If the conductivity is radial (¢(z) = o(|z])), then
the scattering transform is radial and real-valued

Remember the definition g = ¢~ 1/2Ac'/2. Clearly, the assumption
o(z) = o(|z|) implies q(z) = q(|z|). We will prove two claims:

Claim 1: We have t(k) = t(k,), where k, := e/?k.

Claim 2: We have t(—k) = t(k).

The proofs of Claims 1 and 2 are based on the uniqueness of the
solution (—A + q)v(z, k) = 0 satisfying 1(z, k) ~ e™?.

Note that for each k € C there is an angle (k) with the property
—k = ky(ky- Then Claims 1 and 2 imply

t(k) = t(—k) = t(ky(x)) = (k).




Proof of Claim 1: t(k) = t(k,)

The solution 9(z,, k—,) satisfies equation

0 = (- A+q(z¢))1/1(z¢,k_¢)
= (A +q(2))¥(2p, k—y)

with asymptotics 1(z,, k) ~ eik—oZo = gie™'Vke'?z _ gikz.
The uniqueness of the solution (—A + q)i(z, k) = 0 satisfying

Y(z, k) ~ e implies that (z,, k) = 1(z, k). Now
t(ky) = / %2 g(2) (2, k,)dxdy
R2
- / &% q(2)(2,, k)dxdy
RZ

_ /R TG, k)dwrdwy = (k).



Proof of Claim 2: t(—k) = t(k)

Consider (—A + q(2))1(z, —k) = 0 with ¢(z, —k) ~ e/(=F)z,
Complex conjugating and using § = q and q(Z) = q(z) gives

(—A+q(2)(z,—k) =0 with (Z, —k) ~ e

The uniqueness of the solution (—A + q)y(z, k) = 0 satisfying
Y(z, k) ~ e*? implies that ¢/(z, —k) = 1(z, k). Now

R = [ D)z —Rddy

- / &% q(2)(z, — k) dxdly
Rz

'K q(W) (W, —k)dwy dws
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_ / 7 g(w)i(w, K)dwidws = t(k).
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