z;Z;), t,s > 0, is continuous. Assume that
for some constants c, e > 0 the condition

E(ZZysr)| < c(1+7)"¢
holds for all t > 0 and r > 0. Then,

1 [T
lim — / Zydt =0 almost surely.
T Jo

T—o0

Lemma 6. Let (R",g) be as in Theorem 3. Let f,h € C§°((0,S5) x R™) and use
notation

Zy = (u", f)(u", h)
Then there is C' > 0 depending on n, g, and the supports of k, f and h such that
[B(Zy = BZ,)(Zrts = BZuy )| < C(L+8) 7" | fllz2@rsm [Pl 72gien)

Proof. For convenience, let us write X" = (u", f) and Y" = (u", h). By the Isserlis
formula [26] for Gaussian random variables we have

EZ,Z, . =EX"Y'EX"Y"™ + EX" X" EY"Y"™™ + EX"Y"PEY" X" ¢
and, consequently,

(14)  E(Z, —EZ,)(Zyss —EZ,,) = EX"XHEYTY ™ + EXTY ™ HEY" X"+
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We write v/ (t,-) = v/(t — r,-). The local energy decay, Lemma 4, implies
EXTY™| = [EQCW,of) (W oh)|
EGW, 0]) (xW, v7,0)]
= (o], xury)]
(15) < O+ 8) 2 | f oy [Pl pzqaren

since v is small in supp(vl,,) for s > 0. O

Proof of Theorem 3. For a fixed pair of sources (f,h) we set Z, = 7, — EZ;, where
Zy = (u", f)(u", h). Continuity of the covariance function of Z; follows by considering
equality (14). Note that the correlations between X", X" Y and Y"** on the right
hand side of (14) are all represented by inner products between smooth functions in
the spirit of (15). Since these inner products are smooth functions with respect to r
and s, it follows that the covariance function in (14) is continuous. Next, we combine
Lemma 5 and Lemma 6 to validate Theorem 5. As a countable set of source pairs
(countable union of zero measurable sets is zero measurable, the claim follows for all

(f,h) € D. O

We conclude this section with the following simple lemma to quantify the conver-
gence of the data. Notice that Lemma 7 is not needed for the previous proof.

Lemma 7. Let f,h € C§°((0,S) x R™). Then there is C > 0 depending on n, g, and
the supports of k, f and h such that

Var(Cr, f @ h) < CT ||| z2ggrsn) 1l z2gamy

Proof. In the proof of Lemma 5 we showed that the Gaussian random variables X"
and Y" have a bounded variance independent of r. Since any moment of a Gaussian
random variable is bounded by a constant depending on the variance, we see that
the mapping
(w,r,s) = X"Y"XY?
is integrable over Q x (0,7") x (0,T) for any fixed T' > 0 with respect to P x dr x ds.
Now the Fubini theorem yields that

1 T T
E(Cr, f @ h)* = 7% / / EX*Y*X"Y"dsdr and
0 0
1 T T
(E(Cr, f@h))* = 7% / / EX Y EX"Y"dsdr.
0 0
It follows by equation (14) and estimate (15) that

1 T T an
Var(Cr. £ & 1) < O flageusn W arny 75 [ [ (1 I = sy Sdsar
0 0
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and the claim follows by estimating the the double integral in time by

T T 1 2 s
/ / (14 |r —s|) " 3dsdr = —/ / (147"~ dr'ds’
o Jo 2Jo Jor—w
1 2T

C(1+T7') < C.

for any n > 3. U

IN

4. REDUCTION TO THE DETERMINISTIC INVERSE PROBLEM

In this section we will show the following theorem.
Theorem 6. Let D C C§°((0,00) x X) be a dense set, and consider the data
(16) <mjf, mjh> f,heD,

LQ(R1+7L) bl

where v/ and v solve (10) with the sources f and h, respectively. Then the data
(16) determine the local source-to-solution map Ax as defined in Theorem 2.

It follows from the assumptions in Theorem 1 that the Riemannian manifold
(R™, g) is complete. Indeed, the metric tensor g coincides with the Euclidean metric
e outside a compact set, and therefore there exist uniform constants ¢,C' > 0 such
that || - |le < || - llg < C| - ||e; where || - || stands for the Euclidean and || - ||, for the
Riemannian norm. Thus Theorems 3, 6 and 2 imply Theorem 1.

