BESOV CAPACITY AND HAUSDORFF MEASURES IN METRIC
MEASURE SPACES

SERBAN COSTEA

ABSTRACT. This paper studies Besov p-capacities as well as their relationship to
Hausdorff measures in Ahlfors regular metric spaces of dimension @ for 1 < @ <
p < oo. Lower estimates of the Besov p-capacities are obtained in terms of the
Hausdorff content associated with gauge functions h satisfying the decay condition
FER)Y = dt < o,

1. INTRODUCTION

In this paper (X, d, 1) is a proper (that is, closed bounded subsets of X are compact)
and unbounded metric space. In addition, it is Ahlfors Q-regular for some ) > 1. That
is, there exists a constant C' = ¢, such that, for each z € X and all r > 0,

C™r%9 < pu(B(x,r)) < Cr@.
For ) < p < oo we define
By(X) = {u € LP(X) : [lul|,x) < o0},
where

(1) l[ul|B,x) = [ullzrx) + [u]B,x)
with

(2) ()5, (/ [ e WQ' d <x>du<y>>l/p.

The expressions ||ul|p,(x) and [u]p,x) from (1) and (2) are called the Besov norm
and the Besov seminorm of u respectively. We have

(3) [u] ,(x)y = 0 if and only if u is constant j-a.e.

Besov spaces have recently been used in the study of quasiconformal mappings in
metric spaces and in geometric group theory, see [Bou05] and [BP03].

Capacities associated with Besov spaces were studied by Netrusov in [Net92] and
[Net96], and by Adams and Hurri-Syrjanen in [AHS03]. Bourdon in [Bou05] studied
Besov B,-capacity in the metric setting.

We develop a theory of Besov B,-capacity on X and prove that this capacity is a
Choquet set function. We also relate Hausdorff measure and Besov capacity when X
is an Ahlfors @-regular complete metric space with () > 1 admitting a weak (1,p)-
Poincaré inequality, where 1 < p < @ < p < 0o. Some of the ideas used here follow
[KMO96], [KMO00], [BP03], and [Bou05].
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2. PRELIMINARIES

In this section we present the standard notations to be used throughout this paper.
Here and throughout this paper B(z,7) = {y € X : d(z,y) < r} is the open ball
with center z € X and radius r > 0, B(z,r) = {y € X : d(z,y) < r} is the closed
ball with center x € X and radius r > 0, while S(z,r) = {y € X : d(z,y) = r}
is the closed sphere with center z € X and radius » > 0. For a positive number A,
AB(a,r) = B(a, \r) and AB(a,r) = B(a, \r).

Throughout this paper, C' will denote a positive constant whose value is not nec-
essarily the same at each occurrence; it may vary even within a line. C(a,b,...) is a
constant that depends only on the parameters a, b, ... . Here 2 will denote a nonempty
open subset of X. For £ C X, the boundary, the closure, and the complement of F
with respect to X will be denoted by OF, E, and X \ E, respectively; diam E is the
diameter of E with respect to the metric d and £ CC F means that E is a compact
subset of F.

For two sets A, B C X, we define dist(A, B), the distance between A and B, by

dist(A, B) = (a,b).

For 2 C X, C(Q) is the set of all continuous functions u :  — R. Moreover, for a
measurable u : 2 — R, supp u is the smallest closed set such that u vanishes on the
complement of supp u. We also use the spaces

Co(©2) = {9 e C(Q):supp ¢ CC O},
Lip(?) = {¢:Q — R: pis Lipschitz},
Lipioe(Q2) = {¢:9Q — R: @ is locally Lipschitz},
Lipo(Q2) = Lip(2) N Co().
Let f: Q — R be integrable. For E C € measurable with 0 < u(E) < oo, we define

1
fo= gy J, S @)

We say that a locally integrable function u : X — R belongs to BMO(X), the space
of functions of bounded mean oscillation, if

1
u = Ssup sup ———
ooy = 2 2P hB )

inf d
acAbeB

/ U — up(ar)|de < 00.
B(a,r)

3. BESOV SPACES

In this section we prove some basic properties of the Besov spaces B,(X) and their
closed subspaces B,(Q2) and B)(f2), where Q C X is an open set. We also present
standard lemmas needed for the proofs of our main results.

We know that in the Euclidean case B,(R") is a reflexive Banach space and moreover,
S is dense in B,(R") where S = S(R") is the Schwartz class. See [AH96, Theorem
4.1.3] and [Pee76, Chapter 3]. We would like to prove similar results about reflexivity
and density when (X, d, ) is an Ahlfors Q-regular metric space with ¢ > 1. It is easy
to see that every Lipschitz function with compact support belongs to B,(X) whenever
X is proper and unbounded.

We have the following lemma regarding the reflexivity of B,(X) when (X, d, p1) is an

Ahlfors Q-regular metric space with @ > 1.
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Lemma 3.1. Suppose 1 < @ < p < oo and that X is an Ahlfors Q-regular metric
space. Then B,(X) is a reflexive space.

Proof. Let v be a measure on the product space X x X given by

dv(x,y) = d(z,y)*?dp(z)du(y).
We endow the product space LP(X, u) x LP(X x X, v) with the product norm. Namely,
for (u,g) € LP(X,u) x LP(X x X,v) we let
(w, O Lo (x <o (xxx) = |[ul|Loxw) + 1|9l e (xxx,0)-

Clearly this product space is reflexive because it is a product of two reflexive spaces.
Since B,(X) embeds isometrically into a closed subspace of this reflexive product space,
we have that B,(X) is itself a reflexive space. This finishes the proof. O

Lemma 3.2. Suppose 1 < QQ < p < oo and that X is an Ahlfors Q-regular metric space.
There exists a constant C = C(Q,p,c,) such that [ulgvmox)y < Clulp,x) whenever
ue L] (X).

Proof. Indeed, let u € Ly, (X) be such that [u]p,x) < co. Suppose that B = B(a, R)
is a ball in X. It is easy to see that there exists a constant C' = C(Q, p, ¢,,) such that

1 p 1 p
@ gy Jy ) —usPdute) < [ ) — ) Pdua)n(y)
)|

[u(z) — u(y)
< C’/ / — 77 d )
< Clols da g p(x)dp(y)
Therefore,
(5) [ulsmox) < C(Q, p, cu)[u]B,(x)
and the claim follows. O

For an open set {2 C X we define
B,(2) ={u € By(X) :u=0 p-a.e. in X \ Q}.

For a function u € B,(2) we let ||u||,) = [|u|B,x)-

We notice that B,(€2) is a closed subspace of B,(X) with respect to the Besov norm,
hence it is itself a reflexive space.

We define B)(2) as the closure of Lipg(Q) in B,(X). Since Lipo(Q) C B,(Q), it
follows that BJ(Q2) C B,(Q), so we can say that B)(Q) is the closure of Lipy(€2) in
By(€2).

Lemma 3.3. B,(Q2) is closed under truncations. In particular, bounded functions in
B, () are dense in B,(S).

Proof. The proof is very similar to the proof of [Cos, Lemma 2.1] and omitted. U
For a measurable function u : Q — R, we let vt = max(u,0) and v~ = min(u, 0).

