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Abstract

We show that the Dirichlet to Neumann map for the equation
V -oVu = 0 in a two dimensional domain uniquely determines the
bounded measurable conductivity o. This gives a positive answer to
a question of A. P. Calderén from 1980. Earlier the result has been
shown only for conductivities that are sufficiently smooth.
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1 Introduction and outline of the method

In 1980 A. P. Calderén [9] posed the following problem: Suppose that Q C R”
is a bounded domain with connected complement and o : Q@ — (0,00) is
measurable and bounded away from zero and infinity. Let u € H'(2) be the
unique solution to

(1.1) V-oVu=0in (,
(1.2) ul,, = ¢ € H'(0Q).

The inverse conductivity problem of Calderén is then to recover o from the
boundary measurements, from the Dirichlet to Neumann map

Here v is the unit outer normal to the boundary and the derivative odu/dv
exists as an element of H~'/2(992), defined by

(1.3) <U%, ) = /chu -V dm,

Q

where ¢ € H'(Q2) and dm denotes the Lebesgue measure.
The aim of this paper is to give a positive answer to Calderén’s question
in dimension two. More precisely, we prove

Theorem 1 Let Q C R? be a bounded simply connected domain and o; €
L>(Q), i = 1,2. Suppose that there is a constant ¢ > 0 such that ¢! < o; <
c. If

Ay, = Ay,

then o1 = 09.

Note, in particular, that no regularity is required for the boundary. Our
approach to Theorem 1 yields, in principle, also a method to construct o
from the Dirichlet to Neumann operator A,. For this see Section 8.

The inverse problem to determine o from A, is also known as FElectrical
Impedance Tomography. It has been proposed as a valuable diagnostic tool
especially for detecting breast cancer [10]. A review for medical applications
is given in [11]. For statistical methods in electrical impedance tomography
see [17].

That A, uniquely determines o was established in dimension three and
higher for smooth conductivities by J. Sylvester and G. Uhlmann [26] in 1987.
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In dimension two A. Nachman [19] produced in 1995 a uniqueness result for
conductivities with two derivatives. For piecewise analytic conductivities the
problem was solved by Kohn and Vogelius [15], [16].

The regularity assumptions have since been relaxed by several authors (cf.
[20], [21]) but the original problem of Calderén has still remained unsolved.
The largest class of potentials where the uniqueness has been shown so far
is W3/2°°(Q) in dimensions three and higher [23] and W'P(Q), p > 2, in
dimension two [8].

The original approach in [26] and [19] was to reduce the conductivity
equation (1.1) to the Schrodinger equation by substituting v = o'/?u. Indeed,
after such a substitution v satisfies

Av—qu=0

where ¢ = 07'/2Ac'/?2. This explains why in this method one needs two
derivatives. For the numerical implementation of [19] see [24].

Following the ideas of Beals and Coifman [6], Brown and Uhlman [§]
found a first order elliptic system equivalent to (1.1). Indeed, by denoting

()= (3
o()-o(0)
o-(33) o=

and ¢ = —%810g o. This allowed Brown and Uhlman to work with con-
ductivities with only one derivative. Note however, that the assumption
o € WH(Q), p > 2, made in [8] implies that ¢ is Holder continuous. From
the viewpoint of applications this is still not satisfactory. Our starting point
is to replace (1.1) with an elliptic equation that does not require any differ-
entiability of o.

We will base our argument to the fact that if u € H'(Q) is a real solution
of (1.1) then there exists a real function v € H(Q), called the o-harmonic
conjugate of u, such that f = u + v satisfies the R-linear Beltrami equation

where 4 = (1 —0)/(1+ o). In particular, note that p is real valued. The
assumptions for o imply that |||/~ < k£ < 1, and the symbol x will retain
this role throughout the paper.

one obtains the system

where



The structure of the paper is the following:
Since the o-harmonic conjugate is unique up to a constant we can define

the p-Hilbert transform H,, : HY2(9Q) — HY/2(0Q) by
H

o “{ag = U}aﬂ'

We show in Section 2 that the Dirichlet to Neumann map A, uniquely de-
termines H,, and vice versa. Theorem 1 now implies the surprising fact that
H,, uniquely determines p in equation (1.4) in the whole domain €.

Recall that a function f € H] () satisfying (1.4) is called a quasireqular
mapping; if it is also a homeomorphism then it is called quasiconformal.
These have a well established theory, cf. [2], [5], [12], [18], that we will
employ at several points in the paper. The H} _ -solutions f to (1.4) are
automatically continuous and admit a factorization f = ¢ o H, where v
is C-analytic and H is a quasiconformal homeomorphism. Solutions with
less regularity may not share these properties [12]. The basic tools to deal
with the Beltrami equation are two linear operators, the Cauchy transform
P =0 ' and the Beurling transform S = 90~!. In Section 3 we recall the
basic properties of these operators with some useful preliminary results.

It is not difficult to see, c.f. Section 2, that we can assume €2 = I, the
unit disk of C, and that outside €2 we can set 0 =1, i.e., u = 0.

In Section 4 we establish the existence of the geometric optics solution of
(1.4) that have the form

(1'5) fu(zak) = eikZMu(ka)a
where
(1.6) M,(z,k)=1+0 (é) as |z| — oo.

As in the smooth case these solutions obey a d-equation also in the k variable.
However, their asymptotics as |k| — oo are now more subtle and considerably
more difficult to handle.

It turns out that it is instructive to consider the conductivities o and
o1, or equivalently the Beltrami coefficients p and —y, simultaneously. By
defining

i —

(1.7) he = Ut fo) he =2 (Fa=T0)

we show in Section 5 that with respect to the variable k, h, and h_ satisfy
the equations

(1.8) Oghy =1uh_, Ogh_ =7,hy



where the scattering coefficient 7, = 7,(k) is defined by

(1.9) 7,(k) = L/&Z(Mu — M_,) dz Ndz.

4w

The remarkable fact in (1.8) is that the coefficient 7, (k) does not depend on
the space variable z; the idea to use such a phenomenon is due to Beals and
Coifman [6]. In Section 6 we show that A, uniquely determines the scattering
coefficient 7,(k) as well as the geometric optics solutions f,, and f_, outside
D.

The crucial problem in the proof of Theorem 1 is the behavior of the
function M, (z,k) — 1 = e **f,(2,k) — 1 with respect to the k-variable. In
the case of [19] and [8] the behaviour is roughly like |k|7'. In the L*-case
we cannot expect such a good behavior. Instead, we can show that M, (z, k)
grows at most subexponentially in k. This is the key tool to our argument

and it takes a considerable effort to prove this. Precisely, we show in Section
7 that

ful(z, k) = exp(ikp(z, k))

where ¢ is a quasiconformal homeomorphism in the z-variable and satisfies
the nonlinear Beltrami equation

(1.10) 0op = 2 ()e 1(p()07

with the boundary condition

1
(1.11) o(z)=2+0 (—)

z
at infinity. Here the unimodular function e is given by
(1.12) ex(z) = elk=+h2),

The main result in Section 7 is that the unique solution of (1.10) and (1.11)
obeys the property that

(1.13) o(z,k)—2—0 as k| = oo,

uniformly in z.
Section 8 is devoted to the proof of Theorem 1. Since

Mzgfu/a_fu

and Jf for a non-constant quasiregular map f can vanish only in a set of
Lebesgue measure zero, we are reduced to determine the function f, in the
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interior of . As said before, we already know these functions outside of
D. The key ingredient to solve this problem is the so-called transport matrix
that transforms the solutions outside ID to solutions inside. We show that this
matrix is uniquely determined by A,. At this point one may work either with
equation (1.1) or equation (1.4). We chose to go back to the conductivity
equation since it slightly simplifies the formulas. More precisely, we set

(1.14) uy = hy —ih_ and uy = i(hy +ih_).