We will prove two auxiliary lemmas before presenting a proof for Theorem 6. Let
dy be the Euclidean distance in R", and denote by d, the Riemannian distance in
(R™, g). For p € R™ and r > 0, we denote the respective open balls by By(p,r) and
B,y(p,r). We will use the shorthand notation O, = 87 — A,

Definition 2. For B C (0,00) x R", we say that f € C§°(B) is non-radiating, if
supp(w’) C B for the solution w = w’ of

(17) Otw — Ayw = f in (0,00) x R,

Wli=p = Ow|i=—o = 0.
Furthermore, we define N(B) = {f € C3°(B) | f is non-radiating}.
Definition 3. We define the future of a set B C R'™ by

I7(B) = {(t,x) € R"™"™ | there exists (s,y) € B such that t > s
and dy(z,y) <t —s}.
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Lemma 8. Let (tg,z9) € R x X, € > 0, and define B = (to — €,ty) x By(zo,€), and
Q = (to,to+ 1) x X. Let f € C°(B). For small e >0, f € N(B) if and only if

(18) (kw!, mwh>L2(RxN) =0, heC(Q).
Proof. Let € > 0 be small enough so that
(19) ZH(B)N ({te} x R™) C {to} x X.

Clearly, f € N(B) implies (18). Suppose now that (18) holds. Let ¢ € C3°(Q). By
choosing h = [, (k™2¢), we have w" = k72¢ and further

(w!, @) p2mrieny = (k! Kw") p2(giny = 0.

Thus w/ = 0 in Q. By (19) and the finite speed of wave propagation, it holds that
w/ = 0 in (ty,00) x R™. Using the finite speed of wave propagation once more, we
see that w/(t,z) = 0 when t € R and d,(z, By(7o,€)) > €. The exterior domain
E :=R"\ By(xo,¢€) is connected and 92w’ — Ayw’ = 0 in R x E. Thus w/ = 0 in
R x E by unique continuation (Theorem 10 in the appendix). O

Lemma 9. Let x1,x5 € X, and let € > 0 be so small that By(zj,e) C X, j =1,2.
Let tg > 0 and define C = (0,00) X By(z1,€) and B = (tg — €,tg) X Bo(xa,€). Then

(20) It(C)nB=1,
if and only iof
(21) (kw!, k™) 2y =0, h € CF(C), f€N(B).

Proof. As f is non-radiating, the finite speed of wave propagation guarantees that
(20) implies (21). Suppose now that (20) does not hold. The set A :=ZT(C)N B
is open and non-empty. Let ¢ € C5°(A) be non-zero and ¢ > 0. Choose (s,z) € A
such that ¢(s,z) > 0. By approximate controllability (Theorem 11 in the appendix),
there exists a source h € C§°(C) such that

<¢(5)>wh(5)>L2(Rn) > 0.

Since w" and ¢ are continuous, there is y € C§°(R) such that (x¢, w")2gien) > 0.
We define the function f =0, (k %x¢) € C°(B). Then f € N (B) and

<:‘€U}f, :‘iwh>L2(R><N) = <X¢7 wh>L2(Rl+n) > 0.

Therefore (21) is not valid either. O

Now we are ready to present the proof of Theorem 6.
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Proof of Theorem 6. The inner products (16) determine the same inner products for
all f,h € C5°((0,00) x X) by density. By reversing the time, these again determine
the inner products

(22) (kw!, k™) p2gieny,  fih € C5O((0,00) x X).
Let 1,29 € X and €,tg > 0 be as in Lemma 9. Observe that
(23) dy(Bo(z1,€), Bo(xa,€)) = sup{to > 0| (21) is valid}

and dy(z1,22) = lime,ody(Bo(x1,€), Bo(x2,€)). For B be as in Lemma 8, we can
determine the set N(B), since the validity of (18) can be tested given the inner
products (22). Thus also the validity of (21) can be tested given (22), and the
distance function d, can be determined on X x X'. These distances determine (X, g)
up to an isometry (see e.g. the proof of Proposition 5 below).

Let h € C§°((0,00) x X) and let us show that w"|( o)xx can be determined from
the inner products (22). Let B be as in Lemma 8. As (0,00) X X can be covered
with a countable number of sets of the form B, it is enough to show that w"|s can be
determined. We have already shown that N (B) can be determined given (22). Let
f € N(B). Then w’ is a solution of the following initial boundary value problem

02w —Ayw=f in (0,00) X X,
(24) w|R><6X = 0,

w|t:0 = (9,5w|t:0 = 0.
As (X, g) is known, we can solve the above equation. Thus for every f € N(B) we
are able to find w’. In particular, in the inner products

(25) (!, K1) 20,00y %20, € N(B),

the left factor w/ is known. Observe that for any ¢ € C5°(B) we have w! = ¢ where
f=0,¢ € N(B), and therefore the inclusion

(26) {w' | fe N(B)} € L*(B)

is dense. Hence we find x?w"|s from the inner products (25).