Lemma 3.4. If u; — u in B,(Q?) and v; — v in B,(S2), then min(u;, v;) — min(u,v)

in B,(Q).
Proof. The proof is similar to the proof of [Cos, Lemma 2.2] and omitted. O

Next we show that the space Bg(Q) is a lattice.
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Lemma 3.5. If u,v € B)(Q), then min(u,v) and max(u,v) are in By(S2). Moreover,
if u € B}?(Q) is nonnegative, then there is a sequence of nonnegative functions p; €
Lipo(2) converging to u in B,(S2).

Proof. 1t is enough to show, due to Lemma 3.4, that u* is in Bz? (Q) whenever u is in
Lipg(€2). But this is immediate, because ut € Lipy(2) whenever u € Lipy(£2). This
finishes the proof. OJ

Lemma 3.6. Let ¢ be a Lipschitz function with compact support in X. If u € B,(X),
then wp € B,(X) with

|luells,x) < Cllulls,x),
where C' depends on @, p,c,, the Lipschitz constant of ¢, and the diameter of supp ¢.

Proof. Let R be the diameter of supp ¢. We choose xy € supp ¢ such that supp ¢ C B,
where B = B(zg, R). Let L > 0 be a constant such that |p(z) — ¢(y)| < Ld(z,y) for
every z,y € X. Note that ||¢||L~(x) < LR. We also notice that

HWPHLP(X) < lellzoe ) [lullzx)
hence ugp € LP(X). Observe that

/ / bz d(z y)%)‘”(y)'pdu(x) du(y) = I + 21,
where
(6) /2 ) /2 ) i yl)LQ(g)sO(pr du(e) din(y)
and
" L=y foo R ) ),

For every x,y € X we have

u(z)e(z) —u(y)e(y)] < |u(z) —uy)|[e(@)] + [uy)| le(z) = ey)].

Therefore

(8) I < 2°(|l oo oy U], () + 111),

where

I, _/ZB /28 |p|90 QQw(y)lpdu(x) dly).

From the definition of I;; we have, since gp is Llpschitz with constant L,

) s [ SO e dut

Bd(x,y) 2Q p
= 0 [t ([ de.yy2du@)) duty).
We have

(10) Ll = ol dn(a) < CQ.p.c) R
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for every y € 2B, where we recall that R is the radius of B. From (9) and (10) we get

C(@Q.pe) LB [ July)du(y)
2B
< CQpcw) L7 B2 Jullfoy,)

(11) Ill

IN

Since ¢ is supported in B, it follows from the definition of I, that

I —-/"/Q\ﬂg“‘ P10 ) duty).

d(x,y)%?

Hence

p
bswmwx/émm gdnla) duy)

(

and since d(z,y) >

1
_[ <22Q poo / pd / 7d .
2 < el (x) B|U(y)| 1(y) 2B d(z, 70)2Q p()
Hence
(12) L < C@picu) ¢l ix) B /B|u<y)l”du<y>
< QP ) [l ) B Mfull o)

From (8), (11), (12), and the fact that I = I 4+ 215, we get that up € B,(X) with
(13) |luel|s,x) < Cllulls,x)
where the constant C' is as required. This finishes the proof. 0

Lemma 3.7. Let ¢ be a Lipschitz function with compact support in X. Suppose uy is
a sequence in By(X) converging to u in By(X). Then ugp converges to ug in B,(X).

Proof. From Lemma 3.6, we have that uyp € B,(X) for every k > 1 and up € B,(X).
Moreover, Lemma 3.6 implies

(14) [ure — uwel|B,x) < Cllur — ul|B,x)

for every k > 1, and since u, — u in B,(X), it follows that uzp — up in B,(X). This
finishes the proof. OJ

Remark 3.8. Let ©, Q be bounded and open subsets of X with Q cc Q. Suppose that
¢ is a function in szO(Q) with Lipschitz constant C(Q, ¢,,)/dist(Q, X \ Q) such that

(15) 0<p<landp=1inQ.

By an argument similar to the one from Lemma 3.6, one can show that up € B,(1)
whenever u € B,(X) and ¢ € Lipy(2) satisfies (15). Moreover, in this case

luglly, @ < Cllul a0

for all v € B,(X) and the constant C' > 0 can be chosen to depend only on @, p, ¢,
dist(Q, X \ ), and the diameter of 2.



Remark 3.9. It is easy to see that up € B,(X) whenever u, ¢ are bounded functions
in B,(X). Moreover,

lwpl| o (x) < min(||ul[ L) [l ecx), [l@llpe o lul|ex)
and
[ue] B, x) < |[ull Lo 0[], x) + ||l (x) [l B, (x) -
Lemma 3.10. Let B = B(zo, R) C X andn be a C(c,)/R-Lipschitz function supported
in 2B such that 0 < n < 1. Then there exists a constant C = C(Q,p,c,) such that
[n(v = vB)]B,x) < Clols,(x)
whenever v € Lj,.(X) with [v]p,x) < c0.

Proof. Let v € Lj,(X) such that [v]g,(x) < co. Then v € Lj, (X) and this implies,
since n € Lipy(2B), that n(v —vg) € LP(X). We repeat to some extent the argument

of Lemma 3.6 with ¢ =1 and ©w = v — vg. We can choose L = %
|[7]|Lee(x) < 1. Hence

(16) [ [ ) = w0y () = 1+ 21

:Uy2Q

and we note that

where

b= [ fy e )t

and

2= AB /X\48 ‘n(x)u(x)x,_ygg)uw)|pdﬂ($) dp(y)

We notice that I < 2P(I1o + I11), where

AB /43 i d(z,y) 262( mpd:“@) du(y)

and
—n(y)”

I _/ / du(z) du(y).

n= [/ ERNE p(x) dp(y)
We have

)P

a7) 0= [ Ly M o duto) < ol
since ||n||ze(x) < 1. As in (11) we get with L = %
(18) In < CQpe) B [ [oly) = val’du(y).

Because 7 is supported in 2B, it follows from the definition of /5 that in fact

b Ly o ) )

As in Lemma 3.6 we get

(19) I < CQup) B [ oly) = vsldu(y).
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From (16), (17), (18), (19), and the fact that [; < 2P(l1o + 2[11), we have that
n(v —vp) € B,(X) with

[n(v — UB)]Bp(X) < C(@p:c) AB AB

C(Q,p,c) vl (X))
This finishes the proof. 0

| — > —du(z) du(y)

IN

We now show that every function in B,(X) can be approximated by locally Lipschitz
functions in B,(X).

Proposition 3.11. Lip;,.(X) N B,(X) is dense in B,(X). More precisely, if v has
finite Besov seminorm, then there exists a sequence ug,e > 0, in Lip.(X) such that:
(i) [we —ulp,x) — 0 as e — 0,
(ii) [|us — ul|r(x)y = 0 as e — 0.