Then u; and uy are complex solutions of the conductivity equations
1

(1.15) V:oVu; =0 and V-—Vuy =0,
o

respectively, and of the dr-equation

0 _ .
(1.16) %uj =—it,(k)w;, j=1,2,
with the asymptotics u; = e**(1 + O(1/2)) and uy = **(i + O(1/z)) in
the z-variable. Uniqueness of (1.15) with these asymptotics gives that in the
smooth case u; is exactly the exponentially growing solution of [19].
We then choose a point zg € C, |z| > 1. It is possible to write for each
z,keC

ui(z, k) = ajuy (20, k) + asua(zo, k)

1.17
( ) UQ(Z, k?) = b1U1<Zo, k) + bQUQ(ZO, k?)

where a; = a;j(z,20; k) and b; = bj(z, zo; k) are real valued. The transport
matrix T7_ (k) is now defined by

o (a1 a2
(1.18) Tz7zo(k)_(b1 52)'

It is an invertible 2 x 2 real matrix depending on z, 2o and k. The proof of
Theorem 1 is thus reduced to

Theorem 2 Assume that A, = A; for two L*°-conductivities o and &. Then
for all z,k € C and |z| > 1 the corresponding transport matrices Ty (k)
and T?_ (k) are equal.

2,20

The idea behind the proof is to use the Beals-Coifman method in an
efficient manner and to show that the functions

(1.19) a(k) = ai(k) + iaz(k) and B(k) = by (k) + iba(k)
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both satisfy with respect to the parameter k the Beltrami equation

(1.20) Orv = v, (k) O
Here the coefficient
.h— (Z07 k)
1.21 Vylk) = 1—F——=
(1.21) (k) T (oL F)

is determined by the data as proved in Section 6. Moreover it satisfies
v (R) < g <1,

where the number ¢ is independent of k£ (or z). These facts and the subex-
ponential growth of the solutions serve as the key elements for the proof of
Theorem 2.

2 Beltrami equation and Hilbert transform

In a general domain Q we identify H'/2(9Q) = H*(Q)/H}(Q). When 02 has
enough regularity, trace theorems and extension theorems [27] readily yield
the standard interpretation of H'2(9$). The Dirichlet condition (1.2) is
consequently defined in the Sobolev sense, requiring that u — ¢ € Hj(Q) for
the element ¢ € H'/2(99). Furthermore, H-'/2(9)) = H/?(9Q)* and via
(1.3) it is then clear that A, becomes a well-defined and bounded operator
from H'/2(082) to H~/2(08).

In this setup Theorem 1 quickly reduces to the case where the domain 2
is the unit disk. In fact, let Q be a simply connected domain with Q C D and
let 0 and o be two L*°-conductivities on 2 with A, = A;. Continue both
conductivities as the constant 1 outside €2 to obtain new L*-conductivities oy
and 7. Given ¢ € H'/2(9D), let uy € H'*(D) be the solution to the Dirichlet
problem V - 0oVug = 0 in D, ugjgp = ¢. Assume also that u € H'(Q) is the
solution to

V-aVu=0inQ, u—uy€ Hy().

Then @y = Uxq + uoxmo € H'(D) since zero extensions of H{(£2) functions
remain in H'. Moreover, an application of the definition (1.3) with the
condition A, = Az yields that wug satisfies

V-0V, =0

in the weak sense. Since in D\ 2 we have ug = @y and oy = 7y, we obtain
As,¢ = Mgy, and this holds for all ¢ € H'/2(0D). Thus if Theorem 1 holds
for D we get 0¢g = 0 and especially that o = o.
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From this on we assume that 2 = ID, the unit disc in C.

Let us then consider the complex analytic interpretation of (1.1). We will
use the notations 9 = (9, — i9,) and 0 = 1(9, +i9,); when clarity requires
we may write 0 = 9z or 0 = 0,. For derivatives with respect to the parameter
k we always use the notations J; and 0.

We start with a simple lemma

Lemma 2.1 Assume u € H'(D) is real valued and satisfies the conductivity
equation (1.1). Then there exists a function v € H'(D), unique up to a
constant, such that f = u + iv satisfies the R-linear Beltrami equation

(2.1) af = 17,

where p= (1 —0)/(1+ o).
Conversely, if f € H'(D) satisfies (2.1) with a R-valued u, then u = Re f
and v = Im f satisfy

1
(2.2) V-oVu=0 and V- -—-Vv=0,
o
respectively, where o = (1 — ) /(1 + p).
Proof: Denote by w the vectorfield
w = (—odyu, 00 u)

where 0y = 0/0x and 0y, = 0/Jy for z = x + iy € C. Then by (1.1) the
integrability condition dyw; = dyws holds for the distributional derivatives.
Therefore there exists v € H'(D), unique up to a constant, such that

(2.3) Ov = —o0yu
(2.4) Ohv = o0y u.
It is a simple calculation to see that this is equivalent to (2.1). 0J

We want to stress that every solution of (2.1) is also a solution of the
standard C-linear Beltrami equation

(2.5) of = pof

but with a different, C-valued ji having though the same modulus as the old
one. However, the uniqueness properties of (2.1) and (2.5) are quite different
(cf. [28], [5]). Note also that the conditions for ¢ given in Theorem 1 imply
the existence of a constant 0 < k < 1 such that

u(2)| < K
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holds for almost every z € C.
Since the function v in Lemma 2.1 is defined only up to a constant we
will normalize it by assuming

(2.6) /U%ZQ

oD
This way we obtain a unique map H,, : H/?(0D) — HY/2(0D) by setting
(2.7) H, - u‘am — U}amf

The function v satisfying (2.3), (2.4) and (2.6) is called the o-harmonic con-
Jugate of u and ‘H,, the Hilbert transform corresponding to equation (2_1)

Since v is the real part of the function g = —if satisfying 0g = —udg, we
have

(2.8) HyoH ju=H_ ,oHu=—u+ / u ds
D
where )
fu ds = — /u ds.
2T
D D

So far we have only defined H,(u) for real-valued u. By setting
H(iw) = i ()
we have extended the definition of H,(g) R-linearly to all C-valued g €
H'Y2(0D). We also define Q,, : H/?(9D) — H'Y?(9D) by

(2.9) Qu:%UEwHQ.

Then g — Q.(9) + 1 /4, 9 ds is a projection in H'/?(9D). In fact

(2.10) Q(9) = Qulo) = f 9ds.

oD

The proof of the following lemma is straight forward.

Lemma 2.2 If g € H'/?(0D), the following conditions are equivalent,
a) g = f|,p, where f € H'(D) and satisfies (2.1).

b) Q.(g) is a constant.



We close this section by

Proposition 2.3 The Dirichlet to Neumann map A, uniquely determines
H,, H_, and A,-1.

Proof: Choose the counter clock-wise orientation for dID and denote by Or
the tangential (distributional) derivative on D corresponding to this orien-
tation. We will show that

(2.11) OrMu(u) = As(u)

holds in the weak sense. This will be enough since by (2.8) H, uniquely
determines H_,,. Note also that —p = (1—071)/(1+07"') and so A,-1(u) =
8TH_u(u).