Let us conclude the proof by showing that function x|y can be determined. We
have already shown that, when f € A(B), both w/ and k*w"|z are determined by
(22). Thus k|x can be determined by the density (26). O

5. THE DETERMINISTIC INVERSE PROBLEM

In this section we prove Theorem 2 in two steps: we show first that local the source-
to-solution map Ay determines a certain family of distance functions, and then that
this family determines the geometry g. We work first under the assumption that
dg|xxx is known, and postpone the proof that Ay determines dy|y«x in the end of
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the section. Recall that in the previous section we already determined dy|xxx, so
the step from Ay to dy|xxx is needed only in the proof of Theorem 2.

5.1. Reconstruction of a family of distance functions from the local source-
to-solution mapping Ay. Consider the following data:

(27> (X79|X7dg|XXX7 AX)
Here X and g|y stand for the assumption that the Riemannian structure of the open

manifold X is known. We show the following theorem.

Theorem 7. Let (N, g) be a complete Riemannian manifold. Then the local source-
to-solution data (27) determines the following family of distance functions

(28) Ry (N) :={dy(z,")|x :x € N} C C(X).
This is to be proved in several steps. Let T,e > 0. For each r > ¢ and z € N we
define a set
Se(z,r) = (T — (r—¢€),T) x B(z,¢)
We denote for any measurable A C N the function space
L*(A) := {u € L*(N) : supp(U) C A}.
Recall that for any 7' > 0, f € C°(R,. x N) the solution w/(T,-) € L*(N).

Lemma 10. Let z,y,z € N, € > 0 and {;,¢,,0, > €. Then the following are
equivalent:

(29) B(x,0,) € By, 6,) UB(zL.)

(30) For all f € C§°(Sc(x,x)) there exists (f;)52, C Cgo(Se(y,Ey) U Se(z,2,))
such that ||w!(T) — w’ (T)|| 2ny = 0.

Denote by {. = max(({, —¢), (¢, —€)). Here we consider that for f; € C5°(S(y,{,)U

S.(z,0.)) function w¥i is the solution of the following wave equation:

{ O,w = f;, in N x (T — £, T)

31
( ) w|t:T—Z€ = atw‘t:T—Ze = 0.

Proof. Suppose that (29) is valid. Let f € C5°(Se(z,¥¢,)), then by the finite speed of
wave propagation it holds that
suppw!(T) € B(x,¢,) C B(y,{,) U B(z,¢.)

We denote w/(T) =: w/. Let x be the characteristic function of the ball B(y, ()
and set wgfj = xw/ and w/ = w/ — wg. Since the boundary of a geodesic ball is a

set of measure zero (see [39]), it holds that w/ € L*(B(y,¢)) and w! € L*(B(z,¢)).
By approximate controllability there exist sequences (f]);2, C Cg°(Se(y,£,)) and
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(f1)321 C Cg°(Se(z,L.)) such that sequences (wf (T))32, and (w'? (T))52, converge

to w/(T) and w!(T), respectively, in L*(N). Therefore sequence

f] = f; +f,‘27 E C((]X)(Sﬁ(y7£y) USE(’Z7£Z))7 .] = 1727' .

satisfies (30).
Suppose that (29) is not valid. Then the open set

U .= B(IL’,Ez) \ (B(yagy) U B(Z,EZ))

is not empty. By approximate controllabilty, we can choose f € C§°(Sc(z,¥,)) such
that ||w/(T)||r2@y > 0. Then by finite speed of wave propagation it holds that

inf{||w! (T) — w"(T)|| 12wy : b € C°(Se(y, £,) U Sc(2,£,))} > 0.
Therefore (30) is not true. O

For any point (p,§) € TM, ||£||, = 1 we will denote the cut distance function

7(p,&) = sup{t > 0 : dy(p, 1pe(t)) = t}.
Let a, 8 : (0,1) — N be curves such that a(1) = 5(0). Then we denote by af the

concatenated curve.

Lemma 11. Let (N, g) be a complete Riemannian manifold. Let x,y € N and let
Ve be a distance minimizing geodesic from y to x. Let s := dy(x,y). Let r > 0. If
T(y,€) < s+, then

(32) there exists € > 0 such that B(x,r +¢€) C B(y,s + 7).
Also if (32) is valid then 7(y,&) < s+ .
Indeed

T(y, &) =inf{s+r>0:r,5s>0,7.,([0,s]) C X, (32) holds}.