Proof. For every ¢ > 0 we construct a family of balls B(xz;,¢) that cover X, have
bounded overlap, and form a c¢;/e-Lipschitz partition of unity associated with that
cover as in [KL02]. Here ¢; = ¢i(c,). More precisely, we choose a family of balls
B(x;,e),i=1,2,..., such that

X C G B(z;,¢)

=1

and
(20) ZXGB(xi,E) < ¢y = CO(Qa cu)-
Now we choose a sequence of ¢;/e-Lipschitz functions ¢;,i = 1,2,..., such that 0 <

0i <1,¢;=0o0n X \ 6B(x;,¢), p; > 1/co on 3B(x;,¢), where ¢ is the constant from
(20) and such that

Z pi=1
i=1
on X. We define the approximation by setting

Z 901 u3B (z4,€)

for every x € X. Then u,. is a locally Llpschltz function.
(i) We note that

ue Z (;Oz USB (zi,6) — U([E))

for every x € X. From this and (20) we obtaln

[e.e]

(21) [ue — U]%p(X) < (2co)” Z[%(UBB(@,E) - U)]%p(X),

i=1
where ¢q is the bounded overlap constant appearing in (20). However, from Lemma
3.10 there exists a constant C' = C(Q, p, ¢,) such that

/ [uz) — uly)|?
12B(zi,e) J12B(x;,€) d(l’, y)QQ
7
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for every i = 1,2,... , From this and (21) we obtain

) fu-— <c§)@3%€[w%dwzéyﬁJﬁm<wmw»

where C' = C(Q, p, ¢,,). If we denote
A, ={(z,y) € X x X 1 d(z,y) < 24},
we have from (20) and (22) that

[ue — ulp,x) < C(Q, p76u//m)§¢2gmx (@, y)du(z) du(y).

An application of Lebesgue Dominated Convergence Theorem yields [u. —u|p,x) — 0
as ¢ — 0. Moreover, we also notice that [uc]p,(x) < C(Q, p, cu)[u]p,(x) for every e > 0.

(ii) By using (20) and the fact that ¢; forms a partition of unity we obtain, via an
argument similar to the one from Lemma 3.2

(23) lue —ullloy < (o) Do lei(uspa, ) — Wl5ox)
i=1
< - T;,E d
=< 2/63(% U3 B(z,.0) | dpi()
< Jutz) = W) ) oa
< C@Qpa)e L// xym ul)dp(y).

where ¢ is the constant from (20). This implies immediately that [|u. — u||r(x) — 0
as € — 0. This finishes the proof.
U

Proposition 3.12. Lipy(X) is dense in B,(X).

Proof. Let u € B,(X). Without loss of generality we can assume that u is locally
Lipschitz and in particular bounded. We fix zy € X. For every integer k > 2, we define
¢r: X — R by

1 if 0 < d(z,z9) <k,

2
In

k
i 1k <d(w,zo) < B,
if d(z,x0) > k2.
Then ¢y € B,(X) and moreover, [kl () < C(Ink)'"P. (See (24).)
Let uy = upy. Then uy, € Lipg(X) and

pr(z) =

= ur||zrx) < |[uxBok || rx) — 0 as k — oo.

We also have

[u—uglp,(x) < </ / (1 — orly e ygxg u(y)|P du(a) d,u(y)>1/p

+ ]z~ ler] B, x) = 0
as k — oo. This finishes the proof. ([l
Lemma 3.13. Let v € B,(2).
(i) If supp v CC Q, then v € B)(Q).
(it) If w € B)(2) and 0 < v < w in X, then v € B)(Q).
8




Proof. The proof is similar to the proof of [Cos, Lemma 2.10] and omitted. U

Lemma 3.14. Suppose that Q@ CC X. Let u € B,(Q2) such that w =0 on X \ Q and
limgsqy—y u(x) = 0 for all y € 9Q. Then u € By(S).

Proof. The proof is similar to the proof of [Cos, Lemma 2.11] and omitted. OJ

4. RELATIVE BESOV CAPACITY

In this section, we establish a general theory of relative Besov capacity and study
how this capacity is related to Hausdorff measures.
For E C Q) we define

BA(E,Q) = {u € B)(Q) : u > 1 on a neighborhood of E}.

We call BA(FE, Q) the set of admissible functions for the condenser (E, ). The relative
Besov p-capacity of the pair (F,€) is denoted by

Capo(E> Q) = inf{[u]%p(g) cu € BA(E,Q)}.

If BA(E,Q) =0, we set capg (F,Q) = oo.

Since Bp(f2) is closed under truncations and the truncation does not increase the
B,-seminorm, we may restrict ourselves to those admissible functions « for which 0 <
u<1.

Remark 4.1. If K is a compact subset of the bounded and open set 2 C X, we get the
same Besov B)-capacity for (K, Q) if we restrict ourselves to a smaller set of admissible
functions, namely

BW(K,Q) = {u € Lipy(f?) : u =1 in a neighborhood of K}.

Indeed, let u € BA(K,()); we may clearly assume that u = 1 in a neighborhood U CC
2 of K. Then we choose a cut-off Lipschitz function n, 0 < n < 1 such that n =1 in
X\U and 7 = 0 in a neighborhood U of K, U cC U. Now, if ¢; € Lipy(€) is a sequence
converging to u in BS(Q), then ¢, = 1—n(1—y,) is a sequence belonging to BW (K, )
which converges to 1 —n(1 —u) in B)(€2). (See Lemma 3.7.) But 1 —n(1 —u) = u.
This establishes the assertion, since BW (K, Q) C BA(K, ). In fact, it is easy to see
that if K C ) is compact we get the same Besov Bj-capacity if we consider

BW (K, Q) = {u € Lipy(Q) :u=1on K}.
It is also useful to observe that if ¢ € B)(Q) is such that ¢ — ¢ € B)(Q\ K) for some
v € BW(K,Q), then
CapBP(K7 Q) < W]%p(g)-

4.1. Basic properties of the relative Besov capacity. A capacity is a monotone,
subadditive set function. The following theorem expresses, among other things, that
this is true for the relative Besov p-capacity.

Theorem 4.2. Suppose (X, d, ) is a proper and unbounded Ahlfors Q-regular metric
space with 1 < @ < p < oo. Let Q C X be a bounded open set. The set function
E +— capg (E,Q), E CQ, enjoys the following properties:

(i) If By C Ey, then capp (E1,2) < capg (Es, Q).

(i) If Q1 C Qqy are open, bounded, and E C €y, then

capp, (E, ) < capp (E, ).
9



(ili) capp (F, ) = inf{capy (U,Q2) : E CU C Q, U open}.
(iv) If K; is a decreasing sequence of compact subsets of Q with K = N2, K;, then
capp, (K, Q) = lim capy (K, 2).

(V) IfEy CEyC...C E=UX, E; CQ, then
capp, (E, Q) = lim capy (E;, ).

(vi) If E=U2, E; C Q, then

capp, (E,Q) <) capp (E;,Q).

i=1
Proof. The proof is very similar to the proof of [Cos, Theorem 3.1] and is therefore
omitted. 0

A set function that satisfies properties (i), (iv), (v) and (vi) is called a Choquet
capacity (relative to 2). We may thus invoke an important capacitability theorem of
Choquet and state the following result. See [Doo84, Appendix II].

Theorem 4.3. Suppose (X, d, i) is a metric measure space as in Theorem 4.2. Suppose
that Q is a bounded open set in X. The set function E +— capp (F,), E C §Q, is a
Choquet capacity. In particular, all Borel subsets (in fact, all analytic) subsets E of Q
are capacitable, i.e.,

capp, (£, Q) = sup{capp (K,Q) : K C E compact}
whenever E C §2 is analytic.

4.2. Upper estimates for the relative Besov capacity. Next we derive some upper
estimates for the relative Besov capacity. Similar estimates have been obtained earlier
by Bourdon in [Bou05]. We follow his methods.

Theorem 4.4. Let (X, d, i) be a metric measure space as in Theorem 4.2. There exists
a constant C = C(Q,p,c,) > 0 depending only on Q, p and ¢, such that

R\'"?
(24) capg, (B(zo,1), Blao, 7)) < C (In ")
b r
for every 0 < r < % and every xg € X.
Proof. We use the function u : X — R,
1 if 0 <d(x,z9) <,
d(z,zq)
u(z) =4{ = lngo if r <d(z,z0) < R,
R

0 if d(x,x9) > R.

