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ABSTRACT. We show that for every function u in the variable exponent
Sobolev space WP (2), © an open set, there exists a family of curves I’
with zero p(-)-modulus such that the quasi-continuous representative of
u is absolutely continuous on every rectifiable path not in I'. To prove
this result we need the following assumptions: the exponent satisfies
p: Q@ — [m, M] for 1 < m < M < oo and smooth functions are dense in
Sobolev space.

1. INTRODUCTION

Variable exponent Lebesgue and Sobolev spaces have attracted steadily
increasing interest over the last couple of years. These spaces have been in-
dependently discovered by several researchers [9, 15, 19, 22]. These investi-
gators were motivated by differential equations with non-standard coercivity
conditions, arising for instance from modeling certain fluids (e.g, [1, 7, 18]).
For some of the latest advances in the study of variable exponent spaces see
3, 4, 11, 12, 16].

Classical Sobolev spaces can be characterized in many different ways.
The ACL-characterization is that a function belongs to the Sobolev space
WP if and only if it has a Lebesgue p-integrable representative which is
absolutely continuous on almost every line segment parallel to the coordinate
axes and the classical derivatives defined almost everywhere are Lebesgue p-
integrable. Note that the classical derivatives of the representative coincide
with the distributional derivatives almost everywhere. This characterization
goes back to Nikodym [17].

A finer version of the ACL-characterization is the ACC-characterization.
In the ACC-characterization, we consider not only line segments but all
rectifiable curves. Fuglede proved in [10] that a Sobolev function in W? has
a representative which is absolutely continuous on every curve not belonging
to a certain exceptional family of zero p-modulus. On the other hand, it
is clear that a function which has the ACC-property also has the ACL-

property.
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In this article we generalize these results to the variable exponent Sobolev
spaces. We patch together pieces of classical proofs in a way which neatly
avoids all the properties not possessed by variable exponent spaces. For
instance the original proof by Fuglede [10] relies on convolutions and trans-
lation invariance which cannot used in our context.

The ACL-characterization follows immediately from the fact that variable
exponent Sobolev space can be locally imbedded in Wh!. For the ACC-
characterization we use the variable exponent Sobolev capacity and quasi-
continuous representatives considered in the variable exponent setting by
Harjulehto, Hésto, Koskenoja and Varonen in [12]. We first show that the
well-known relation between modulus and capacity holds, i.e. if a set has zero
capacity, then it defines a curve family with zero modulus. These results are
derived under the assumption that smooth functions are dense in Sobolev
space. Although this is not always the case, it is quite a lenient condition,
allowing for instance some discontinuous exponents (see Section 3).

Definitions. By 2 we always denote an open subset of R". Let p : Q —
[1,00) be a measurable function, called the wvariable exponent on 2, and
set pT = esssup,cqp(x) and p~ = essinfyeq p(x). We define the variable
exponent Lebesque space Lp(')(Q) to consist of all measurable functions wu :
Q — R for which there exists A > 0 such that g,.)(Au) = [, [Au(z)P@® dz <
0o. We define the Luzemburg norm on this space by

lullpgy = mE{A > 0 gy (u/X) < 1}

The variable exponent Sobolev space Wl’p(')(ﬂ) is the subspace of functions
u € Lp(')(Q) whose distributional gradient exists almost everywhere and
satisfies |Vu| € LP()(Q). The norm |u 1oy = lullpey + IVl makes
Wl’p(')(Q) a Banach space. One central property of these spaces is that
0p(-y(ui) — 0 if and only if |lu;l|,.) — 0, provided that p™ < oc. This and
many other basic results are proved in [15].

2. THE MODULUS

A curve v in R" is a non-constant continuous map ~ : I — R", where
I = [a,b] is a closed interval in R. The image of v, vy(I), is denoted by |v].
Let I'yeet be the family of rectifiable curves in R™. Note that if the curve
is rectifiable, then we can assume that I = [0, ¢()], where £(7) is the length
of ~.

We denote by F(I') the set of all admissible functions, i.e. all Borel func-
tions u : R™ — [0, oo] such that

/ uds > 1
gt
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for every v € I', where ds represents integration with respect to curve length.
We define the p(-)-modulus of T by

M, (T) = ueigfp) /n u(x)P® de.

If F(T') = 0, then we set M,.y(T") = oo.

2.1. Lemma. The p(-)-modulus is an outer measure on the space of all
curves of R™. This means that the following hold:

(1) Mp(y(0) =0,

(2) | N implies M ()(Fl) <M ()(FQ),

(3) Mp (Uz 1 Ii) < Zz 1My, )(F)
Proof. Since the zero function belongs to F(()) we obtain (1). If I'y C Iy
then F'(I'y) D F(I'2) and hence (2) holds.