Proof. Let r > 0 and denote p = 7y, ¢(s + 7).
Suppose that (32) is valid. Let § € (0, ¢) and consider a point

z2="ye(s+r+68) € Bx,r+e).
By (32) dy(2,y) < s+r. Thus 7(y,§) < s+ r + 6. Since § was arbitrary we have

T(y7 5) S S + T.
Suppose that 7(y,&) < s+ r. We show first that
(33) B(z,y) C B(y,s + ).

By triangle inequality it suffices to show that 0B(z,y) C B(y,s + r). Let z €
O0B(x,r). By triangle inequality dy(z,y) < s+r. Let a be a minimizing geodesic from
x to z. Suppose first that a is not the geodesic continuation of segment 7, ([0, s]).
Since a curve 7, ¢ has a length s + r and it is not smooth at z, it must hold
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that dy(z,y) < s +r. If o is the geodesic continuation of segment 7, ¢((0, s)), then
z = yye(s+7r)=p. Since 7(y,&) < s+ r, it holds that d,(y,p) < s+ r. Thus (33)
follows. Therefore dist,(0B(z,r),0B(y,s + 1)) > 0 and (32) is valid.

U

Next we provide a method to find the cut distance function 7.

Proposition 1. For any y € X and §& € S,N we can find 7(y,&) from the local
source-to-solution data (27).

Proof. Let y € X and £ € S;N. Given the data (27) we can find the geodesic segment
Yy.([0, s]) for small values s > 0.

Let s > 0 be so small that 7,¢([0,s]) C X. We denote x = 7,¢(s). Let r > 0.
Consider the relation (32). By Lemma 11, relation (32) determines 7(y, &).

Choose € > 0 so small that

B(y,e) U B(x,¢e) C X.

By taking z =y, {, =r+s=4{,, {, =r+ € as in Lemma 10 we see that (32) is
equivalent with relation (30). Using the Blagovestchenskii identity (see (45) in the
appendix) we see that the source-to-solution data (27) determines (30). O

Lemma 12. It holds that
{wet)eN:ye X, £ SN, t <7(y,§)} = N.

Proof. Let p € N and choose any y € X. Let v, ¢ be a distance minimizing geodesic
from y to p. We denote by r = d,(y,p). Then it holds that r < 7(y,£). Choose
s € (0,7) such that y; := v,¢(s), 1,.6([0,s]) C X. Let & = jy¢(s). We will show
that » — s < 7(y1, &) and this proves the claim of this lemma.

Suppose that 7(y;,&1) < r —s. By the symmetry of cut points, it holds that
7(p,n) < r—s, where 1 := —j, ¢(r). Thus there exists t € (0, s) such that for a point
z =1 7, ¢(t) it holds d,(p, z) < r —t. Then it also holds that

dy(y,p) < dy(y,z) +dy(z,p) <t+r—t=r.
This is a contradiction and therefore r — s < 7(y1, ;). O

Notice that the assumption X is open is crucial in Lemma 12. For instance consider
the cylinder
{em™eC:te[-1,1]} x (=1,1),
and let X = {1} x (—1,1) and p = (—1,0). Then it holds that every point in X is a
cut point of p.

Proposition 2. Let z,y € X, £ € T, X, ||| =1 and ¥ < 7(y,n). Then the local
source-to-solution data (27) determines d,(p, z), where p = 7, ¢(7).
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Proof. Let s € (0,7) be such that v,(]0,s]) C X. We denote by = 7,¢(s). Let
ri=7—Ss.
Let R > 0. By Lemma 10 the inclusion

(34) B(z,r+¢€) C B(y,r +s)UB(z,R)

is valid for all € > 0 small enough if and only if the equation (30) is valid with
by =r+¢ l, =r+sand {, = R. Using the Blagovestchenskii identity the local
source-to-solution data (27) determines (30). We will show that

dy(p,z) = R* ;== inf{R > 0 : Formula (34) is valid for R and some € > 0}.

Suppose that (34) is valid. Since we assumed that r + s < 7(y, &), it holds that
p € B(z,R). Thus d,(p, z) < R*.

Suppose that R € (d,(p, z), R*). Then for any € > 0 (34) is not valid. Choose for
every k € N a point

pr € B(z,r +1/k)\ B(y,r + s) U B(z, R).