Then u € B,(X) because it is Lipschitz with compact support. Since u is continuous
on X and 0 outside B(z, R), we have in fact from Lemma 3.14 that u € B)(B(zo, R)).
In fact u € BA(B(zo,7), B(zo, R)) since u = 1 on B(zo,7). Let v(z) = In £ u(z). We
will get an upper bound for [v],(B(zo,r))- Let k£ > 3 be the smallest integer such that
2=lp > R. For i = 1,... ,k we define B; = B(xo,2'r) \ B(z,2""'r). We also define
By = B(wo,r) and Byy1 = X \ B(zo,2"r). We have

v(z) —v(y)l”
V%, (B = > L= > / / du(x) du(y).
Bp(B(z0,R)) o< Tent J v<i 2 /B B, d(a:, y>2Q
10



Obviously we have I; ; = I, ;. We majorize I; ; by distinguishing a few cases. For j < k
and 0 < i < j — 2 we have from the definition of v that |v(x) —v(y)| < j—i+1
whenever x € B; and y € B;, hence

Lij < Colj —i+1)P(2r) 29 (2'r)9 (277)9,

that is I;; < C1(j —)P20=9%. For 0 <4 < j < k we notice, since v is ﬁ—LipSChitz
on J;>; Bj that

, 1
g [ [ i
»J —( T) B: /B, d(I,y)QQ—p :u(l‘) M(y)
Moreover, we have

1
B;j d(l’, y)QQ—p

for every y € B(zg,2'r), where Cy depends only on p, @ and ¢,,. Hence for 0 <7 < j <k
we have

du(z) < Co(diam B;)P~

I; < C3(277 1) 7P (201)Q(27r)P~9 < C,20-Dr=Q)
In particular, for j — 1 < ¢ < j < k, the integral I, ; is bounded by a constant that

depends only on p, @ and c,. Now we have to bound /; ; when j = k + 1. Since v is
constant on By U By, we have ;1 = 0 for i € {k,k+1}. For 0 <i < k —1 we have
1
Lipsr < (k—i 1P// L du(x) duly).
K41 = ( L+ ) B JByis d(.fC,y>2Q /,L(.Z') M(y)

But there exists C5 > 0 such that
1
—d < Oy (2@
/Bkﬂ d(x,y)*? ul@) < Go(@7)

for every y € X with d(y, zo) < 2717 Hence I; p11 < Cg(k — i + 1)P20=F=DQ_ Finally
we have

[U]%p(B(;COVR)) < Crk+ Cy Z (] _ i)pQ(i_j)Q.
0<i<j<k+1

The last sum is equal to
k+1

S (k+1—1)r27'e.

=1
But k+1—1 < k+ 1 and there exists a > 1 such that P27Q < Cya~"! for [ > 1. Hence

(015, (B(ao,r) < Cr0ln "
and

R\'TP
W5, (820, < Cho (ln r) .
The claim follows with C' = C}. [
For a fixed r > 0 we construct the dyadic partition of X as in [Chr90, Theorem11].
That is, a family of open sets D, = {K}, . : m € Z,« € I,,,} such that
() 1(X \ Uy K5,,) = 0, Y.
(i) If I > m then either K|, C K&, or K[, N K&, = 0.

(iii) For each (m, ) and each [ < m there is a unique 3 such that Ky C Kﬁr.
11



(iv) For every (m, ) there exists a ball By, . = B(xy), ., 107™"r) such that

1
—B> C K% C3BY..
10 m,r m,r m,r

We call these open sets "dyadic cubes”.

Two distinct dyadic cubes K, K’ in D, are adjacent if there exists an integer k such
that either

(i) K, K’ are in generation k and K N K’ # (), or

(i) one of the cubes K, K’ is in generation k, the other one is in generation k + 1
the one in generation k£ contains the other one.

Similarly, if Ky C X is a dyadic cube in D,., we denote by D, (Kj) the dyadic subcubes
of KQ.

For two adjacent cubes K, K’ € D, we have

\fe— flP = |—= /?f(x) du(z) — p 1— /7f(y) dp(y)

i

p

p

< g e @) = S dnte) duty)

/() = f)IP
< C/? ,Wdu(x) dp(y),

where C' is a constant that depends only on the Ahlfors regularity of X.
For the following lemma see [BP03, Lemma 3.5].

Lemma 4.5. There exists a constant C' depending only on the Ahlfors regularity of X
such that

Cln— ¢ < > X?g;zg}gg) < Clnp—¢™

K,K'eD, adjacent p
for p-a.e. n,¢ € X.
We also have (see [BP03, Theorem 3.4]):

Lemma 4.6. There exists a constant C depending only on p and on the Ahlfors requ-
larity of X such that

11
C*l p - ) — pd xXr d
fls,x) < K,K’eDriadjacent’u(K) ) /? L f (@) = F)I” dp(e) dp(y)
< Clffs,e0

for every f € B,(X).
This implies (see [BP03, Lemma 3.5]):

Lemma 4.7. There exists a constant C' depending only on p and on the Ahlfors requ-
larity of X such that

(25) > |z — =l < Clfls,x)
K,K'eD, adjacent
for every f € B,(X).



4.3. Hausdorff measure and relative Besov capacity. Now we examine the rela-
tionship between Hausdorff measures and the B,-capacity. Let h be a real-valued and
increasing function on [0, 00) such that lim; o A(t) = ~(0) = 0 and lim;_,« A(t) = oco.
Such a function A is called a measure function. Let 0 < § < oo. Suppose 2 C X is
open. For E C Q we define

A‘s = inf Z h(r;),

where the infimum is taken over all coverings of E by open sets G; in Q with diameter
r; not exceeding 0. The set function AX5 is called the h-Hausdorff content relative to
Q. Clearly Ah,ﬁ is an outer measure for every 0 € (0,00] and every open set ) C X.
We write A)(E) for Aj y(E).

Moreover, for every E C Q, there exists a Borel set E such that E ¢ E C Q and
AZ,Q(E) = A‘;ﬁ(E). Clearly AZ,Q(E) is a decreasing function of ¢. It is easy to see that
Ai,@(E> < Ai,E(E) for every ¢ € (0, 00] whenever §2; and €2 are open sets in X such

that £ C ©; C Q. This allows us to define the h-Hausdorff measure relative to 0 of
E cQby

A o(E) = supA 5(E) = hmAfLQ( ).
’ §>0 6—0
The measure A}, 5 is Borel regular; that is, it is an additive measure on Borel sets of Q
and for each E' C Q there is a Borel set G such that E C G C Qand A, 5(E) = A, 5(G).
(See [Fed69, p. 170] and [Mat95, Chapter 4].) If h(t) = t°, we write A, for A x. It is
immediate from the definition that A;(E) < oo implies A,(E) = 0 for all u > s. The
smallest s > 0 that satisfies A,(E) = 0 for all u > s is called the Hausdorff dimension
of E.
For €2 C X open and § > 0 the set function A(fiﬁ has the following property:

(i) If K; is a decreasing sequence of compact sets in Q, then
i=1

Moreover, if 2 CC X and h is a continuous measure function, then Aiﬁ satisfies the

following additional properties: B
(i) If E; is an increasing sequence of arbitrary sets in {2, then

UE —lllmA‘s 5(E;).