By the definition of A, we have

/gpAgu ds = /V<p~aVu dm, € C=(D).
oD D

Thus, by (2.3), (2.4) and integration by parts, we get

/@Aau :/(81@(921} — Oap01v) dm

oD D

= —/v@Tgp ds

oD

and (2.11) follows. O

3 Beltrami operators

The Beltrami differential equation (1.4) and its solutions are effectively gov-
erned and controlled by two basic linear operators, the Cauchy transform and
the Beurling transform. Any analysis of (1.4) requires basic facts of these
operators. We briefly recall those in this section.

The Cauchy transform

(3.1) Pg(z) :—1/ 9 ()

W —z
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acts as the inverse operator to d; Pdg = OPg = g, for g € C¥(C). We
recall some mapping properties of P in appropriate Lebesgue, Sobolev and
Lipschitz spaces. Below we denote

LP(Q) = {g e LP(C) ‘g|(c\Q = O}.

Proposition 3.1 Let {2 C C be a bounded domain and let 1 < q < 2 and
2 <p < oo. Then

(i) P: L*(C) — Lip,(C), where « = 1 —2/p;
(ii) P: LP(Q) — W'P?(C) is bounded;
(iii) P : LP(Q2) — L*(C) is compact;
(iv) P: LP(C) N LY(C) — Cy(C) is bounded, where Cy is the closure of C§°
in L.

For proof of Proposition 3.1 we refer to [28], but see also [19].
The Beurling transform is formally determined by Sg = dPg and more
precisely as a principal value integral

(3.2) Sq(z) = —% / % dm(w).

It is a Calderén-Zygmund operator with a holomorphic kernel. Since S is a
Fourier multiplier operator with symbol

(3.3) m(§) = —g =& +1&

we see, in particular, that S transforms the d-derivatives to O-derivatives,
(3.4) S(0¢) = dyp, for ¢ € S'(C).

Moreover, we have

S=—R}+2R Ry, — R,
where R;’s denote the Riesz-transforms. Also, it follows (cf. [25]) that
(3.5) S:LP(C) — LP(C), 1< p< oo,

and lim, o [|S||pr—rr = ||| 212 = 1.
It is because of (3.4) that the mapping properties of the Beurling trans-
form control the solutions to the Beltrami equation (1.4). For instance, if
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supp(p) is compact as it is in our case, finding a solution to (1.4) with asymp-
totics

(3.6) f@):Az+O(§),|A—+m

is equivalent to solving
9= nSg+ A
and setting
f(2) = Az + Py(z),

where P is the Cauchy transform. Therefore, if we denote by S the R-linear
operator S(g) = S(g), we need to understand the mapping properties of P
and the invertibility of the operator I — 1S in appropriate LP-spaces in order
to determine to which LP-class the gradient of the solution to (1.4) belongs.

Recently, Astala, Iwaniec and Saksman established through the funda-
mental theory of quasiconformal mappings the precise LP-invertibility range
of these operators.

Theorem 3.2 Let py and py be two C-valued measurable functions such
that

(3.7) |1 (2)] + pa(2)| < &

holds for almost every z € C with a constant 0 < k < 1. Suppose that
1+ Kk <p<1+41/k. Then the Beltrami operator

(3.8) B=1— 15— 1S

is bounded and invertible in LP(C), with norms of B and B~! bounded by
constants depending only on k and p.
Moreover, the bound in p is sharp; for each p < 1+ k and for each

p > 14 1/k there are pu; and uy as above such that B is not invertible in
LP(C).

For the proof see [4]. Since ||S||zz_.z2 = 1, all operators in (3.8) are
invertible in L?(C) as long as ¥ < 1. Thus Theorem 3.2 determines the
interval around the exponent p = 2 where the invertibility remains true.
Note that it is a famous open problem [14] whether it holds

1
T P—— {p 1, —} |
p—1
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If this turns out to be the case, then

1S\ r—rr < |pllLoe||S]lzr—rr < 1

whenever p < 1+ 1/||p||z=. This would then give an alternative proof of
Theorem 3.2.

Theorem 3.2 has also nonlinear counterparts [4] yielding solutions to non-
linear uniformly elliptic PDE’s; here see also [13], [5]. On the other hand,
in two dimensions the uniqueness of solutions to general nonlinear elliptic
systems is typically reduced to the study of the pseudoanalytic functions of
Bers (cf [7], [28]). In the sequel we will need the following version of this
principle.

Proposition 3.3 Let F € W ?(C) and~y € L? (C) for some p > 2. Suppose

loc loc
that for some constant 0 < k < 1,

(3.9) |0F(2)| < K |OF(2)] +7(2) |F(z)|
holds for almost every z € C. Then we have

a) If F(z) — 0 as |z| — oo and 7 has a compact support then

b) If for large z, F(z) = Az + £(z)z where the constant A # 0 and €(z) — 0
as |z| — oo, then F(z) = 0 exactly in one point z = z, € C.

Proof: The result a) is essentially from [28]. For the convenience of the
reader we will outline a proof for it after first proving b):

The continuity of F'(z) = Az + £(z)z and an application of the degree
theory [29] or an appropriate homotopy argument show that F' is surjective
and consequently there exists at least one point zg € C such that F'(z) = 0.

To show that F' can not have more zeros, let z; € C and choose a large
disk B = B(0, R) containing both z and 2. If R is so large that e(z) < A/2
for |z| = R, then F’{|Z|:R} is homotopic to identity relative to C\ {0}. Next
we express (3.9) in the form

(3.10) OF = v(2)0F + A(2)F

where |v(z)| < k < 1 and |A(2)] < v(2) for almost every z € C. Now
Axp € L"(C) for all 1 < r < p/ = min{p,1 + 1/k} and we obtain from
Theorem 3.2 that (I —vS) 1 (Axg) € L" forall p/'/(p — 1) <r <.

13



Next we define, cf. [28], n = P((I — vS)™'(Axp)). By Proposition 3.1,
n € Cy(C) and clearly we have

(3.11) on—von= A(z), z€B.
By a differentation we see that the function

(3.12) g=¢e¢"F

satisfies

(3.13) 0g—vdg=0, z€BDB.

Since n € W'(C) by Proposition 3.1, also ¢ € W,2(C) and thus g is
quasiregular in B. As such, see e.g. [12] Theorem 1.1.1, g = h o 1), where
Y : B — B is a quasiconformal homeomorphism and A holomorphic, both
continuous up to a boundary.

Since 7 is continuous, (3.12) shows that g‘M: » 18 homotopic to identity

relative to C \ {0}, and so is the holomorphic function A (1z/=r) Lherefore,

h has by the principle of the argument ([22], Theorems V.7.1 and VIII1.3.5)
precisely one zero in B = B(0, R). As already h(¢(z)) = e "0 F(z) = 0,
there can be no further zeros for F either. This finishes the proof of b).

For the claim a) the condition F'(z) = £(z)z is too weak to guarantee F' =
0 in general. But if 7y has a compact support we may choose suppy C B(0, R)
and thus the function 7 solves (3.11) for all z € C. Consequently (3.13) holds
in the whole plane and ¢ in (3.11) is quasiregular in C. But since F' and n are

bounded, also ¢ is bounded and thus constant by Liouville’s theorem. Now
(3.12) gives

(314) F=Ce", ne Co(@)
With the assumption F'(z) — 0 as |z| — oo we then obtain C} = 0. O

We also have the following useful

Corollary 3.4 Suppose F € W P(C)NL®(C), p > 2, 0 < k < 1 and that

loc

v € LP(C) has compact support. If
0F(2)] < &[OF(2)| +7(2) [F(2)], z€C,

then
F(z) = Che"

where C is constant and n € Cy(C).