By compactness of B(z,r 4+ 1) we may assume that p, — p € 0B(z,r) as k — oc.
By similar argument as in the proof of Lemma 11 we deduce that p = p. Since
p € B(z,R) we get a contradiction with the choice of sequence (pi)52;. Therefore
interval (dy(p, z), R*) = 0 and R* = dy(p, 2). O

Let p e N and z € X. By Lemma 12 it holds that there exists y € X and an unit
vector £ € Sy N such that p = v, ¢(7), for some r < 7(y,£). By Propositions 1 and 2
we have reconstructed Ry (N). Therefore Theorem 7 is proved.

5.2. Reconstruction of the Riemannian manifold from the distance func-
tions. So far we have been able to find the following distance data

(35) (X, glx, Rx(N)),

where Ry (V) is defined by (28). In this section we will show, how one can reconstruct
the topological, smooth and Riemannian structures from the distance data (35). The
rest of the paper is devoted to showing the following theorem:

Theorem 8. Let (N, g) be a complete smooth Riemannian manifold without a bound-
ary. Let U C N be open, bounded and have a smooth boundary. Suppose that the
topological and smooth structure of U are known, and g|y is also known. Then

R(N) := {d,(-,2)[g : x € N} ¢ C(T)

determines, topological, smooth and Riemannian structure of N up to isometry.
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Since U is compact, C(U) is a Banach space when equipped with L>-norm. We
define the mapping

R:N —=C(U), R(z) =ry =dy(z, )7

Our aim is to construct such a Riemannian structure in R(N) C C(U) that R: N —
R(N) is a Riemannian isometry.

Lemma 13. Mapping R is continuous and one-to-one.

Proof. Let x,y € N. Then by the triangle inequality
[R(x) = R(Y)| oo @y = sup |ra(2) — 1y(2)] < dy(z, ).

zeU
Thus R is continuous.

Suppose that z,y € N satisfy r, = r,. If x € U then ry(x) = 0 and thus z = y.
Therefore we can assume that z,y € N\ U. Since U is compact there exists a closest
point z € U to #. Then z € U and it is also a closest point of U to y. Since OU
is smooth n — 1 dimensional submanifold of N, the distance minimizing unit speed
geodesic v from z to x is orthogonal to OU. Since both z and y are points of the
exterior of U, it holds by the uniqueness of geodesics that

z=7(re(2)) =(ry(2)) = y.
This completes the proof. 0J

Next we will recall two topological results that allow us to prove that mapping
R: N — R(N) is a homeomorphism.

Definition 4. Let X be a topological space. We say that a sequence ()52, in X
escapes to infinity, if for every compact K C X, x; € K for at most finitely many
jeN.

For the proofs of the following two lemmas see for instance [51].

Lemma 14. Let (X, dx) and (Y, dy) be metric spaces. Let f : X —'Y be continuous.
Then f is proper if and only if for every sequence (x;)32, C X that escapes to infinity
the image sequence (f(x;))52, CY escapes to infinity.

Lemma 15. Let (X,dx) and (Y, dy) be metric spaces. Let f : X — Y be one-to-one,
continuous and proper. Then mapping the f is closed.

Proposition 3. Mapping R : N — R(N) is a homeomorphism.

Proof. If N is bounded, then N is compact, and the claim follows from basic topology.
Suppose that N is not bounded. Let (7;)52; C N be a sequence that escapes to
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infinity. Let zop € U. We define X; := B(zo,j) for every j € N and Y; = R(X;).
Then U72, X; = N and thus

i d (o, 7) = o0,

We write R(x) =: ro and R(x;) =: r;. Then
doo(r0,175) = |dg(w0, T0) — dy(0, ;)| = dg(z0,2;).
Thus doo(r9,7j) —> 00 as j — 00. Since a compact set of a metric space is always

bounded, it holds that sequence (Tj);?‘;l escapes to infinity. Therefore R is a proper

mapping and by Lemma 15 it is closed. U

By Proposition 3, the topological structure of N has been found. Next we will
show, how to construct such a smooth atlases on N and R(N) that the mapping R
is a diffeomorphism.

Let z € U and # € N. Denote by w(z) the cut locus of x. Recall that 7, :=
dg(z,-)|v is smooth at z if and only if z # z or z ¢ w(x) (see Lemma 2.1.11 and
Theorem 2.1.14 of [30]). Using also the fact that z € w(x) if and only if x € w(z) we
can find the cut locus w(z) from data (35). We denote by

W' (2) = exp; ' w(z)

the tangential cut locus of z. Notice that w(z) and w”(z) are closed.
We define a mapping @, by

D,(r) == —r(2)Vyr|, € T.(N), r € R(N) \ R(w(2)).
By the following lemma it holds
(36) P, 0 R|n\u(z) = exp;
where exp, is the exponential mapping of z.