(iii) Aiﬁ(E) = sup{A‘;Lﬁ(K) : K C E compact} whenever E C € is a Borel set.
(See [Rog70, Chapter 2:6].)
We have the following proposition:

Proposition 4.8. Suppose (X,d, i) is an Ahlfors Q-reqular metric space with @ > 1.
Let h : [0,00) — [0,00) be a measure function.
(a) If liminf; o h(t)t~9 = 0, then AY(X) = 0.
(b) If liminf, o h(t)t=9 > 0, then there is an increasing function h* : [0, 00) — [0, 00)
such that h*(0) = 0, h* is continuous, t — h(t)t=?, 0 < t < oo is decreasing and there
13



ezists a constant C = C(Q, ¢,) such that for all E C X and all 6 >0
CT'N)(E) < A).(E) < CAY(E).
Proof. The proof is similar to the proof of [AH96, Proposition 5.1.8] and omitted. O

If h:[0,00) — [0,00) is a continuous increasing measure function such that ¢ —
h(t)t=9, 0 < t < oo is decreasing, we know that A, (E) = 0 if and only if AS°(E) = 0.
(See [AH96, Proposition 5.1.5].) If h(t) = t*, 0 < s < oo, we write A for Ag y.

Theorem 4.9. Suppose 1 < p < Q < p < oo. Let (X,d, ) be a complete and un-
bounded Ahlfors Q-regular metric space that supports a weak (1, p)-Poincaré inequality.
Suppose h : [0,00) — [0,00) is a continuous increasing measure function such that
t— h(t)t 9, 0 <t < oo is decreasing. Let Ko, € D, be a dyadic cube of generation
0 and let xyp € X be such that B(x,r/10) C Ky,. There ezists a positive constant
Cl = C1(Q,p, c,) such that

AP(ENKg,)
(10" neyr=141)

for every E C X, every k > 1,7 > 0, and for every Ky, € D,(Ky,) cube of generation
k such that B(xo, 107%r) N Ky, # 0.

Proof. We fix r > 0 and k > 1. Suppose Ky, € D,(Ky,) is a dyadic subcube of Ky, of
generation k such that Ky, N B(xg, 107%r) # 0.

Let £ C X. From the fact that there exists a Borel set E such that E ¢ E C X and
capp, (E N Ky, B(xo,7/10)) = capp (E N Ky, B(xo,7/10)), we can assume that E
is a Borel set. Moreover, from the discussion before Proposition 4.8 and the fact that
capg, (-, B(wo,7/10)) is a Choquet capacity, we can assume without loss of generality
that F' is compact.

There is nothing to prove if either A°(E N Ky,) = 0 or if f010*kr h(t)P' 14 = .
So we can assume without loss of generality that o = A°(E N Kj,) > 0 and that

LT (1) 2 < o,

For every ¢ € S(zo,7/10) there exists a decreasing sequence (K )s<o of dyadic

subcubes of Ky, such that K. is a cube of generation s for every integer s < 0 and

ﬂ FS,C = {C}

s<0

(26) < C{k:p_lcapo(E N Ky, B(zg,7/10))

p—1 —

We denote by s¢ the sequence (K ¢)s<o-
Similarly, for every n € ?k,r there exists a decreasing sequence (Ks,,)s>0 of dyadic
subcubes of K}, such that K, is of generation s + k for every s > 0 and

ﬂ FS-‘rk’,ﬁ = {77}

s>0

We denote by 3717 the sequence (Kgipy)s>0- Let [ = {Ko,,...,Ky,} be a shortest
sequence of pairwise adjacent cubes connecting Ko, and Kj ,.
For (¢,n) € S(xo,7/10) x K, we define y¢,, = (Ks¢.,)sez, where

KS,C if s S 0
Koen={ K. if0<s<k
K, its>k.

14



For K, K’ € D, we define
C(K,K") ={(¢,n) € S(x, f—o) X Ky, : K =Ks¢p, K'=Kgi1, for some s € Z}.

We notice that C(K, K') = () if K, K’ are not adjacent or if they are adjacent but of
the same generation.

Since X is an Ahlfors @-regular complete metric space that satisfies a weak (1, p)-
Poincaré inequality with 1 < p < @, there exists (see [Kor07, Theorem 4.2]) a constant
C depending only on p and on the data of X such that

CHOP <A (S(x,1)) < C1O7P

for all closed spheres S(z,t) of radius ¢ in X. We also have a = Aj°(E N Ky,) > 0.
Therefore, by applying Frostman’s lemma (see [Mat95, Theorem 8.8]), there exists a
constant C' > 0 and probability measures vy on S(zg,r/10) and v, on E N K, such
that for every ball B(z,t) of radius ¢ in X we have

~—

Q—p
(27) vo(Bl,1)) < C (i) and 11 (B(z, 1)) < chS.

For K, K’ € D, we define
m(K,K') =1y x (C(K, K')).

We notice that m(K, K" )m(K', K) = 0 for every pair of cubes K, K’ € D,. Moreover, if
m(K, K') # 0, then this implies that K and K’ are adjacent but of different generations.
Let f be in BW(E, B(xg,7/10)). Then, since f is continuous, we have that

fr, — f)

for every y € X for every nested sequence K, of r-dyadic cubes containing y and
converging to y. It follows that

L< f) = £ <> (fro., — TR

SEZ

whenever n € EN Ky, and ¢ € S(zg,7/10).
We obtain with the definition of m (K, K’) and by Holder’s inequality, that

)

5,51

1 < / / o
a S(@o,r/10) Eka: r SEZZ fK‘5+l ¢n K, Cm) VO(C) 14 (77)
/ xo 7’/10 /I< Z |st+1C77 SC77|dVO( )dyl(n>

k. scZ

= > |z — frolm(K, K)

K,K'eD, adjacent

IN

1/p 1/p

> |fz — fl” >, m(K,K')?
K,K'eD, adjacent K,K'eD, adjacent
1/p'

< Clfls,x) > m(K,K') ;
K,K'eD, adjacent

IN




where we used (25) for the last inequality. Here the constant C' depends only on p and
on the Ahlfors regularity of X. For a nonnegative integer s we let

Eos ={(K,K'") €D, xD,: K=K ., K' = K_; for some ¢ € S(x¢,7/10)}
and similarly
B s={(K,K'")YeD, xD,: K =Kg},, K' =K1, for somene Ky,}.
We notice that we can break Y = Yy grep, m(K, K" into 3 parts, namely
Yo% Y mEEY+ Y mERY LY Y mERY.
5=0 (K,K")€Eo,s K,K'el 5=0 (K,K")€E1

We recall that [ = {Ky,, ..., Kg,} is a shortest sequence of pairwise adjacent cubes in
D, connecting Ky, and Kj,. Thus, the sum in the middle is exactly k. We get upper
bounds for the first and the third term in the sum. We notice that for every s > 0 we

have
> m(K,K')=1
(K,K')€E,s
since 1y X v; is a probability measure. On the other hand, there exists a constant C’
depending only on p and on the Hausdorff dimension of X such that

h(10-5 k1)
(8%

m(K,K") < (' for every (K,K') € E 4

for every integer s > 0 and
m(K,K') < C"10%~9 for every (K, K') € Eo s

for every integer s > 0.