Proof: This is a reformulation of (3.14) from above. O
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4 Complex geometric optics solutions

In this section we establish the existence of the solution to (1.4) of the form

(4.1) fulz, k) = eikZMu(z, k)
where
(4.2) M,(z,k)—1=0 (2) as |z| — oo.

Moreover, it is demonstrated that

M, (2, k)
(43) Re <m> > 0, for all Z, k e C.

The importance of (4.3) lies e.g. in the fact that

MM(Z7 k) — M*#(Zv k)

(4.4) S TN EN S TN Y

appears as the coefficient in a Beltrami equation in the k-variable in Section
8. The result (4.3) clearly implies

(4.5) |v. (k)| <1 for all z,k € C.
We start with

Proposition 4.1 Assume that 2 < p < 1+ 1/k, that « € L*°(C) with
supp(a) C D and that |v(z)| < kxp(z) for almost every z € D. Define the
operator K : L?(C) — LP(C) by

Kg=P(I- Vg)fl (ag).

Then K : LP(C) — W'P(C) and I — K is invertible in L*(C).

Proof: First we note that by Theorem 3.2, I — 1S is invertible in L? and
by Proposition 3.1 (iii) the operator K : LP(C) — LP(C) is well defined
and compact. Note that supp ((1 — Vg)_lo@) C D. Thus, by Fredholm’s
alternative, we need to show that I — K is injective. So suppose that g €
LP(C) satisfies

(4.6) g="P ((I - l/g)fl (a§)> .
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By Proposition 3.1 (ii) g € W? and thus by (4.6)
g = (I - Vg)fl (ag)
or equivalently
(4.7) 0g — vdg = ag.
Finally, from (4.7) it follows that ¢ is analytic outside the unit disk. This

together with g € LP(C) implies

9(z) =0 (1> for = — oo,

z

Thus the assumptions of Proposition 3.3 a) are fulfilled and we must have
g=0. U

It is not difficult to find examples showing that Proposition 4.1 fails for p < 2
and for p > 1+ 1/k.

We are now ready to establish the existence of the complex geometrical
optics solutions to (1.4).

Theorem 4.2 For each k € C and for each 2 < p < 1+ 1/k the equation
(1.4) admits a unique solution f € W,2"(C) of the form (1.5) such that the
asymptotic formula (1.6) holds true.

In particular, f(z,0) = 1.

Proof: If we write

Fulz k) = 0, (2, K) = (1 + wl(2)
and plug this to (1.4) we obtain
(4.8) 0w — e_ppdw = oo +

where e_j, is defined in (1.12) and

(4.9) afz) = —ike_(2)u(z).
Hence
(4.10) ow = (I - e_k,ug)_l (aw + ).

If now K is defined as in Proposition 4.1 with v = e_u we get

(4.11) w— Kw= K(xp) € LP(C).
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Since by Proposition 4.1 the operator I — K is invertible in LP(C), and by
(4.8) w is analytic in C \ D the claims follow by (4.10) and (4.11). O

Next, let f,(z,k) = e*M,(z,k) and f_,(z,k) = e**M_,(z,k) be the
solutions of Theorem 4.2 corresponding to conductivities o and 0!, respec-
tively.

Proposition 4.3 For all k,z € C we have

(4.12) Re (%) > 0.

Proof: Firstly, note that (1.4) implies for M,
(413) EM:I:M + ,ue_kﬁMiH = :FZ.E,UG—I{:M:I:/L‘
Thus we may apply Corollary 3.4 to get

(4.14) My, (z) = exp(ns(z)) # 0

and consequently M, /M_, is well defined. Secondly, if (4.12) is not true the
continuity of My, and lim,_.o My, (2, k) = 1 imply the existence of 2z, € C
such that

M, (z0, k) =it M_,(20, k)

for some ¢t € R\ {0}. But then g = M, — itM_, satisfies

g = pd(exg),
g(z)zl—it—i—(’)(l), as z — 00.
z

According to Corollary 3.4 this implies

g9(2) = (1 —it) exp(n(z)) # 0,

contradicting the assumption g(zp) = 0. O

5 Or-equations

We will prove in this section the d¢-equation (1.8) for the complex geometrical
optics solutions. We begin by writing (1.4)-(1.6) in the form

(5.1) OM,, = pd(exM,), M, —1e€ W (C).
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By introducing a R-linear operator L,

Lug = P (ud(e_+7))
we see that (5.1) is equivalent to
(5.2) (I—-1L,)M,=1.

The following refinement of Proposition 4.1 will serve as the main tool in
proving (1.8). Below we will study functions of the form f = constant +
fo, where fo € W'P(C). The corresponding Banach space is denoted by
Whr(C) e C.

Theorem 5.1 Assume that k € C and p € L,,,(C) with [[plle <k < 1.
Then for 2 < p <1+ 1/k the operator

I—L,:WPC)eC—W"(C)aC
is bounded and invertible.

Proof: We write L,(g) as

(5.3) L,(g) = P (pe—r0g — ikpe_g)
Proposition 3.1 (ii) now yields that

(5.4) L,:W"(C)& C — W"(C)

is bounded. Thus we need to show that I — L, is bijective on W*(C) & C.
To this end assume

(5.5) (I—-L,)(g+Co) =h+C
for g,h € W'P(C) and for constants Cy, Cy. This yields
Co—Ci=g—h—Lu(g+ Co)

which by (5.4) gives Cy = C;. By differentiating, rearranging and by using

the operator K, from Proposition 4.1 with a@ = —ikpe_, and v = pe_;, we
see that (5.5) is equivalent to

(5.6) 9~ Ku(9) = K.(Coxp) + P [(1 — pe_4S)"'h] .

Since the right hand side belongs to LP(C) for each h € WP(C) this equation
has a unique solution g € W'?(C) by Proposition 4.1. 0J

As an immediate corollary we get the following important
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Corollary 5.2 The operator I — L, is invertible on W'*(C) @ C.
Proof: Since L, = —L_, we have I — L> = (I — L,)(I — L_,). O

Next, we make use of the differentiability properties of the operator L,.
For later purposes it will be better to work with Li which can be written in
the following convenient form

(5.7) Llg =P (ud(0+ik) " u(0 + ik)g)
where the operator (9 + ik)™! is defined by
(5.8) (0 +ik) g = e 40" (exg)-

Note that many mapping properties of this operator follow from Proposition
3.1. Moreover, we have

Lemma 5.3 Let p > 2. Then the operator valued map k +— (0 + ik)™! is
continuously differentiable in C, in the uniform operator topology: LP(D) —

W,.hP(C).

loc

Proof: The lemma is a straightforward reformulation of [19], Lemma 2.2,
where slightly different function spaces were used. Note that W7 (C) has

loc

the topology given by the seminorm || f||,, = || f|lw1r(B(0n)), n € N. O

Combining Lemma 5.3 with (5.7) shows that k& — L2 is a C'- family of
operators L7, : W'?(C)®C — WP(C)@C in the uniform operator topology.
If we iterate the equation (5.2) once we get

(5.9) M, =1+ P(ude_y) + L2 (M,,).

