LEBESGUE POINTS IN VARIABLE EXPONENT SPACES
PETTERI HARJULEHTO AND PETER HASTO

AsstracT. In this paper we prove that the concept of Lebesgue points generalizes naturally
to the setting of variable exponent Lebesgue and Sobolev spaces. We assume that the vari-
able exponent is 0-Hélder continuous, which, although restrictive, is a common assumption
in variable exponent spaces.

1. INTRODUCTION

In recent years there has been a great upswing of interest and research in variable expo-
nent Lebesgue and Sobolev spaces. Due to these efforts many classical questions are now
understood quite well also in the variable exponent case, for instance potential and maximal
operators and Sobolev and Poincaré inequalities cf. [6, 7, 8, 9, 12, 13, 14, 18, 24]. In par-
allel with the study of the spaces there has also been increasing interest in studying related
differential equations under generalized regularity conditions cf. [1, 2, 3, 10]. Both these
issues are also related to the modeling of electro-rheological fluids, cf. [22].

Despite impressive advances, some classical questions have remained completely unstud-
ied in variable exponent spaces, escaping without even a mention. The topic of this paper,
Lebesgue points, belongs to this category. Lebesgue points are important since they al-
low us to move beyond average estimates to point-wise estimates of Lebesgue and Sobolev
functions.

Lebesgue points in Lebesgue spaces, the topic of Section 3, are quite simple to handle and
require no in-depth knowledge of variable exponent spaces. We show that if the exponent
is bounded then almost every point is a Lebesgue point. In Section 4 we study Lebesgue
points in Sobolev spaces. In order to say anything useful about these we need some sort of
capacity. A suitable variable exponent Sobolev type capacity was introduced only recently
by Harjulehto, H&st6, Koskenoja and Varonen [14]. This is one of the reasons that Lebesgue
points have not been previously studied in variable exponent spaces. Another important
reason is the lack of tools for approaching this question in a local manner. In this paper
we will adapt methods from a likewise very recent paper by Kinnunen and Latvala, [17].
We prove in Theorems 4.7 and 4.13 that Sobolev functions behave point-wise as we would
expect from classical theory, provided the exponent is 0-HOlder continuous, i.e. we show
that

im § 1uy) - w (P Vay =0
r—
B(x.r)

quasieverywhere, where u* is the quasicontinuous representative of u € W-PO(R") and p* is
the point-wise Sobolev conjugate exponent of p. We start by giving the necessary definitions
in Section 2.
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2. NOTATION AND DEFINITIONS

We denote by R" the Euclidean space of dimensionn > 2. For x € R"and r > 0 we
denote by B(x, r) the open ball with center x and radius r. For u € LY(R") and E c R" of
positive measure we denote

1
Ug :ngu(x)ldx = E fElu(x)ldx.

We will next introduce variable exponent Lebesgue and Sobolev spaces in R"; note that
we nevertheless use the standard definitions of the spaces LP(Q2) and WLP(Q) in the fixed
exponent case p > 1 with open Q c R".

Let p : R" — [1, ) be a measurable function (called the variable exponent on R").
Throughout this paper the function p always denotes a variable exponent; also, we define
p* = esssup,.gn P(X) and p~ = essinfyrn P(x). We define the variable exponent Lebesgue
space LPO(RRM) to consist of all measurable functions u : R" — R such that oy (AU) =
Jon AU)IPY dx < oo for some A > 0. The function gy : LPO(R") — [0, o) is called the
modular of the space LPO(R"). We define a norm, the so-called Luxemburg norm, on this
space by the formula

||u||p() = |nf{/l >0: Qp()(U//l) < 1}

The variable exponent Sobolev space WPO(R™) is the subspace of functions u € LPO(RM)
whose distributional gradient exists almost everywhere and satisfies [Vu| € LPO(R"). The
function o1,y : WEPO(R") — [0, ) is defined by o1.p¢)(U) = op)(U) + opy(IVUl). The
norm [[ullspcy = lullpey + [IVUllp) Makes WZLPO(RM a Banach space. For more details on the
variable exponent spaces see [19].

In [14] Harjulehto, Hasto, Koskenoja and Varonen introduced a Sobolev capacity in the
variable exponent Sobolev space, which is defined as follows. Suppose that E is an arbitrary
subset of R". We denote

Sp)(E) = {ue WHPO(RM : u > 1 in an open set containing E}.
The Sobolev p(-)-capacity of E is defined by

— i p(x) p(x)
Coo(E) = Inf [ (OO + [Fu(9i79) dix

In case Sp)(E) = 0, we set Cyy(E) = oo, If 1 < p~ < p* < oo, then the Sobolev p(-)-
capacity is an outer measure and Choquet capacity [14, Corollaries 3.3 and 3.4]. As in
the fixed exponent case the capacity is a finer measure than the n-dimensional Lebesgue
measure, cf. [14, Section 4].