Lemma 16. Let + € N. We denote B := T.N \ w?(z). Then the following are

equivalent:
(37) n € B and exp,(n) =x
(38) Vydy(z,-)|, € TN exists and n = —dy(x,2)V 4 dy(z,-)|,.

Proof. Suppose that formula (37) is valid. Since exponential mapping exp, is one-
to-one in the set B, the point z is not in the cut locus of x and therefore the function
dy(z,-) is smooth at z. Thus V,d,(z, )|, € T,N exists and n = —d,(z, 2)Vd,(z, )|,
Therefore (38) is also valid.

Suppose that formula (38) is valid. Then it holds that d,(z,-) is smooth at z.
Thus z is not in the cut locus of z and therefore ¢ := —V,d,(z,-)|, is the initial
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velocity of the unique distance minimizing geodesic from z to x. We have

exp,(n) = Vz¢(dy(z,2)) = x € exp,(B).
O

We define the smooth structure on R(N) by using mappings ®.,z € U. By (36)
each mapping ®. is a topological coordinate mapping. Let z,w € U. Then the
composition

P00, =(P.0R)0(P,0R)" =exp,loexp,
is smooth whenever defined. Moreover, R is clearly smooth when the smooth struc-
ture of R(N) is defined in this way. Therefore we have proved the following propo-
sition.
Proposition 4. The mapping R: N — R(N) is a diffeomorphism.

We define a metric tensor g := (R7!)*g on R(N), that is, g is the push forward
of g. Then (R(N),g) and (N, g) are Riemannian isometric. In the next proposition,
we provide a method to construct representation of g in local coordinates of R(N).

Proposition 5. Let g := (R7Y)*g. We can construct the metric tensor g on R(N)
from the distance data (35).

Proof. Let ry € R(N). We write 7o := R~ (). By Lemma 12 it holds that there
exists a point z € U that is not in the cut locus of zy. Let U’" C U be an open
neighborhood of z such that d,(-,y) is smooth at zy for any y € U".

It holds that

vgdg('ay)’lﬁo = _7y7$0<dg(y7x0)) S SION7

where 7, , is the unique unit speed distance minimizing geodesic from y to o Since
U’ is open and exp,, is continuous the set exp;o1 U C T,,N is open. Therefore the
set

V= {vgdg('vy)|wo € SOCON RS U/}
is open in S, N. Let (z,&) € TN. We will use the notation

&= (&), € TN.
Since R is a diffeomorphism it holds that
W' i= RY" = {(Vdy(R™'(),)lr)" € S}, R(N) : y € U"}

is open. For any point y € U’ we define an evaluation function £, : R(N) — R with
the formula E,(r) = r(y). Notice that

dBylr, = (Vdy(R™ (), )l

and therefore
W* ={dE,|,, € S;“OR(N) cyeU'}



24 IMAGING WITH AN WHITE NOISE SOURCE

As we know the smooth structure of R(/N) we can find the set W*. The last step
is to show that set W* determines g(ro).
Let

R W= {sv € T} R(N) : v € W*,s > 0}
be the open cone generated by W*. Let {E; }?:1 be a local coordinate system at rg.
For any s > 0 and v € W* it holds in coordinates {£;}7_; that

F(sv) := 2" (ro)vv; = %,
We know the function F': R, W* — R, and R, W* is open, we get

i o 0
97 () = 5535 1
i VL

0

By Propositions 3, 4 and 5 we can reconstruct (R(N),q), more over (N,g) and
(R(N),g) are isometric as Riemannian manifolds. Thus we have proved Theorem 8.
In order to prove Theorem 2 we still need the next small lemma.

Lemma 17. Let (N,g) and X be as in the formulation of Theorem 2. Then data
{X,Ax} determines the distance function d, on X x X.

Proof. Let z,y € X. Since X is a smooth manifold, we may choose an auxiliary
metric dy on X that gives the same topology as g. Let € > 0 and consider the metric
ball By, (x,€). We write B, := (0,00) X Bg,(z,€) and

te = inf{t > 0 : there is f € C5°(B,) such that supp(Ax f)(t,-) N By, (y,€) # 0}.
By the finite speed of wave propagation and the approximate controllability the
equality

te = disty(Ba, (2, €), Bay (y, €))
holds. Thus the following limit is valid

dQ(‘T?y) = ll_{%te

Now we are finally ready to give a proof for Theorem 2.