Therefore the above lemma shows that k — M,(z, k) is a continuously dif-
ferentiable family of functions in W?(C) @ C, p > 2. In particular, for each
fixed z € C, M, (2, k) is continuously differentiable in k. An alternative way
to see this is to note that k£ +— L, is smooth in the operator norm topology
of L(W'P(C) & C) and then use Theorem 5.1. This gives by (5.2) that for
fixed z the map k — M, (2, k) is, indeed, C*°-smooth.

Furthermore, with respect to the first variable M, (2, k) is complex ana-
lytic in C \ D by (5.1), with development

(5.10) M,(z,k) = 14> bu(k)z™", for |z| > 1.
n=1

We define the scattering amplitude corresponding to M, to be

(5.11) t, (k) = (k).



Equation (5.1) implies, as p is real valued, that

(5.12) tu(k) = %/,u@(ekMu) dm.

D

Beals and Coifman [6] introduced the idea of studying the k-dependence
of operators associated to complex geometric optics solutions. We will use
the Beals-Coifman principle in the following form:

Lemma 5.4 Suppose g € W'?(C) @ C is fixed. Then

(5.13) O (e_k0~'pderg) = —it,(g; k)e_y
where
1
(5.14) tu(g:k) = — / (10(exg) dm.
C

Proof: For f € L2 (C) we have

comp

(e ) =~ [ AL p(e) amle

Using this representation [19], Lemma 2.2, shows that

-~

(515)  Olesd e f)(E) = (0 +h) ) () = —if(R)e (2)
where
(5.16) fit) = [ eu©) 1€ dmc).

C

By rewriting the left hand side of (5.13) in the form 05 ((0+1ik) ™' (0 +ik)g)
we see that the claim follows from (5.15). O

To get rid of the second term on the right hand side of (5.9) we introduce

1

(5.17) = 9 (Mu + M—u) )
e e

(5.18) Fo=— (M, — M_,).

In particular, (5.9) gives

(5.19) F.=1+L,F,.
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From Lemma 5.4 and (5.7) one has 0zL2(g) = —it,(g; k)P(pde_y) for every
g € WHP(C) @ C. Hence a differentiation of (5.19) yields

(5.20) (1 = 12) (BFy) = ~im (k) P(ude )

where the scattering coefficient 7,(k) is

(5.21) (k) = 1 (Fis ) = 3 (60(F) — £, ()

Note that this is consistent with (1.9).

One way to identify 0;F is by readily observing that the unique solution
of (5.20) has also other realizations. Namely, if one subtracts the equation
(5.9) applied to M, from the same equation applied to M_,, one obtains
after using L7 = L? , that

(5.22) (I — L2)(e—xF_) = —iP(ude_y).
Thus by Corollary 5.2, (5.20) and (5.22) we have proven the first part of

Theorem 5.5 For each fixed z € C, the functions k — F\y(z, k) are contin-
uously differentiable with

a) OpFy (2, k) = mu(k)ex(2)F- (2, k),

b) OpF(2,k) = u(k)e—k(2) F' (2, k).

Proof: The differentiability is clear since M., (z,k) are continuously dif-
ferentiable in k. Hence we are left proving b). We start by adding and
subtracting (5.1) for M,, and M_, to arrive at the equations

(5.23) F,=1-—id udF.,
(5.24) F_ =ie_1,0 'pude,F,.

By differentiating the second equation with respect to k and by applying
Lemma 5.4 we get

(5.25) O =1,(k)e_g +ie 10 ' ud(erOFy).
Combining this with part a) we have

(5.26) OF =T1,(k)e_x(1+i07 '\ uoF").
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This together with (5.23) yields b). O

We close this section by returning to the functions

(5.27) he = 5 (fut ) = €V,
and
(5.28) ho= o (Fa T =™ F.

These expressions with Theorem 5.5 give immediately the identities (1.8).
Note that by Theorem 5.5, k +— hy(z,k) is C! in C, for each fixed z.

6 From A, to 7

We next prove that the Dirichlet to Neumann operator A, uniquely deter-
mines f,(z) and f_,(z) at the points z that lie outside b and moreover that
A, determines 7, (k) for all £ € C.

Proposition 6.1 If 0 and o are two conductivities satisfying the assump-
tions of Theorem 1, then if y and u are the corresponding Beltrami coeffi-
cients, we have

(6.1) fu(2) = fu(2) and f_.(2) = f-u(2)
for all z € C\ D.

Proof: We assume A, = Az which by Proposition 2.3 implies that H,, = Hj.
Since A, by the same proposition determines A,-1 it is enough to prove the
first claim of (6.1).

From (2.9) we see firstly that the projections (), = @5 and thus by Lemma
2.2

Qu(f — f) = constant

where we have written f = fﬂ} op ad f: fﬁ‘ op- BY using Lemma 2.2 again
we see that there exists a function G € H'(D) such that G satisfies (2.1) in
D and

G{B]D) =f-r
Define then G outside D by

G(2) = fulz) = fa(2), 2] =1,
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to get a global solution to
(6.2) 0G(2) — u(2)0G(2) =0, =z¢€C.

Since G is a H} -solution to (6.2), the general smoothness properties of

quasiregular mappings [3] give G € WL?(C) for all 2 < p < 2 4 1/k. This
regularity can also be seen readily from Theorem 3.2, since the compactly
supported function h = f, — f; — G satisfies

Oh = —(1 —pS)™ (xvdfa — ndfz) -
Finally, from the above we obtain that the function Gy, defined by
Go(z) = e *G(2),
belongs to W1?(C) and satisfies Go(z) = O(1/z) with
0Gy — ekpﬁ_Go = iE,uG_o.
By Proposition 3.3 a) the function Gy must hence vanish identically, which

proves (6.1). O

Corollary 6.2 The operator A, uniquely determines t,, t_, and 7.

Proof: The claim follows immediately from Proposition 6.1, (1.5) and from
the definitions (5.11) of the scattering coefficients. O

From the results of Section 5 it follows that the coefficient 7, is contin-
uously differentiable in k£ and vanishes at the origin. However, the global
properties of 7, need a different approach. To this end we use a simple
application of the Schwarz’s lemma.

Proposition 6.3 The complex geometric optics solutions
fan(z, k) = ™My, (2, k)
satisty for |z| > 1 and for all k € C

MM(Z7k) — M*#(Zak)
M, (z, k) + M_,(2, k)

1

(6.3) "

<

Moreover, for the scattering coefficient 7,(k) we have

(6.4) (k) <1 for all ke C.
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Proof: Fix the parameter k € C and denote

M, (z, k) — M_,(2, k)
M, (o, F) + My (2, 8)

m(z) =

Then by Proposition 4.3, |m(z)| < 1 for all z € C. Moreover, m is C-analytic
in z € C\D, m(co) = 0, and thus by Schwarz’s lemma we have |m(z)| < 1/|7|
for all z € C\D. Since (5.11) and (5.21) give lim, ., 2m(2) = 7,, both claims
of the proposition follow. O

7 Subexponential growth

We know from Section 4 and (4.1), (4.14) that the complex geometric optics
solution f, from (1.4) can be written in the exponential form. Here we begin
by a more detailed analysis of this fact. For later purposes we also need to
generalize the situation a bit by considering complex Beltrami coefficients p
of the form py = Au, where the constant A € 0D and p is as before. Precisely
as in Section 4 one can show the existence and uniqueness of fy, € W?(C)
satisfying

(7.1) Ofry = M\dfr, and

, 1
(7.2) oz, k) = e** (1 +0 (—)) as |z| — oo.
z
Lemma 7.1 The function fy, admits a representation
(7.3) Pz, k) = eorER,

where for each fixed k € C\ {0} and A € 9D, the function p,(-,k) : C — C
is a quasiconformal homeomorphism that satisfies