3. LEBESGUE SPACES

Although functions in LP are not in general continuous, they do possess the following

mean-continuity property: for u € L (R") we have

im f uy) — u(x)lPdy = 0
r—
B(x.r)

for almost every x. The points x at which this property holds are called Lebesgue points.
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The next theorem generalizes the concept of Lebesgue points to the variable exponent
Lebesgue spaces. Our proof is standard and is based on the following fact: in L* almost
every point is a Lebesgue point.

3.1. Theorem. Let p* < co. If u € LPO(RR"), then

mgf‘mw—uuwmw:o

B(x,r)

for almost every x € R".

Proof. Let {r;};2; be a countable dense subset of R. Since p* < oo, we conclude that Ju(-) —
rilP e L (R™). Thus for every i there exists E; c R", |Ej| = 0, such that

(3.2) lim f lu(y) — ri|PYdy = Ju(x) - r;|P®
r—

B(x,r)

for every x € R"\ E;. Denote E = U2 E; and note that |E| = 0. Then (3.2) holds for every
x € R"\ E and every i.
LetO <e<land x € R"\ E. We choose r; so that |u(x) — ri| < =%5 and obtain

2pt+l

lim soup lu(y) — u(x)[P¥dy < 2p+( lim soup lu(y) — r;|PMdy + ]( Iri — u(x)|p(y)dy)
r— r—
B(x.r) B(xr) B(xr)
< 27 (ju() = 1P+ u(x) - 11
<2 u(x) —ri| < &,
and so x is a Lebesgue point. O

3.3. Remark. Since being a Lebesgue point is a local property, it suffices to assume that

ue Llpo(g and that ess sup,.« P(x) < co for compact K ¢ R" in the previous theorem.

4. SOBOLEV SPACES

We will proceed in our proof as follows: First we note using a result of Kinnunen [16]
that the Hardy-Littlewood maximal function of a Sobolev function is a Sobolev function.
This yields a capacity weak type estimate to the Hardy-Littlewood maximal function. Using
these results we prove that

lim J( u(y)dy = u*(x)
r—
B(x.r)

exists quasieverywhere and u* is the quasicontinuous representative of u. Finally we show
that

lim J( lu(y) — u*(x)|P ¥dy = 0
r—
B(x.r)

quasieverywhere in {x € R" : p(x) < n}. Here p* is a pointwise Sobolev exponent. To use
these methods we need to make some assumptions on the exponent and therefore we start
by defining some conditions.
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4.1. Definition. We say that the variable exponent p is 0-H6lder continuous if there exists
a constant C > 0 such that

(4.2) IP() = PY)I < —oecy
forevery x,y e R", [x—y| < 1.

Note that 0-H6lder continuous functions are sometimes called weak Lipschitz or Dini-
Lipschitz continuous functions. However, this terminology obscures the clear relationship
to Holder continuity and will not be used in this paper.

4.3. Definition. We say that p satisfies condition M if 1 < p~ < p* < oo, p is 0-Holder
continuous and there exists a constant C > 0 such that

Ip(X) - p(Y)I < m
for every x,y € R", ly| > |X|.

Condition M and 0-HOolder continuity have appeared in several places in the study of vari-
able exponent spaces. Cruz-Uribe, Fiorenze and Neugebauer showed, following the work of
Diening [5] and Nekvinda [20], that the condition M is sufficient for the Hardy-Littlewood
maximal operator to be bounded from LPO(RM) to itself [4, Theorem 1.5]. 0-Holder continu-
ity is somehow crucial for the boundedness of the Hardy-Littlewood maximal operator, as
was shown by Pick and Riizicka [21]. Samko [23, Theorem 3] and Fan and Zhao [10, The-
orem 3.2] proved, independently, that C¢°(R") is dense in W-PO(IR™) provided p is 0-Holder
continuous.

For G ¢ R" we define pg = essinf,.g p(x) and p§ = esssup,.s P(X). Using these
guantities, Diening gave the following geometric interpretation of 0-Holder continuity:

4.4. Lemma. [5, Lemma 3.2]. Let p: R" — [1, ). The following conditions are equiva-
lent:

(1) p satisfies (4.2).

(2) There exists a constant ¢ such that |B|Ps~P& < ¢ for all open balls B.

The following proposition is an adaptation to the variable exponent case of results of J.
Kinnunen from [16]. The proof follows easily from the fixed exponent case.

4.5. Proposition. Suppose p satisfies condition M. If u € WLPO(R™), then Mu € WPO(RR")
and [VMu(x)| < M|Vu(x)| for almost every x € R".