Proof of Theorem 2. By making &; smaller, if needed, we may assume without lost
of generality that X; is precompact with smooth boundary and that ¢ : X; — X
(see (4)) is a diffeomorphism. Denote R(N;) = {di(,)|%, : € N;} and consider a
mapping

X
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By Lemma 17, Proposition 5 and equation (5) it holds that
(39) di(s ) |aixa = da(9(1), 0(-)) | xx, and g1, = &7 g2/,

Therefore we may assume that ¢ : X1 — X5 is a Riemannian isometry. By Proposi-
tion 11 the following relation

Tl(yaf) = TZ(¢(3/):¢(£))7 Yy S Xl? ’S S Sle
is valid. Therefore by Proposition 2 it holds that
Ra(Na) = (R (N1)),
where
O :CO(X)) = O(Xy), O(f) = foo™.

Moreover by Theorems 7 and 8 the mappings R; : N; — R;(NN;) are Riemannian
Isometries.

With out lost of generality we assume that X; C V, where (V,a) is a coordinate
chart for N;. Write o ¢ =: @, W = (V') and define Riemannian isometries

o R(N;) — o*(Ry(Ny)) € C(W), a*(r)(x) = r(a(z))
and
Q" R(Np) = @ (Ra(N2)) € C(W), a*(r)(y) = r(@ ().
Thus we have proved that mapping

( —1

! af id ~ ax)—1 R;
Ny 25 RV 25 0t (Ru(V) =45 &5 (Ra(N2)) ©5 Ro(Ny) 225 I,

Is a Riemannian isometry. This ends the proof.

Lastly we will give a proof for Corollary 2.
Proof of Corollary 2. Since N is a compact manifold without a boundary we have
O:)\1<>\2§)\3... .

Let f € C5°((0,00) x X) and w = w' be the solution of the initial value problem
(3). For each j € N we define the j* Fourier coefficient

Ii(t) = (w(t, ), @i) 2(v)-

Since w is smooth, also I; is smooth. By Greens formula and the initial conditions
of (3) it holds that

(40) { gf(ég(t: p ML = [ St 0)ps (Vo)
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Solve the ordinary differential equation (40) to get

1(t) = / /X 5(t — 5 (5,2);(x)dV, (x)ds, j > 1

where

s1(t) =t and s;(t) = w, for 7 > 1.

Notice that apriori the volume form dV,|x is not given. However without a lost of
generality we may assume that X is contained in a coordinate patch of N. Thus we
can assume, that we are given some volume form w on X'. Therefore there exists a
unique smooth function 7 : X — (0, 00) such that

ndVylx = w.
We write

b= [ [ sit= st aeass

By direct computations and initial values of (40) we have
(41) Y Lit)es(a) = w (t, ).
j=1

Thus for every f € C§°((0,00) x X) the Fourier coefficients T](t) can be recovered
from the Spectral data (6). We conclude that we have recovered the mapping

D> Lt)es(@)aex = u (t,2) oex = (AxMy)f.

Here M,, is the multiplier operator M, f(t,x) = n(z)f(t,x). Let R(h(t,z)) = h(—t,z).
Then
(AxM,)* = MyAy = MyRAxR = R(M,Ax)R

(see Lemma 18 in the appendix), so that we have recovered the operator M,Ay.
Therefore the claim follows from Theorem 2.

O
6. APPENDIX

We will use the assumptions and notations of Theorem 2. Let 7' > 0, p € N and
a > 1. Let C, 1 be the cone

Cor ={(t,q) eRXxN:0<t<T,dn(p,q) <T —t}.
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Theorem 9 (Finite speed of propagation). Let f € L*(R x N). Suppose that u
solves

(02 — Ayu=f, in (0,00) x N
fle,» =0
ulB(pr)x{t=0y = O4u|Bp)x =0} = 0,
Then
u|cp7T =0.
Proof. See [46]. O
Consider an open double cone created by a cylindrical set (0,27") x X

B Cdisty(z, &) <t, t <T
C(T,X) = {(M) € (0,2T) x N : disty(z, X) <2T —t, t > T }

We write
M(T,X) ={x € N : disty(z, X) < T},
for the domain of influence of set X'.

Theorem 10 (Tataru’s unique continuation). Let X C N be open and bounded. Let
u € Cg°(RxN). Suppose that (97 —Ay)u = 0in (0,2T7)x M(T, X) and u|g2ryxx = 0.
Then u|crx) = 0.

Proof. See [28] for a local result and [45] for the global result.

We use a short hand notation
Fxr ={f€CFRXxN):supp f C (0,T) x X}.