Therefore
Z > m(K, Ky = > m(K, K" 'm(K,K)
5=0 ( KK’)EEls s=0 (K,K’)EELS
< Ca'™P Y h(107s k)P > m(K,K')|.
s>0 (K.K")EE s
But there exists a constant Cy = Cy(Q, p) > 1 such that
1 107":7‘ / dt / 107197‘ / dt
— hty 1S < huﬂﬂp*<c/' h(ty 1=
al MO S S0 <o [T by

for every r > 0, every integer k£ > 1 and every continuous increasing measure function
h:[0,00) — [0,00) such that t — h(t)t=?, 0 < t < oo, is decreasing. Hence

- , 107k o dt
> Y mEEY <ca [C eyt
0

s=0 (K,K')eF1 5 t

From a similar computation we get

> Y mERY - m(K, K" ~'m(K, K7)
s=0 (K,K')EEp,s s=0 (K,K')eEq s
< Czlof(p’fl)(pr)s m(E, K | =C
520 (K,K')€E,s



So we get

oy dt

Ly 10~ Fr
§:§C<a (A h(t) t+k+g.

It is easy to see that there exists a constant C' depending only on p and on the Hausdorff
dimension of X such that

AZO (?k,r)
(1" n(eyr—141)

for every r > 0, every integer k£ > 1 and every continuous increasing measure function
h:[0,00) — [0,00) such that t — h(t)t~?, 0 < t < oo, is decreasing. Hence

—k
10~ %r p’—ldt

S <orat™ [T S

0

<C.

p—1

Therefore we obtain

RS Ut . dt 1/p'
1< O[f]Bp(B(zO,r/lo)) (k al_p /0 h(t)p —1t>

for every integer k > 1 and for every f € BW(EN Ky, B(xg,7/10)). This implies that
there exists a constant C] depending only on p and on the Hausdorff dimension of X
such that

AR (EN K, - -
mlffr( , f;t) k'™ < Cleapg (E N Ky, B(xg,r/10)).
(" hy 1)
This finishes the proof. 0

As a consequence of Theorem 4.9, we obtain the following theorem.

Theorem 4.10. Suppose 1 < p < @ < p < oo. Let (X,d,u) be a complete and
unbounded Ahlfors Q-regular metric space as in Theorem 4.9. Suppose h : [0,00) —
[0,00) is a continuous increasing measure function such that t — h(t)t=9, 0 < t < oo
is decreasing. There exists a positive constant C1 = C1(Q, p, ¢,) such that

AP(E N B(x, ?_1 e (m R>p1 capg, (E N B(x,7), B(z, R))
(5 hey %) '

Jor every E C X, every x € X, and every pair of positive numbers r, R such that v < 3.

Proof. Fix x € X and r, R such that 0 < r < %. Without loss of generality we can
assume that B(z,100R) C Koyi000r. We choose k > 3 integer such that 10>7*R <
r < 10>7*R. From the construction of the dyadic cubes and the fact that X is a Q-
Ahlfors regular space with ¢ > 1, it follows that there exists a constant C' = C(Q, ¢,,)
independent of k such that every ball of radius 10>~ R intersects with at most C' dyadic
subcubes of Ky 1900r from the kth generation. We leave the rest of the details to the
reader. 0

It follows easily that if X is a complete and unbounded Ahlfors ()-regular metric
space as in Theorem 4.10, then there exists a constant C' = C(Q, p, D, ¢,) such that
AF(EN B(a, R)

R

(28) < Ccapg (EN B(a, R), B(a,2R))

17



whenever F C X, R >0, and a € X.
As a corollary we have the following.

Corollary 4.11. Suppose X is a complete and unbounded Ahlfors Q-reqular metric
space as in Theorem 4.10. There exists a positive constant Cy = C2(Q, p, P, c,) such
that

R\'P
(29) C2 (=) < capy, (Blo.r). Bz, B))
r P
for every x € X and every pair of positive numbers r, R such that r < %.

Proof. We apply Theorem 4.10 for h(t) = t277. We notice (see [Kor07, Theorem 4.2])
that there exists a constant C = C5(Q, p, D, ¢,,) such that

i < AOQO_:;(B<J"7 7”)) .
=~ N\P—
C5 (fo ' -1)(@Q p)%)

(30) <

for every x € X and every r > 0. The rest is routine.
O

Theorem 4.4 and Corollary 4.11 easily yield the following theorem, (cf. [Bou05]).

Theorem 4.12. Suppose X is a complete and unbounded Ahlfors Q-reqular metric

space as in Theorem 4.10. There ezists Cy = Co(Q, p,c,) > 0 such that
1 1=p

B) g () <caps, (B, B R) < G (n D)
Co r i r

for every x € X and every pair of positive numbers r, R such that r < 5.

1-p

A set £ C X is said to be of Besov B,-capacity zero if capo(E NQ,0) =0 for all
open and bounded © C X. In this case we write capy (£) = 0. The following lemma
is obvious.

Lemma 4.13. A countable union of sets of Besov B,-capacity zero has Besov B,-
capacity zero.

The next lemma shows that, if £ is bounded, one needs to test only a single bounded
open set {2 containing F in showing that F has zero Besov B,-capacity.

Lemma 4.14. Suppose that E is bounded and that there is a bounded neighborhood €2
of E with capg (E,€2) = 0. Then capg (E) = 0.

Proof. The proof is similar to the proof of [Cos, Lemma 3.13] and omitted. O

Corollary 4.15. Suppose X is a complete and unbounded Ahlfors Q-reqular metric
space as in Theorem 4.10. Let E C X be such that capg (E) = 0. Then Ap(E) =0 for
every measure function h : [0,00) — [0,00) such that

1 o, dt
(32) / bty < oo.

0
In particular, the Hausdorff dimension of E is zero and X \ E is connected.

Note that for every € > 0 we can take h = h. : [0,00) — [0,00) in Corollary 4.15,
where h.(t) = (Int)!=P=¢ for every t € (0,1/2).
18



Proof. 1t is enough to assume, without loss of generality, that i : [0,00) — [0, 00) is
a continuous measure function such that ¢ — h(t)t=9, 0 < t < oo is decreasing. (See
Proposition 4.8.) If capp (£) = 0, then there exists a Borel set E such that £ C E
and CapBP(E) = 0, hence we can assume without loss of generality that £ is itself
Borel. Since Ay, is a Borel regular measure and A, (E) = 0 if and only if A (E) = 0,
it is enough to assume that E is in fact compact. For E compact the claim follows
obviously from Theorem 4.10.

The second claim is a consequence of the first claim because for every s € (0, Q), the
function hs : [0,00) — [0,00) defined by h4(t) = ¢* has the property (32). The third
claim is an easy consequence of the second claim. 0

We also get upper bounds of the relative Besov p-capacity in terms of a certain
Hausdorff measure.

Proposition 4.16. Let h : [0,00) — [0,00) be an increasing homeomorphism such that
h(t) = (In %)1_” for allt € (0,3). Suppose (X,d, p) is a proper and unbounded Ahlfors
Q-reqular metric space. Let E be a compact subset of X. There exists a constant
C depending only on p and on the Ahlfors reqularity of X such that capo(E,Q) <
CAL(E) for every bounded and open set Q0 containing E.

Proof. The proof is similar to the proof of [Cos, Proposition 3.17] and omitted. O

Proposition 4.16 gives another sufficient condition to obtain sets of Besov p-capacity
Zero.