To prove (3) we may assume that the sum in the right hand side is finite.
For € > 0 we pick u; € F(I';) such that

/ wi(z)P P da < M,,y(T;) + £27%,

1
We set u(z) = (D2, ui(fn)p(f”’))“@. Since u > w; for all ¢, the function u
satisfies f,y wds > 1 for every v € |J;2, I';. Thus we obtain

M, <Gr) g/n u(z) dx—/R Zu dx<ZM

i=1 "i=1
Letting € — 0, we obtain (3). O

A family of curves I' is said to be ewceptional if M,.(') = 0. The
following lemma is a generalization of [10, Theorem 3(f)].

2.2. Lemma (Fuglede’s lemma). Let (u;)72, be a sequence of non-negative
Borel functions in LPC)(R™) converging to zero in LPO)(R™). Then there
exists a subsequence (u;,)3; and an exceptional set I' of rectifiable curves
such that for all rectifiable v ¢ T" we have

lim [ w;ds=0.
k—o0 o

Proof. We choose a subsequence of (u;)?2,, which is again denoted by (u;)$2,,
so that

2—i
P

(2.3) [[willpy <

Let I" be the family of curves such that

/uids#(),
¥
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1
I’i:{yz/uidsz,}
. )

(o]
V= E ;.
i=1

Observe that du; is admissible for I'; and that v is a non-negative Borel
function in R™. If v € I, then « € I'; for infinitely many ¢ and hence by the
Lebesgue monotone convergence theorem

/vds:Z/iuids:oo.
ol i=1v7

But this means that vy = £, k = 1,2,..., is admissible for I'. On the other
hand, it follows from (2.3) and the homogeneity of the norm that

as 1 — o0o. We write

and

1 1 k 1
loellpey = lvllne) < %Z liwillp) < ¢
=1

for each k = 1,2,.... This means that v; — 0 in L?() and hence for every
k=1,2,...

" 1
M) < [ (@) do <l <

n

where the second inequality is [15, (2.11)]. Letting ¥ — oo we conclude that
M,y (') = 0, as required. O

3. THE CAPACITY

Next we consider a variable exponent Sobolev capacity, which was intro-
duced by Harjulehto, Hésto, Koskenoja and Varonen in [12]. Suppose that
E is an arbitrary subset of R™. The Sobolev p(-)-capacity of E is defined by

Cop(B) = int [ (Jula)® + [ Vua)P)
RTL

where infimum is taken over those u € W1P()(R™) which are at least 1 in
some open set containing E. If 1 < p~ < p™ < oo, then the Sobolev p(-)-
capacity is an outer measure and a Choquet capacity [12, Corollaries 3.3
and 3.4]. As in the fixed exponent case, the capacity is a finer measure
than the n-dimensional Lebesgue measure [12, Section 4]. For example, if
Cpy(E) = 0, then the s-dimensional Hausdorff measure of E is zero for
every s >n —p~ (if p~ > n, then the set F is empty).

We say that a function u : R™ — R is quasi-continuous if for every € > 0
there exists an open set O with C},)(O) < € such that u restricted to
R™\ O is continuous. We recall the following fact [12, Theorem 5.2], which
is crucial to us here. Assume that 1 < p~ < p™ < oo and the class of
continuous functions is dense in W1P()(R™). Then every u € WHP()(R")
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has a quasicontinuous representative, i.e. there exists a quasi-continuous
function v € W1P()(R™) such that u = v almost everywhere in R”.

For our remaining results we need to assume that continuously differ-
entiable functions are dense in Sobolev space. This is a real assumption,
since it is well-known that this is not always the case the variable exponent
setting. We only have some partial results:

(i) Samko proved in [20] that smooth function are dense in W1»()(R?)
if pT < oo and there exists a constant C' > 0 such that for every
|z —y| < % the exponent p satisfies

C
Ip(z) — p(y)| < I PPt

Diening proved a similar, though slightly weaker, result [2].

(ii) Edmunds and Rékosnik showed that a certain monotonicity con-
dition on the exponent is also sufficient for the density of smooth
functions, see [5].

(iii) Hasto [14] gave an example of the variable exponent Sobolev space
in which continuous functions are not dense. In this example the
exponent has growth just slightly greater than allowed in (i) at a
saddle point. Therefore the previous two conditions together seem
to be quite close to optimal.

Shanmugalingam proved the following lemma in a metric measure space
with a fixed exponent, [21, Lemma 3.6]. Our proof uses the same idea. We
denote by I'g the family of all rectifiable curves whose image intersect the
set F.

3.1. Lemma. Assume that 1 < p~ < pt < oo and C'-functions are dense
in WHPC(R™). Suppose that E C R™. If Cpy(E) =0, then M,y (I'g) = 0.