Theorem 11 (Approximate controllability). Let X C N be open and bounded. For
any T > 0 set

Wr = {wf(T) f e ./T"X,T}
is dense in Hilbert space L*(M(T, X)).

Proof. By the finite speed of wave propagation Wy C L?(M(T, X)). Since L*(M (T, X))
is a Hilbert space, it suffices to prove that Wi = {0}. Suppose that ¢ € L*(M (T, X))
is such that (w/(T), ¢)r2v) = 0 for all f € Frr. Let u € C(R x N) solve

(42) (af — Ag)u =0, in (O, T) x N
u‘t:T =0, atu|t:T = ¢

Let f € Fpr. By the finite speed of wave propagation, there exists a compact set of
N that contains the supp w’(t) for each t € (0,T). We use the Green identities to
see that

<fa U>L2((0,T)xN) = <Dgwfau>L2((O,T)><N) - <wf7Dgu>L2((0,T)><N) = 0.
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Since Fy 7 is dense in L%((0,T) x X), it holds that w =0 in (0,7] x X.
Let U solve

(43) { (02— AU =0, in (0,2T) x N

Ult:O = U(0)> aztU|zt=0 = atU|t=0-

By equations (42) and (43) it holds Uljo.rjxny = u. More over the function wu(t,r) =
—u(2T —t, x) solves the wave equation

(44) (0 = Ayu=0, in (T,2T) x N
ﬂ|t=T = O, at'?j:’t:T = ¢’

since u(T,x) = —u(2T — T,z) = 0 and Oyul=r = Owu(2T —T) = ¢. Therefore in
particular Ul 2ryxx = 0.

By unique continuation (Theorem 10), it holds that U|¢(r,x) = 0. Since M (T, X) x
{T'} c C(T,X) we have

Plarr,xy = OU i=r|pm(r.x) = 0.

O

Next our aim is to prove the Blagovestchenskii identity on a complete Riemannian
manifold (N, g).

Theorem 12. Let (N, g) be a complete Riemannian manifold. Let T >0, X C N
be open and bounded. Let f,h € Fpor, then

(45) (w!(T),w"(T)) 2y = (F(T), (JAx = A% T)R(T)) L2(0.19x)
where the operator J : L*(0,2T) — L*(0,T) is defined as

1 2T —t
o =5 [ os)ds
t
Proof. Let f,h € Fpor and consider the mapping W : [0,27] x [0,27] — R,
W(t,s) = (wf(t),wh(s)>L2(N).
Then using Greens formula
(0F = RYW (t,5) = (8} — 02){w! (1), w"(s)) 2(w)
= (f(t), Aparh(s))r2(v) — (Aparf(t), h(s)) 2wy = F(t,5).

Notice that there is no boundary terms due finite speed of wave propagation. The
function (¢,s) — F(t,s) can be computed, if the local source-to-solution mapping
Ay is given. By (3) it holds that

W(O, S) =0= (3tW(t, S)lt:O-
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Thus w is the solution of the following (1 + 1)-dimensional initial value problem:

{ (02 =)W =F, in (0,2T) xR

46
( ) W|t:0 == 8,5W|t:0 = 0

Recall that the following formula

(47) Wi(t,s) = // F(t—1,y) dydr, s € R, t € ]0,27],

solves (46) (see e.q. [15]). By the change of variables ' — s = 7, we conclude

/ / F(r,y) dydr.

= (f, JAxh) 2 x0.0)) — (Ax f, TR) 120 x (0,1)) -

Lemma 18. The adjoint mapping of Ax in L*((0,T) x X) is RAxR, where
Rh(t,z) = MT —t, z).
Proof. Let f,h € Fyr and consider the wave equations

2 _ ; 2 _ = i
(48) (07 —Ag)w=f, in(0,T) x N and (07 —Ag)u=nh, in (0,T) x N
w|t:0 = atw‘t:() =0 U|t=T = atu’t:T = 0.

We start with observing that
(f, > ((0,T)xN) — <w7h>L2((0,T)><N) = 0.
This holds due the computations we have done in the proof of Theorem 11. Therefore
(fiu >L2(OT)><X (Axf, >L2 ((0,1)xx)) =0 and A} h—u\(OT XX+
Replace f = Rh. Then
ORu =0uw(T —-,-) = h(T —-,-) = Rh and Ru(0,-) = 0,Ru(0,-) = 0.
By (48) it holds that
Ru’(O,T)XX = w\(o,T)xX = Axf = AxRh.
Since Ro R = idp2(or)xx) We get
uloryxx = RAxRh.
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