Theorem 4.17. Let h : [0,00) — [0,00) be an increasing homeomorphism such that
h(t) = (In )7 for all t € (0,%). Then Ay(E) < oo implies capg, (E) = 0 for every
EcCcX.

Proof. The proof is similar to the proof of [Cos, Theorem 3.16] and omitted. U

5. BESOV CAPACITY AND QUASICONTINUOUS FUNCTIONS

In this section we study a global Besov capacity and quasicontinuous functions in
Besov spaces.

5.1. Besov Capacity.
Definition 5.1. For a set £ C X define
Capp, (E) = inf{|[ul[7,x) + [ulp,x) : v € S(E)},
where u runs through the set
S(E) ={u € By(X) : u=11in a neighborhood of E}.

Since B,(X) is closed under truncations and the norms do not increase, we may
restrict ourselves to those functions u € S(F) for which 0 < u < 1. We get the same
capacity if we consider the apparently larger set of admissible functions, namely

S(E)={u € B,(X): u>1 pae. in aneighborhood of E}.

Moreover, we have the following lemma:
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Lemma 5.2. If K is compact, then
Capp, (K) = inf{]|ul [, x) + [ul,(x) - v € So(K)}
where So(K) = S(K) N Lipy(X).

Proof. Let u € S(K). Since B,(X) = B)(X), we may choose a sequence of functions
@; € Lipy(X) converging to u in B,(X). Let U be a bounded and open neighborhood
of K such that u =1 in U. Let ¢ € Lip(X), 0 <1 <1 be such that v =11in X \ U
and ¢ = 0 in U CC U, an open neighborhood of K. From Lemma 3.7 we see that the
functions ¢; = 1 — (1 — ;)1 converge to 1 — (1 — u)1 in B,(X). This establishes the
assertion since 1 — (1 —u)y = u.

O
We have a result similar to Theorem 4.2, namely:

Theorem 5.3. The set function £ — Capg (E), E C X is a Choguet capacity. In
particular

(i) If Ex C E», then Capp (E1) < Capg (Ea).

(i) If E =, E;, then

Capp, (E) < > Capp, (E:).

We have introduced two different capacities, and it is next shown that they have the
same zero sets.

Let ,Q be bounded and open subsets of X such that Q@ cC Q. Let € Lipo(Q)
be a cut-off function as in Remark 3.8. Suppose K is a compact subset of (2. Then, if
u € Sy(K), we have that un is admissible for the condenser (K, Q). Therefore

(3) capg, (K, Q) < unl), o < llunll), & < C lullh, v,

where C' depends only on @, p, ¢, diam Q and dist(€2, X \ Q). (See Remark 3.8.) Since
||uHBp(X) = HUHLP(X) + [U]BP(X)a we have

(34) [lull,x) < 2°(lullex) + [ulp,x))-
From (33) and (34) we get, by taking the infimum over all u € Sy(K), that
(35) capp, (K,Q) <20 C Capp (K),

where C'is the constant from (33).
Since both capp (-,€2) and Capp (-) are Choquet capacities, we obtain:

Theorem 5.4. There exists C' > 0 depending only on Q,p,cy, dist(Q, X \ Q) and
diam €2 such that
(36) capp, (B,Q) < C Capy, (E)
for every E C Q.
Corollary 5.5. If Capy (E) = 0, then capg (E) = 0.
We also have a converse result, namely:
Theorem 5.6. If capp (E) =0, then Capp (E) = 0.

Proof. The proof is similar to the proof of [Cos, Theorem 4.6] and omitted. U
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Remark 5.7. For E C X compact we see from the proof of Lemma 4.14 and Theorem
5.6 that it is enough to have capp (F,€2) = 0 for one bounded open set 2 C X with
E C Q in order to have Capy (E) = 0.

It is desirable to know when a set is negligible for a Besov space. If there is an
isometric isomorphism between two normed spaces X and Y we write X = Y. In
particular, if F is relatively closed subset of €2, then by

B)(Q\ E)=B)(Q)

we mean that each function u € Bg(Q) can be approximated in By-norm by functions

from Lipo(Q\ E).

Theorem 5.8. Suppose that E is a relatively closed subset of ). Then
0 _ 1o

if and only Capp (F) = 0.

Proof. Suppose that capp (£) = 0. Let ¢ € Lipo(€2) and choose a sequence u; of
functions in B,(X) such that 0 < u; <1, u; = 1 in a neighborhood of E and u; — 0
in By(X). For every j > 1 we define w; = (1 — u;)p. Then from Remark 3.9 and
the properties of the functions ¢ and wu;, it follows that w; is a bounded sequence of
functions in B,(X), compactly supported in 2\ E. Lemma 3.13 implies that w, is a
sequence in Bg (Q\ E). Moreover, Lemma 3.7 implies, since ¢ — w; = u;p for every
J = 1 and since ||u,||5,(x) — 0, that w; converges to ¢ in B,(X). Since w; is a sequence
in B)(Q\ E), it follows that ¢ € B)(Q\ E). Hence
B)(Q) C B)(Q\ E)

and since the reverse inclusion is trivial, the sufficiency is established.

For the only if part, let K C E be compact. It suffices to show that Capp (K) = 0.
Choose ¢ € Lipg(Q2) with ¢ = 1 in a neighborhood of K. Since B)(Q\ E) = B

we may choose a sequence of functions ¢, € Lipo(2\ K) such that ¢; — ¢ in B,
Consequently

(Q) Y
Q).

Capg, (K) < (Tim |13 = @llin) + [0 = ¥l ) =0
and the theorem follows. O

5.2. Quasicontinuous functions. We show that for each u € B,(X) there is a func-
tion v such that w = v p-a.e. and that v is B)-quasicontinuous, i.e. v is continuous when
restricted to a set whose complement has arbitrarily small Besov B,-capacity. More-
over, this quasicontinuous representative is unique up to a set of Besov B,-capacity
ZEro.

Definition 5.9. A function v : X — R is B,-quasicontinuous if for every ¢ > 0 there
is an open set G C X such that Capp (G) < € and the restriction of u to X \ G is
continuous.

A sequence of functions 9; : X — R converges B,-quasiuniformly in X to a function
Y if for every € > 0 there is an open set G such that Capg (G) < ¢ and ¢; — ¢
uniformly in X \ G.

We say that a property holds B,-quasieverywhere, or simply q.e., if it holds except

on a set of Besov B),-capacity zero.
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Theorem 5.10. Let ¢; € C(X) N B,(X) be a Cauchy sequence in B,(X). Then there
is a subsequence i, which converges B,-quasiuniformly in X to a function u € B,(X).
In particular, u is B,-quasicontinuous and oy, — u B,-quasieverywhere in X.

Proof. The proof is similar to the proof of [HKM93, Theorem 4.3] and omitted. U
Theorem 5.10 implies the following corollary.

Corollary 5.11. Suppose that u € B,(X). Then there exists a B,-quasicontinuous
Borel function v € B,(X) such that u = v p-a.e.

Proof. Since u € B,(X), from Theorem 3.12 there exists a sequence of functions ¢;
in Lipo(X) converging to w in B,(X). Passing to subsequences if necessary, we can
assume that ¢; — u pointwise p-a.e. in X and that

2% (llps1 = @illnixy + i — @il ) < 27

for every j = 1,2,... Defining FE; = {z € X : |pj41 — ¢;| > 277} and letting E =
My, Uj—i £, the proof of Theorem 5.10 yields the existence of a function v € B,(X),
such that ¢; — v in B,(X) and pointwise in X \ E. Since E is a Borel set of Besov
B,-capacity zero and the functions ¢; are continuous, this finishes the proof. O

Theorem 5.12. Let u € By(X). Then u € B)(Q) if and only if there exists a B,-
quasicontinuous function v in X such that u=v p-a.e. in Q and v =0 g.e. in X \ .