Proof. Since Cp)(E) = 0 we can choose a function u; € WP (R™) N
CL(R™), for every i, such that [Jugll; ) < 2% and wy(z) > 1 for every
x € E. We define i
v = Z |wil.
i=1

For every | > m we find that
l
lor = omllipey < D7 Nuillipy <27
i=m-+1
and therefore the sequence (v;)?2, is a Cauchy sequence in the Banach
space W1PL)(R™). Since the sequence vy () is non-negative and increasing
for every x € R™ the limit v(z) = limg_,o vg(z) (possibly +o00) exists for
every € R” and v € WHP()(R") is a Borel function.
For x € E we see that vg(x) > k for every k and thus

ECEyx={zeR": lim vg(x) = oo}.
k—o0
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Therefore it suffices to show that M,)(T'g,,) = 0.

Since the Vuy are continuous, Vv is a Borel function, and so Lemma 2.2
gives a subsequence of (vy), denoted again by (vg), such that there is an
exceptional family I'; and

(3.2) lim / Vv, — Vo|ds =0
2l

k—o0
for every rectifiable curve + not in I';.
Let I's be the family of all curves v such that fvvds = oo and I'3 the
family of curves v with fv |Vu|ds = oco. Since v/i is admissible for I'y and
every i = 1,2,3... and since v € LIJ(')(]R”)7 we find that

My (Ta) < / (”(.x))p(x) + (M)p(x)dx S IFT0)

(3 1 (3

for large enough 4, by [15, (2.11)]. Therefore M. (I'2) = 0. Similarly
M,,y(I'3) = 0 and hence by subadditivity M,.)(I'*) = 0, where I'* = T'; U
I'y UT's. To complete the proof we show that I', C I'*. Fix v € I'g__ and
suppose that v ¢ I'*. Since v ¢ T’y there is y € |y| with v(y) < oco. For any
point = € |y| we find that

i(0)] < fu@) — v + o) < [ Vol ds+]u()]
v
because v; o v is absolutely continuous on [0, ¢(7)]. Using (3.2) and v ¢ T';
for the first inequality and v ¢ I's for the second inequality we find that

i—00 i—00

limsup |v;(x)] < limsup |v;(y)| + / |Vou|ds < 0.
g

Hence v(z) < oo for all z € |y| and v ¢ I'g, . Thus I'g,, C I'*, which
completes the proof. O

4. FUGLEDE’S THEOREM

We say that u: Q — R is absolutely continuous on lines, u € ACL(Q),
if u is absolutely continuous on almost every line segment in 2 parallel to
the coordinate axes. Note that an ACL function has classical derivatives
almost everywhere.

An ACL function is said to belong to ACLPO(Q) if |Vu| € LPO(RQ).
Since WP (Q) < WH1(Q) locally, we obtain the following lemma by [8,
Chapter 4.9] or [23, Theorem 2.1.4].

4.1. Lemma. If u € ACLPO(Q) N LPO)(Q), then it has classical partial
derivatives almost everywhere and these coincide with the weak partial deriva-
tives as distributions so that w € WHO(Q). If u € W'WPO(Q), then
there exists v € ACLPY)(Q) such that u = v almost everywhere. In short,
ACLPO(Q) N LPO(Q) = WrO(Q).



FUGLEDE’S THEOREM IN VARIABLE EXPONENT SOBOLEV SPACE 7

Let u: R” — R and let I' be the family of curves « parametrized by arc-
length such that u o~ is not absolutely continuous on [0, ¢(vy)]. We say that
u is absolutely continuous on curves, u € ACCyy(2), if M,y (T') = 0. Tt is
clear that ACCy,)(Q2) C ACL(Q2). An ACC),.y(2) function is said to belong
to ACCPO)(Q) if |[Vu| € LPO(Q).

The following theorem generalizes a result of Fuglede, [10, Theorem 14],
to the variable exponent case.

4.2. Theorem (Fuglede’s theorem). Assume that 1 < p~ < p* < oo and
that C"-functions are dense in WP()(R™). Then

ACCPO(R™) N LPO(R™) = WLPO(R™).
Proof. By Lemma 4.1, ACLPO)(R™) N LPO)(R™) ¢ WHPO)(R™) and hence
AccrO(®R™) 0 LPORY) ¢ WHPO(R™).

To prove the converse, fix u € WHPO)(R?). By [12, Lemma 5.1] there
exists a sequence (u;) of functions in WhP()(R?) N C*(R") such that u; — u
in WhP()/(R") and w;(z) — a(z) for every z € R™ except in the set E of
p(+)-capacity zero. Here @ is a p(+)-quasi-continuous representative of w.