1

(7.4) oz, k) =240 (2

) for z — o0

and

(7.5) 0pr(z, k) = —%p,\(z) (e_ropr)(z,k)dpr(z, k), =ze€C.
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Proof: Since the argument £ is fixed we drop it from the notations and write
simply fau(z, k) = fau(2), pa(z, k) = @a(2), etc. Denote

(2 = () g;ig)

~—

Then (1.4) gives

(7-6) gfm = MlafAu-

On the other hand, by the general theory of quasiconformal maps ([2], [12],
[18]) there exists a unique quasiconformal homeomorphism ¢, € H}. (C)
satisfying

(7.7) Iipx = 19y
and having the asymptotics

(7.8) or(z) = 24+ 0 G) as = — 00,

Moreover, any H} -solution to (7.6) is obtained from ¢, by post-composing
with an analytic function ([12], Theorem 11.1.2). In particular,

fan(z) = hopa(2)
where h : C — C is an entire analytic function. But

hoea(z)  _ — faul(?)
exp(ikpr(z))  exp(ikpa(z))

has by (1.5), (1.6) and (7.8) the limit 1 as the variable z — oco. Thus
h(z) = e,
Finally, (7.5) follows immediately from (1.4) and (7.3). O]

Note that the results in Section 4 show that (7.4), (7.5) has a unique so-
lution. The existence of such a solution can also be directly verified by using
Schauder’s fixed point theorem [13], [5]. The result of Lemma 7.1 demon-
strates that after a change of coordinates z +— ¢(z) the complex geometric
optics solution f, is simply an exponential function.

The main goal of this section is to show
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Theorem 7.2 If v, satisfies (7.4) and (7.5) then
o(z k) = 2
uniformly in z € C and A\ € D, as k — oo.
We have splitted the proof of Theorem 7.2 to several lemmata.

Lemma 7.3 Suppose € > 0 is given. Suppose also that for py(z) = A\u(z)
we have

(7.9) Jn = HASnpASn—1ftx - - - S

where S; : L*(C) — L*(C) are Fourier multiplier operators, each with a
unimodular symbol. Then there is a number R, = R, (k,¢) depending only
on p, n and € such that

(7.10) £ (9] < € for €] > R,.

Proof: Clearly it is enough to prove the claim for A = 1.
Recall that for the Fourier transform ¢ we use the definition (5.16). By
assumption

5;9(€) = m;(£)g(¢)
where |m;(§)| = 1 for £ € C. We have by (7.9)
(7.11) I fullze < i llullze < Vs
since supp(p) C D. Choose first p, so that
(7.12) | @ () <2
1€1>pn

After this choose p,_1, pn_2, ..., p1 inductively so that for l =n —1,...

(7.13) ™ / m@\?dm@)sé(r[ m)

>y =i+l

Finally, choose py so that
-1
(7.14) L) <emr™ (H ,0]> , when [£| > po.
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All these choices are possible since u € L' N L2
Now, we set R, = »_7_;p; and claim that (7.10) holds for this choice of
R,,. Hence assume that [¢] > > " p;. We have

(7.15) F6)] < / AE — )| | Focs ()] dimn)

[€=nl<pn
s [ 1 =l sl dmn),
[€=nl=pn

But if | — n| < p, then |n| > Z;.:é pj. Thus, if we denote

Anzam{ﬁu0M1a>§jm}
j=0

it follows from (7.15) and (7.11) that

An < Ay (mp2) 2 a2
1/2

O N IR R T

n>pn
1/2

< rpuk At 4 W/wawmw
[n|>pn

for n > 2. Moreover, the same argument shows that

Ay < mpresup{[a(€)] « |€] > po}
1/2

wfw/Nmmwmm

[n|>p1

In conclusion, after an iteration we have

Ap < (k)" (H pj) sup{[z(€)] = 1€l > po}

1/2

-He”Z(H 7ij> @ / 7i(n)[* dm(n)

I=1 \j=l+1 nl>p0
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With the choices (7.12)—(7.14) this leads to

A, < (n+1)k"e <

I

11—k
which proves the claim. 0

Our next goal is to use Lemma 7.3 to obtain a similar asymptotic result
as in Theorem 7.2 for a solution to a linear equation somewhat similar to

(7.5).
Proposition 7.4 Suppose ¢ € H. (C) satisfies

o = —)\%u(z)e_k(z)(‘?@/), and

¢(z):z+o(1) as z — oo.

z

(7.16)

Then 1(z, k) — z, uniformly in z € C and A € 9D, as k — oo.

For Proposition 7.4 we need some preparations. First, as ||S||r—rr — 1
when p — 2, we can choose a 0, > 0 so that x||S||zr—r» < 1 whenever
2—0, <p<2+9, With this notation we then have

Lemma 7.5 Let ¢ be the solution of (7.16) and let € > 0. Then one can
decompose 07 in the following way: Oy = g + h where

(i) ||h(-,k)||r <€ for 2 =6, <p<2+6,, uniformlyink,
(ii) |lg(-,k)||r < Co = Cy(k), uniformly ink and
(iii) g(&, k) — 0 as k — oo,

where in (iii) convergence is uniform on compact subsets of the {-plane and
also uniform in A\ € 0. The Fourier transform is with respect to the first
variable only.

Proof: We may solve (7.16) by Born-series which converge in L?,

o = (——)\,ue_ (2)5’) (——)\ue_ ) :
AN RO

n—=

Let

o0

h=Y (—%)\ue_k(z)S)n (—%Aue_k) .

n=ng
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Then ) .
/p I{no—i_ ||S||L(T)’—>Lp

1 —&l|S|zo—rr

[l r <7t

We obtain (i) by choosing ng large enough.
The remaining part clearly satisfies (ii) with a constant Cj that is inde-
pendent of k and A. To prove (iii) we first note that

5(671@) = e_pSKP
where (Sgp) ™ (&) = m(& — k:)g/b\(f) and m(¢) = £/€. Consequently,

(pe—kS)" pe—i = e—(nr1)kSnkbSm—1)k - - - WSkt

and so

no Z J
9= Z (_E)\) € kIS "+ WSk

j=1

Therefore
no
9= e G
j=1

where by Lemma 7.3, \@](5)| < € whenever [{| > R = max;<,, R;. As
(e_jxGj) " (&) = G4(€ + jk), for any fixed compact set K, we can take k so
large that jk + Ko C C\ B(0, R) for each 1 < j < mngy. Then

sup [g(§, k)| < noe.
§eKo

This proves (iii). O

Proof of Proposition 7.4: We show first that when k — oo, 9y — 0
weakly in LP, 2—0, < p < 2+4J,. For this suppose fo € L%, ¢ =p/(p—1), is
fixed and choose € > 0. Then there exists f € C$°(C) such that || fo— f||1« < &
and so by Lemma 7.5

(fo.B)] < <Cy + | / FOF(E k) dm(©)|.

Choose first R so large that

~

[FOFF dm(§) < &

C\B(0,R)
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and then |k| so large that |g(&, k)| < e/(v/7R) for all £ € B(0, R). Now

] [ Fate. ) amie ‘ | Feaenan@+ [ Foaen e

B(0,R) C\B(0,R)

< ([l fllze + llgllz2) < Calf)e.

The bound is the same for all \, hence sup,gp |(fo, 0)| — 0 as |k| — oo.
To prove the uniform convergence of v itself we write

(7.17) P(z, k) —z——/—asz; dm(§).