Proof. Since u € W= (R"), it follows from [16] that [VAMu(x)| < M|Vu(x)| for almost every
x € R". Since [Vu] € LPO(R"), it follows by [4, Theorem 1.5] that M|Vu| € LP®¥(R"). Since
IVMu| < M|Vu| point-wise a.e., this implies that [VMu| € LPO(RM), as well. It follows

from [4, Theorem 1.5] that Mu € LP®(R") and thus Mu € WHPO(RM). O

In the remaining part of this article we will adapt the proof of [17, Theorem 4.5] by J.
Kinnunen and V. Latvala to variable exponent spaces. For simplicity of exposition, we split
their result into two parts, Theorems 4.7 and 4.13. The proof of the first of these is nearly
the same as in the fixed exponent case.

4.6. Proposition. Suppose p satisfies condition M. Then for every 2 > 0 and every u €
WLPO(RM) we have

Cpo(Ix € R™ - Mu(x) > A1) < cA™ max {{jullop. U} o} -
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Proof. Since Mu is lower semi-continuous, the set {x € R" : Mu(x) > A} is open for every
A > 0. By Proposition 4.5 we can use % = M3 as a test function for the capacity. This
yields, by [11, Theorem 1.3],

Cpo(IX € R™: Mu(X) > A}) < 01,50 (ME) < 27 max {IMully gy, MUl o}
Now the theorem follows by Proposition 4.5 and [4, Theorem 1.5]. |

4.7. Theorem. Suppose p satisfies condition M and let u € WLPO(RM). Then there exists a
set E c R" of zero p(-)-capacity such that

Iingf u(y)dy = u*(x)
r—
B(x,r)
exists for every x € R"\ E. The function u* is the p(-)-quasicontinuous representative of u.

Proof. Since smooth functions are dense in W-PO(R") [23, Theorem 3], we can choose a
sequence {u;} of continuous functions in WPO(R™) with |ju — Ullpy <272, Fori=1,2,...
denote

A = {x e R": M(u—u)(x) > 2“}, Bi = OA,- and E = ﬁ B;.
=i j=1

Proposition 4.6 implies that C ,(Aj) < c27', the subadditivity of Cy, implies that C (B;) <
c2'~ and [14, Theorem 3.2(vi)] implies that C,(E) = 0.
We next consider the relationship between u and u; outside these sets. We have

00~ veceol < {100 - uMidy + { 1u6) - uiy
B(x.r) B(x,r)
Since u; is continuous, the first term in the upper bound goes to zero with r and so we get
lim sup Ui (X) — U < M(U; = u)(X).
r—0
Thus we have lim sup,_,q |Ui(X) — Ugx )| < 27" for x e R"\ A;. It follows that {u;} converges
uniformly on R" \ B; for every j > 0. Denote the limit function, which is continuous in
every Bj, by v. Then
lim sup [V(X) — Ul < [V(X) — Ui(X) + limsup [ui(X) — Uxn)l-
r—0 r—0
As i — oo the right-hand side of the previous equation tends to 0 for x € R" \ By. Since the
left-hand side does not depend on i, this means that it equals 0, so that v(x) = lim,_o Ug(xr) =
u*(x) for all x € R"\ By. Since this holds in the complement of every By, it holds in the
complement of E as well. Since E has capacity zero, we are done with the existence part.
Since u* = v is continuous in every R"\ By, the claim regarding quasicontinuity is clear. O

To prove the other part of Theorem 4.5 from [17] we need some auxiliary lemmata. The
idea of these lemmata is that the 0-Holder continuity implies that we can treat p as a constant
locally, and this incurs a penalty of only a multiplicative constant.

4.8. Lemma. Suppose that p is 0-H6lder continuous. For r < 1 we have

Cp(.)(B(X, r)) < Cf I’_p(y)dy,

B(x,r/5)
where ¢ depends on p and n.
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Proof. Let u be a function which equals 1 on B(x,r), 2 — |y — x|/r on B(x, 2r) \ B(x, r) and
0 otherwise. Then u is a suitable test function for the capacity of B(x, r). Using Lemma 4.4
for the last inequality, we find that

CoyBGT) < prp(U) < [B(x, 20| + f Py
B(x,2r)
< 2 f rPexandy = 2r Pacan|B(x, 2r)|
B(x,2r)
< 2. 10nrp§(x,2r)_pg(x,2r)f r‘pé(x.zr)dy
B(x,r/5)
< C(p)10" f r-Pdy.
B(x,r/5)
O
4.9. Lemma. Suppose that p is 0-Holder continuous. Then
1 .
oS lim inf rPX J( r-PWdy < lim sup rP® J( rPYdy < ¢
r— N
B(x.r) =0 B(x,r)
for every x e R".
Proof. We have
lim sup rP® )( rPWdy < limsup sup rP®¥-PY <,
r—0 r—0 yeB(xr)
B(x,r)
where the second inequality follows from Lemma 4.4. The lower bound is derived similarly.
i

The following lemma corresponds to Lemma 4.3 of [17]. The proof is also quite similar,
although some extra work is needed to take care of the variability of the exponent.