Since u; — @ in W'PO)(R") we may assume, passing to a subsequence,
that

(4.3) Vi1 — Vugllpey <277,
for every ¢ = 1,2,.... Since
i—1
wi = w1+ Y (w1 — ),
j=1
we have |Vu;| < g; for every i = 1,2, ..., where
i—1
= |Vur| + Y V(w1 — ).
j=1

The sequence (g;) is increasing, hence the limit (possibly 0o) g(z) = lim; .~ gi(z)
exists for each x € R™. Since the g;’s are continuous, ¢ is a Borel function
and it follows from (4.3) that g; — g in LPO)(R™).

Let I'y be the family of all rectifiable curves + in R™ such that

/gds:oo
gl

Since g/j is admissible for I, we find that M,,)(T'1) = 0. By Lemma 2.2
we choose a subsequence of (g;) such that

hmsup/|gl glds =10
1— 00

except in an exceptional set I'g. Since the p(-)-capacity of E is zero, Lemma 3.1
implies that M,,)(I'g) = 0. We write I' = 'y UT'y UT'g. By subadditivity,
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Mp(.)(F) = 0. The curve family I' has the following special property: if
71 € T and 7, is a curve containing ~1, i.e. |y1| C |y2|, then 79 € T". This
property follows, since each of I'1, I'y and I'g has it.

It remains to show that @ is absolutely continuous on each rectifiable curve
v:10,1(v)] = R", v ¢ I'. Let (aj,b5), j =1,2,...,k, be disjoint intervals on
[0,1(y)] and write A = U;?:l[aj, b;]. Then

k k
D la(v(b)) = @(v(ay))| = Zlggoz |ui(v(bs)) — ui(v(az))|
= i=1
k
(4.4) < lim sup Z |Vu,|ds
o0 =1 ’Y|[aj,bj]

The first equality follows, since v does not intersect E, and convergence is
point-wise outside . The first inequality follows, since every wu; is absolutely
continuous. The second inequality follows, since |Vu;| < g;, and the last
equality follows, since 7|, 5,) ¢ I' for any j. Since go~y € LY ([0,1(7)]),
inequality (4.4) implies that @ o 7 is absolutely continuous on [0,1(7)] as
required. The proof is complete. U

4.5. Remark. In summary, Lemma 4.1 and Theorem 4.2 imply that
ACCPO(R™) N LPO(R™) = ACLPC) (R™) 0 LPO(R™) = WHPO(R™).

It is also interesting to note that the p(-)-quasi-continuous representative
of u € W'P()(R") is the representative which is absolutely continuous on
every curve except on a set of zero p(-)-modulus.

Theorem 4.2 is formulated in R™ and not in an open subset of R™. How-
ever, since the ACCP()-condition has local character, we indicate briefly
how the corresponding problem can be handled in an open set 2 C R".

If p: Q — [1,00), then the p(:)-modulus of a curve family I' of curves in
Q) is defined by

M, (T) = ueilg(fr) /Q w(z)P @ d.
where F'(T') is as in Section 2. Note that we can always take u = 0 in R™\ Q.

The extension of a function « € WHP()(Q) to a function @ € W2()(R")
involves an extension of p to p: R™ — [1,00). In general this can be quite
difficult, see [6, Theorem 4.1] and [3, Section 4]. However, if u € W1HP()(Q)
has compact support in €2, then this can be done easily.

4.6. Theorem (Fuglede’s theorem in Q). Suppose that p : Q@ — [1,00) and
1<p <p'<oo. If C&(Q)-functions are dense in the set of functions in
WLe0)(Q), with compact support in Q, then
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ACcPO Q) N LPO(Q) = ACLPO(Q) N LPO(Q) = WP (Q).

Proof. Let w € W'?()(Q) and let U be an open set such that U is a com-
pact subset of Q. We first show that u|y has a representative which is in
ACCP)(Q). Choose a function & € C3°(Q) such that 0 < ¢ <1 and € =1
on U. Now u€ has a compact support in {2. We define an extension of p by

- x) , re
i ={ " T

Setting u& = 0 outside €2 we find that

u€lli ey = €l pe)

where the first norm is taken in R™ and the second in €. As in the proof
of Theorem 4.2 we conclude that u£ has a representative @ such that u €
ACCPO)(R™). Since p(z) = p(z) in U, |y is a representative of uly in
WLrO)(U) and iy is also in ACCPO)(U).

Let I" be the family of curves on which w is not absolutely continuous. Let
U; be an increasing sequence of open sets whose closures lie in €2 such that
ulU; = Q. Let I'; be the family of curves in I' which lie wholly in U;. Then
I' = Ul';. By the previous argument, M,.)(I';) = 0, hence by subadditivity
M,,y(I') = 0. This completes the proof. O
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