
ASYMPTOTIC VARIANCE OF THE 
BEURLING TRANSFORM

Chalès  –  April 2015

István Prause

joint work with

Kari Astala, Oleg Ivrii and Antti Perälä



BLOCH FUNCTIONS

g analytic in B D and

Examples for boundary behaviour
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CONFORMAL MAPS AND BLOCH
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ISSUE:  inherent gap in the constants
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MAKAROV’S LIL

Courtesy of D. Marshall

Makarov’s theorem:
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ASYMPTOTIC VARIANCE
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Makarov, Pommerenke, Rohde, Kayumov, ...

basis to construct singular conformal maps (around t=0)
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INTEGRAL MEANS SPECTRUM

(bounded)   conformal map

Universal Spectrum Conjecture

Brennan-Carleson-Jones-Krätzer-...
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BEURLING TRANSFORM

L²-isometry
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PROBLEM
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Conjecture:         
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SINGULAR CONFORMAL MAPS

holomorphic motion

Bloch function

injectivity

σ²≈c

examples lacunary sericunary series

strong 
growth

quasicircles
singular 
welding

conformal map
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DIMENSION OF QUASICIRCLES

Smirnov:

Sharpness?
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BLASCHKE PRODUCTS

=
Blaschke products of degree d
with an attracting fixed point
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Julia set = S¹

quasisymmetrically conjugate 
to each other 
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MATING

d=2

F rational map

Jordan curve

Example: =
+
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cf.  Bers’ simultaneous uniformization
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WEIL-PETERSSON METRIC
McMullen
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HOLOMORPHIC MOTIONS

Le-Zinsmeister

= ˙

conformal in D
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¯
=

BeltramiCauchy-Riemann

∈ D

holomorphic
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HOLOMORPHIC INTERPOLATION
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analytic family
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INTERPOLATION LEMMA
Astala-Iwaniec-Prause-Saksman
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ANTISYMMETRIC MAPS
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{0,1,∞} fixed

Key lemma:
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Ruelle

WP METRIC at zd
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WP METRIC at zd
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EXPLICIT REPRESENTATION
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∈ D= +

: D
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→ C conformal conjugacy

λ-lemma: |t|-qc extension

Thm: qc extension

Corollary: 1+0.879 k²

Proof:

QUASICONFORMAL EXTENSION
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Polynomial perturbation: For any           , there exists
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FRACTAL APPROXIMATION

periodize truncate&
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C has finitely many terms



FUCHSIAN CASE
McMullen

= D/ ⊂ T

= [ , ]
quasifuchsian group

Bers’ simultaneous uniformization

no fractal approximation
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