Here note that supp(dy) € D and xp(€)/(€ — 2) € L for all ¢ < 2. Thus by
the weak convergence we get

(7.18) U(z, k) — z as k — oo,

for each fixed z € C, but uniformly in A € 9. On the other hand as
supy, |0v]|» < Co(k) < oo, for all z sufficiently large |[1(z2, k) — 2| < ¢,
uniformly in £ € C and A € dD. Moreover, (7.17) shows also that the
family {¢(-,k) : k € C, A € dD} is equicontinuous. Combining all these
observations shows that the convergence in (7.18) is uniform in z € C and
A € 0D. O

Finally we proceed to the nonlinear case: So assume that ¢, satisfies (7.4)
and (7.5). Since ¢ is a (quasiconformal) homeomorphism we may consider
its inverse 9, : C — C,

(7.19) Propa(z) =

which also is quasiconformal. By differentiating (7.19) with respect to z and
Z one obtains that v satisfies

- k
(720) 8¢A = _E)\('u @) wA)G,kaw)\ and
1
(7.21) a(z, k) =2+0 (;) as z — 0.
Proof of Theorem 7.2: It is enough to show that

(7.22) Ux(z, k) —
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uniformly in z and A as £ — oo. To prove this we need to recall some further
facts from quasiconformal mappings. Let us use the notation
(7.23)

= 1

Y. ={g€ H.,(C): 09 =vdg, |v| < kxsp and g = z + O (—) as z — 00},
z

Note that with the above normalization at oo all elements g € ¥, are home-
omorphisms [2]. Also, the use of x4p will become clear soon.

Lemma 7.6 a) The family Y, is compact in the topology of uniform con-
vergence on C.

b) Suppose that f,g € 3, 1+ k < p < 1+1/k and that € > 0 is so small
that (1+¢)p <1+ 1/k. Then

e
1+4+¢

1+e

= dm

/|5f—5g|pdm§0(p,s) /|Vf—7/g|p
C C

where — =

Vi = a—f and v, = @

f = af g ag
Proof: The claim a) follows from [18], Theorem IL.51. Furthermore, since
dg =1+ S(0g) for each g € ¥, we have

Of =09 = (I —vpS)™" (v — vy + (vy —1y)S(9g)) . [.g € B
Applying Theorem 3.2 and Hélder’s inequality gives then the claim b). [

The support of p o1, need not anymore be contained in . However,
by Koebe’s 1/4-theorem, see e.g. [1] Corollary 5.3, ¢ (D) C 4D and thus
supp(p 0 10y) C 4D. Therefore by Lemma 7.6 a) we have sequences k,, — 00
and sequences A\, — A € JD such that ¥, (-, k,) — 1 uniformly, with
Voo € 2. To prove Theorem 7.2 it is enough to show that for any such
sequence Y (z) = 2.

Hence assume that we have such a limit function 1,,. We then consider
the H. -solution ®(z2) = ®,(z,k) of

5(1) = _%)‘(/“L © woo)e—kaq)a

q><z):z+o(1> as = — 00,

z
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This is now a linear Beltrami equation which [2] has a unique solution ® € 3,
for each k € C. According to Proposition 7.4

(7.24) Oy\(2,k) = zas k — o0.

Secondly, when 2 < p < 1+ 1/k, by Lemma 7.6 b)

(7.25)
[, (21 )= (2, ) / D, (€ k) — Ba(E Ka) dm(€)
< C1[|0(a. (&, kn) — @& k) [ o E
< Calh N+ Co [ ln,(68) = n (0] dm(© o

4D

Lastly, we use the fact [3] that for all 2 < p < 1+1/k and for all g = ¢!,
Y € 3, we have for the Jacobian J, that

(7.26) / J,(2)7"2 dm(z) < / gl dm < C(x) < .

D D

where C'(k) depends only on . Again, the bound can be deduced also from
Theorem 3.2 since dg = (I — v,8)" 'y, and dg = 1 + S(0g). We use this
estimate in the cases ¥(z) = ¥y, (2, k,) and ¢ = 1. Namely, we have for
each n € C§°(D) that

(@) = )™= = [ =",
/ /

(721)  * o
< (/|u—'rz mm ) PP /J/2 )27
D

D

Since u can be approximated in the mean by smooth 7, the last term in (7.27)
can be made arbitrarily small. Since by uniform convergence n(¥y, (z, k,)) —
N(1(2)) we see that the last bound in (7.25) converges to zero as A, — A
and k, — k. In view of (7.24) and (7.25) we have established that

w/\n (27 kn) — Z

and that 15 (z) = z. The theorem is proved. 0J
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8 Transport matrix

The gradient of a quasiregular map can vanish only on a set of Lebesque
measure zero ([2], p. 34). By the equation (1.4) the map df, can vanish only
on points z where the whole gradient of f,, vanishes. This means that we can
recover £ and hence o from f,, by the formulae

_ 1—
(8.1) = 0f)'9f, and o= ﬁ
Next, let uy = hy —ih_ and uy = i(hy + th_) be defined as in (1.14).
From Lemma 2.1 and (1.7) we see that u;, us satisfy the conductivity equa-
tions (1.15). With respect to the parameter k the u;’s are C''-mappings, c.f.
Theorem 5.5. A straight forward derivation using (1.8) shows also that at
cach point z € C, both u;(z, k) and us(z, k) satisfy the d¢-equation
0 .
(8.2) —u(z, k) = —i1,(k)u(z, k).
ok
It is clear that the pair {ui(z, k), ua(z, k)} determines the pair {f,(z, k),
f-u(z, k)} and vice versa. Thus by Proposition 6.1 the Dirichlet to Neumann
map A, uniquely determines the functions u; and us outside . To prove
Theorem 1 it therefore suffices to transport these solutions from outside to
inside D by using the data A,. For this purpose we will employ (8.2) and the
fact from Corollary 6.2 that A, uniquely determines the scattering coefficient

Tu-

We have only shown that 7, is bounded and that u;(z, k)e=** behaves
subexponentially as k& — oo, and these facts alone are much too weak to
guarantee the uniqueness of solutions to the pseudoanalytic equation (8.2).
To remedy this we need to understand the transport matrix from (1.18).

We start by arguing that u; and us are R-linearly independent, i.e. that

(8.3) ug(z,k) # 0 and uqi(z, k) /ua(z, k) € R
holds for all z, k € C. By Proposition 4.3 we have

h_(z, k)
h+(27 k)

‘ < land hy(z,k)#0 for all z,k € C.

Since
U1l . 'h’+ —ih_

_—_ = ——
(%) h+ + ih_

this proves (8.3) and enables us to define the transport matrix 77, (k) as in
(1.18). It also shows that T7_ (k) is invertible.
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It was discovered by Bers [7] that the coefficients connecting different
solutions to the same pseudoanalytic equation as in (1.17) give rise to a
quasiregular mapping. In [7] these mappings are called pseudoanalytic func-
tions of the second kind. In our case this means that differentiating u, (2, k) =
a1 (2, z0; k)ui (20, k) + aa(2, z0; k)ua(20, k) with respect to k and using (8.2)
with (1.14) gives for a = a; + iay

(8.4) Opa(z, 20 k) = VZO(k?)W, vz (k) = iZ;EZ Z;

Note that «(z, zo; k) inherits the continuous differentiability with respect to
k from the u;’s. For an explicit expression for o in terms of u; and hy see
(8.8) below.