4.10. Lemma. Suppose that p satisfies condition M and let u € W-PO(R"). Then

Cp(.)({x e R": limsup rP® )( IVu(y)|P¥dy > 0}) =0.

r—0
B(x,r)

Proof. Lete > 0 and

E, = {x e R": limsup rP® J( IVu(y)|PYdy > e}.
=0 B(x,r)
Let 0 < 6 < 1. Forevery x € E, there exists an arbitrarily small r, with 0 < r, < § such that

2§ 1vug)iay > e

B(x.rx)

By choosing smaller ry if necessary, we may, on account of Lemma 4.9 and the previous
inequality, assume that

(@.11) f Uy dy > < f Py,
B(x,rx) C

B(x.rx)
where ¢ does not depend on x or ry.
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By the Vitali covering theorem there exists a countable subfamily of pair-wise disjoint
balls B(x;, ry) such that

Ec c | B0 5rx).
i=1

Denote r; = ry, and B; = B(X, ;). By subadditivity and Lemma 4.8 we conclude that

Co(Ee) < D Coy(BX:,511)) < szs PO gy.
=1 i=1 VB

It follows from this and (4.11) that

(o)

(4.12) SRAEEDY

i-1 VB

Vu(y)Pdy = f IVu(y)POdy.
€ Juz, B

As in [17] we then find, by the disjointness of the balls B;, that

~ S | pp0s) 500
JB] = YBi< )" [ ivugriay < == | jvu)iiay.
i=1 i1 i1 € JB € Jro

Hence | U2, Bj| — 0 as 6 — 0, which by (4.12) implies that C,(Ec) = 0 for every € > 0.

Therefore it follows by subadditivity that Cp)(Eo) = Cpyy(UesoEe) = 0, which was to be

shown. -
In the next theorem we denote by p* the point-wise Sobolev conjugate of p, i.e. p*(x) =

np(x)/(n - p(x)), for p(x) <n.

4.13. Theorem. Suppose p satisfies condition M and let u € WPO(R™). Then there exists

aset E c R", Cpy(E) = 0, such that

im § 1uy) - w (P Vy =0
r—
B(x,r)

for every x € {x e R": p(x) < n}\ E.

Proof. Define

E = {x e R": limsup rP® J( IVu(y)P¥dy > 0} = 0.
r—0 Sten)

Then Cy(E) = 0 by Lemma 4.10. We show that
lim sup rP® ]( IVuy)|PPdy =0 = limsup $ [u(y) — Ugwnl® Pdy = 0
r-0 r-0

B(x,r) B(x,r)

when p(x) < n, from which the claim clearly follows.

Diening [6, Theorem 5.2] has shown that condition M implies the Sobolev inequality.
Harjulehto and Hastd [13, Theorem 2.17] showed that condition M implies the Poincaré
inequality. Combining these we get the Sobolev-Poincaré inequality

lu = UsllLeog) < cllu — Usllweroe) < ClIVUllLrg),
where we denoted B = B(X, r). From this and [11, Theorem 1.3] we conclude that
P (U = Ug) e < cppy(Vu)/Pe
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(where the modulars are taken in B only). Hence

f lu(y) — uglPYdy = crpp()(u - Ug)

B

IA

cro n() (Vu) P /P5
Ps /P

cr(n=POIPs /Pe=n | POI L7y (y)| PV dy
B

We see that it suffices to show that r™PX)Ps /Pe~" < ¢ as r — 0. Since pg = (pg)* We see
that this is equivalent to

n(n_—p(i()p—f —1)Iogr <c
n- pB pB
at the same limit. We have
n— p(X) Pg n— Pg Pg n _ +
—_—+—12___+_l: n _(p_p)
n_pB pB n_poB pB(n_pB) B 8
Thus
. n - p(x) Pg ) n? : _
limsu n(———l logr < ——— limsu —-pi)logr <c,
e WS IS DM = p0) 1o P(Ps — Pe) log
where the last inequality is just Diening’s condition from Lemma 4.4. |

4.14. Remark. It again suffices to assume that u € W,-PO(R"). It seems likely that we can
also replace the assumptions on p by corresponding local ones, using the techniques of [15],

but we will not get into that here.

4.15. Remark. If p(x) > n then there exists ry > 0 such that
WEPO(B(x, 1)) > WHHI2(B(x, )
and hence u is continuous in a neighborhood of x, so that
esssup Ju(y) —u*(x)| = 0
yeB(x,r)
asr — 0. For p(x) = n the theorem gives

lim f u(y) — u"(x)l%dy = 0
r—
B(x,r)

for any finite g. In this case we do not have zero supremum norm even in the fixed exponent
case.
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