Proof. Fix u € B)(Q) and let @; € Lipy(€2) be a sequence converging to u in B,(€2).
By Theorem 5.10 there is a subsequence of ¢, which converges B,-quasieverywhere in
X to a Bj-quasicontinuous function v in X such that u = v p-a.e. in Q and v =0 q.e.
in X \ Q. Hence v is the desired function.

To prove the converse, we assume first that 2 is bounded. Because the truncations of
v converge to v in B,(2), we can assume that v is bounded. Without loss of generality,
since v is By-quasicontinuous and v = 0 g.e. outside {2 we can assume that in fact v =0
everywhere in X \ Q. Choose open sets G; such that v is continuous on X \ G; and
Capp, (Gj) — 0. By passing to a subsequence, we may pick a sequence ¢; in By(X)
such that 0 < ¢; <1, ¢; = 1 everywhere in G, ¢; — 0 p-a.e. in X, and

||90j||1£p(x) + [Spj]%p(x) — 0.

Then from Remark 3.9 we have that w; = (1 — ¢;)v is a bounded sequence in B,((2).
Moreover, for every j > 1, we have lim,_., ,cqw;(x) = 0 for all y € 9. Thus, from
Lemma 3.14, we have that w; is a sequence in BJ(Q). Clearly w; — v in LP(X) and
pointwise p-a.e. in X. This, together with the boundedness of the sequence w; in
B)(Q), implies via Mazur’s lemma that v € By(€2). The proof is complete in case €2 is
bounded.

Assume that €2 is unbounded. We can assume again, without loss of generality,
that v is bounded and that v = 0 everywhere in X \ . We fix zy € X. For every
k > 2 let pp € Lipo(B(xo,k?)) be such that 0 < ¢ < 1, ¢, = 1 on B(xg, k) and
[or]B,x) < C(Ink)'"P. (See (24).) Then v, = vy, € By(Q2N B(xo, k%)) C B)(Q) for
every k > 2 and like in Theorem 3.12; we get

|[v —vel|B,(x) — 0,

which implies that v € B)(€). This finishes the proof. O
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We denote by
Q" = Q" (X)
the set of all functions u € B,(X) such that there exists a sequence p; € C(X)NB,(X)
converging to u both in B,(X) and B,-quasiuniformly. It follows immediately from
Theorem 5.10 that the functions in QP» are B,-quasicontinuous and for each v € B,(X)
there is u € QP such that u = v p-a.e. We soon show that, conversely, each B,-
quasicontinuous function v of B,(X) belongs to Q7.

Theorem 5.13. Let u € QPr. If u > 1 B,-quasieverywhere on E, then
Capg, (E) < [[ullLyx) + [uls,x)-
Proof. The proof is similar to the proof of [HKM93, Lemma 4.7] and omitted. O
This result has the following corollary.

Corollary 5.14. Suppose that € is open and bounded and let E CC Q. Let u € QPr.
Suppose that u > 1 quasieverywhere on E and that u has compact support in €). Then

Capo(E7 Q) < [u]%p(g)-

We know that Capp is an outer capacity. It satisfies the following compatibility
condition (see [Kil98]):

Theorem 5.15. Suppose that G is open and p(E) = 0. Then
(37) CapB,,(G) = Capo(G \ E).
Proof. The proof is very similar to the proof of [Cos, Theorem 4.15] and omitted. [
We state now the uniqueness of a B,-quasicontinuous representative.
Theorem 5.16. Let f and g be B,-quasicontinuous functions on X such that
p{z: fz) # g(x)}) = 0.
Then f = g By,-quasieverywhere on X.
Proof. The proof is verbatim the proof from [Kil98, p. 262]. O
Combining Theorem 5.13 and Theorem 5.16 we obtain the following corollary.
Corollary 5.17. Suppose that E C X. Then
Capp, (E) = nf{]|ul |7, x) + [ulp,x)

where the infimum is taken over all B,-quasicontinuous u € B,(X) such that u = 1
B,-quasieverywhere on E.

Corollary 5.11 and Theorem 5.16 imply that each u € B,(X) has a "unique” quasi-
continuous version.

Corollary 5.18. Suppose that v € B,(X). Then there exists a B,-quasicontinuous
function v such that uw = v p-a.e. Moreover, if v is another By,-quasicontinuous function
such that w = v p-a.e., then v = v B,-quasieverywhere.

We have a result similar to Corollary 5.18 for locally integrable functions with finite

Bp,-seminorm.
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Corollary 5.19. Suppose that u € Lj,.(X) such that [u]p,x) < oo. Then there ex-
ists a B,-quasicontinuous Borel function v such that w = v p-a.e. Moreover, if U is
another By-quasicontinuous Borel function such that w = v p-a.e., then v = v B,-
quasieverywhere.

Proof. We prove the "uniqueness” first. Suppose v, v are two B,-quasicontinuous Borel
functions such that v = u p-a.e. and v = u p-a.e. Let w = v — v. We notice that w
is B,-quasicontinuous and belongs to B,(X) because w = 0 p-a.e. in X. Hence from
Corollary 5.18 we have that w = 0 B,-quasieverywhere. The "uniqueness” is proved.

We prove now the existence. Fix xy € X. For every integer £ > 1 we choose a
2=k Lipschitz function n, supported in B(xg, 28+1) such that n, = 1 on B(xg, 2F). We
have

(38) Nk+1Mk = Nk

for every integer k > 1. For a fixed integer k > 1, we define uy = nru. Then uy, € LP(X)
because u € L}, (X) and ny, € Lipo(B(zo,2")). Moreover, from Lemma 3.10, it follows
that [neu — MeUp(ay 21 B,(x) < 00. From this and the fact that n, € B,(X), imply that
u € By(X). Therefore, from Corollary 5.11 it follows that there exists uy € B,(X) a
B,-quasicontinuous Borel function such that @, = u; p-a.e. in X. In particular, since
e = 1 in B(wg, 2%), this implies that @, = u p-a.e. in B(xg,2*). So, for every integer
k > 1 we have that .y, is a B,-quasicontinous Borel representative of 7,41, hence
Nki+1 1 a By-quasicontinuous Borel representative of 7,11 = ui, where the equality
follows from the definition of uy and (38). This implies that both 7,1 and @ are two
B,-quasicontinuous Borel representatives of u;, € B,(X), hence from Corollary 5.18 we
can assume that @i, = Ml in B(xg,2%). Since n, = 1 on B(xg,2%), this means in
particular that we can assume that @ (z) = tig,1(7) for every z in B(x, 2%).
So, we constructed a sequence of Bj,-quasicontinuous Borel functions w in B,(X)

satisfying the following properties:

up(r) = u(z) for p-a.e. x in B(wg,2%)

w(z) = up(x) for every x in B(zo,2%) and | > k > 1.

We define @ : X — R by
u(zr) = lim ug(x).
k—o0
Thus, u is a B,-quasicontinuous Borel function and v = @ p-a.e. This proves the
existence of a Bj,-quasicontinuous Borel representative of . The claim follows.

O
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