Moreover, the second row of 77, (k) gives similarly a solution 3 = by +iby
for the same equation (8.4). In fact, if we write the u dependence explicitely
for w;: u; = u;(p), i = 1,2, then

(8.5) us(p) = iur (—p) and ug(p) = —ius(—p).

Thus 8, = a_,.

We have now shown that the rows of the transport matrix produce quasi-
regular mappings, with respect to k, satisfying (8.4). Our next task is to
determine their asymptotic behaviour at co.

Proposition 8.1 Suppose zy € C, |z9| > 1. Then:
a) For each fixed k # 0 and z, we have with respect to z
a(z, z0; k) = exp(ikz + v(z))
where v € L.
b) For each fixed z and z, we have with respect to k that
(8.6) a(z, 20; k) = exp(ik(z — z0) + ke(k))
where (k) — 0 as k — oo.

Up to the factor i, 3 has the same asymptotics.

Proof: The last claim is clear from (8.5).
For a) we write

(fu"‘f—u‘i‘f_#_fTu)
fu_fu)l( f_u_f_u)
”(waf_u M)
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All factors in the product are nonvanishing. Taking the logarithm and ap-
plying (1.5), (1.6) leads to

w1 (2, k) = exp (zkz + O, (%)) |

On the other hand, dropping temporarily the fixed £ from the notations,

u1(2) = ahy(z0) — iwh_(zp)

or

This gives

o\ —1 S
(88)  a=[(1- i) wlE)) n(z)

h(z0) w1(2) | he(20)
According to Proposition 6.3, |h_(20)/h+(z0)| < 1/|20] < 1 while hy(z) is

constant for fixed k and 2z, . This proves a).
To prove b) note that

— -1
h_ h_

hy=1+1— foand uy=hy (1 —i—).
hy hy

Again, the factors are continuous and point wise non-vanishing. Therefore
the identity (8.8) and Theorem 7.2 reduce the proof of b) to

Lemma 8.2 For each fixed z € C,

h-(z, k) < 1— e Ikl
h+(2, k)

Proof: By the definition of A and h_ it suffices to show
f wo f —u

Ju "y it

Ju =+ T

(8.9) inf > e lklek),

t

For this, define A
O, = e M2(f,cost/2 4 if_,sint/2).

Then for each fixed k,

- 1
Dy(2, k) = e (1 + Oy (—)) as z — 00
z
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and _ -
8(1)15 == ,ue_lta(I)t.

Thus &, = fy,, A = e ", the exponentially growing solution of (7.1) and
(7.2) from Section 7. But

(8.10) Ju=fu + et = 27D _ fw L‘
fut fou fotTow fu 14+ MM,

By Theorem 7.2

(8.11) e MW <M (2, k)] < el ®

and

(8.12) e~ IFle2(t) < inf M‘ M' < elkle2(k)
T xed | fu(z, k) | T aeap| fulz k) | T

where €;(k) — 0 as k — oo. Since Re(M_,/M,) > 0 the inequality (8.9)
follows from (8.10), (8.11) and (8.12). This finishes the proof of Lemma 8.2
and thus also the proof of Proposition 8.1. O

Now the last remaining obstacle is Theorem 2; that is, we need to prove
that the data determines the transport matrices 77, (k). We know that in
the k-variable the rows « and 8 of T7 = are quasiregular mappings satisfying
(8.4) and having the asymptotics given by Proposition 8.1 b).

It is not clear if the asymptotics (8.6) are strong enough to determine the
individual solution. However, if we consider the entire family {77, :z € C},
then the uniqueness does hold:

Proof of Theorem 2: Let |z| > 1 and k£ # 0. Let a,(z,20,k) and
aj(z, 20, k) be defined by (1.17) and (1.19). Since neither of «,, a; van-
ishes at any point we can define the corresponding logarithms 6,, and ¢; by

0u(2, 200 k) = log o, (2, 20, k) = tk(z — z0) + ke1(k)

8.13
( ) 0u(2, z0; k) = log a(z, 20, k) = ik(z — 20) + kea(k)

where for |k| — oo, €;(k) — 0 by Proposition 8.1 b). Moreover, by Theorem
42,
0,(2,20;0) = 9,(2,20;0) =0

for all z € C, |zo| > 1.
In addition, z +— 6,(z, 20; k) is continuous, 0,,(20, 20; k) = 0 and we have

(8.14) 0,u(2, 203 k) = ikz (1 + U:k(;)) . k#0,
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where by Proposition 8.1 a), vy € L*(C) for each fixed k € C. The use of
degree theory or homotopy argument [29] gives that z — ¢,(z, zo; k) is also
surjective C — C.

To prove the theorem it suffices to show that if A, = Az, then we have

(8.15) 0u(2, 20: k) # 0p(w, 203 k),  for z # w and k # 0.

Namely then (8.15) and the surjectivity of z — 0,(, 20; k) show that neces-
sarily we have 05 (2, 20, k) = 0,(2, 20, k) for all k,z € C and |z9| > 1. Hence
o, = az. By (8.5) we have 3, = 3; as well and hence that T, (k) = T?, (k).

2,20 2,20

To show (8.15) fix z # w and note that by (8.4) 6, and d; satisfy
(8.16) 050 = v, (k)" 0,0, keC,

where by Proposition 6.1 and the assumption A, = Az, the coefficient v,, is
the same for both §,, and ;. The difference

9(k) = 0u(w, 201 k) — 0 (2, 203 k)
satisfies the equation
Brg — Vzoe(ﬁ—ﬁu)@ = 1,,0107 (e(ﬁ—%) _ e(%—%)) ‘
In other words, there exist functions n and ~ such that

(8.17) g —ndkg =9

with |n| < v, | < 1/|20] < 1 and |y| < 2|v,,||0k0z| < 2|0k05|. From (8.13) we
have g(k) = i(w — 2)k + ke(k). Since a,, a; are C' with respect to k, we see
that v is locally bounded with respect to £ and we may apply Proposition
3.3 b) (with respect to k) to obtain that ¢ vanishes only at k£ = 0. This shows
(8.15) . O

The proof of Theorem 1 is now immediate. If A, = Az, then by Propo-
sition 6.1 we have u(z) = uZ(z) for |z| > 1 and j = 1,2. Theorem 2 with
(1.17) gives then uf = uf and (8.1) that o = 5.

Lastly, we describe how our uniqueness proof leads to a constructive pro-
cedure for recovering o. First, by (2.9) and (2.11) the projection operator
(), can be calculated from A,. Next, by Lemma 2.2 and equation (5.1) the

solution M,,(-, k) belongs to the space Range(Py) N Range(P,) where the
projections Pl’j and P, are defined by

Py(9)(z) = 51— iHo)(9)(2)
PEG)(=) = e (1 = Qu)(e* 9)(2).
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By Theorem 4.2 the space Range(P/'f) NRange(P,) is one dimensional. Since
it is defined by the data, we may use the asymptotics (1.6) to construct M,
on JD from the equations

(8.19) (P — PY)g=0, Pyg=cM,.

By (2.8) this procedure also gives M_,, on dD.

The following step is to use the Fourier coefficients of M., on 0D to con-
struct My, in the exterior of D. This gives by (1.7) and (1.21) the Beltrami
coefficient v, (k) in (1.20). Finally by Theorem 2 we can uniquely solve equa-
tion (1.20) with the asymptotics (8.6) to obtain the transport matrix 77, (k)

2,20

and hence f,(z,k) for z € D. Formula (8.1) yields then the conductivity o.
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