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SOBOLEV SPACES WITH ZERO BOUNDARY VALUES
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Asstract. We define and study variable exponent Sobolev spaces with zero bound-
ary values. This allows us to prove that the Dirichlet energy integral has a minimizer
in the variable exponent case. Our results are based on a Poincaré-type inequality,
which we prove under a certain local jJump condition for the variable exponent.

1. INTRODUCTION

In the beginning of the 90’s Kovacik and Rakosnik [KR] introduced variable expo-
nent Lebesgue and Sobolev spaces. In fact, these spaces are special cases of so-called
Orlicz-Musielak spaces, and in this form their investigation goes back a bit further, to
Hudzik [Hud] and Musielak [Mus]. During the last decade Sobolev spaces with vari-
able exponent have been studied intensively by Diening [Die], Diening and Rizicka
[DR], Edmunds and Rakosnik [ER1, ER2, ER3], Fan, Shen, and Zhao [FSZ], and
Pick and R0zZicka [PR], among others.

One area where these spaces have found applications is the study of electrorheo-
logical fluids, as described in the book of RdZicka [Ruz]. The same spaces appear
also in the study of variational integrals with non-standard growth, see the papers by
Zhikov [Zhi], Maracellini [Mar], and Acerbi and Mingione [AM].

The classical Dirichlet boundary value problem arises from a partial differential
equation; if Q is a domain in R" and w : 9Q — R is a continuous function, then
the problem is to find a continuous function u : Q — IR so that the Laplace equation
—Au = 0 is satisfied on Q and u = w on 9Q. The function w gives the boundary
values of u. By Weyl’s lemma, such a u is always a C2-function on Q, and hence the
problem may be considered in the classical sense. Classical potential theory is based
on the Laplace equation which is clearly linear.

The p-Dirichlet boundary value problem for fixed p, 1 < p < oo, is to find a

continuous function u on Q so that the p-Laplace equation
(1.1) —div(|Vul[P2Vu) = 0

is satisfied on Q and u = w on 9Q. Even more generally, we search for a function
u € WLP(Q) and the boundary values are given with w € W-P(Q) only in the Sobolev
sense, that is, u —w € Wé’p(Q). The p-Laplace equation (1.1) is the Euler equation
for the variational integral

(1.2) fQIVulp dx
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which is called the p-Dirichlet energy integral on Q. In the borderline case p = n the
integral (1.2) is conformally invariant, and the solutions of (1.1) are central to the
theory of quasiconformal and quasiregular mappings. In general, when p # 2, the
equation (1.1) is nonlinear and it must be understood in the weak sense.

The first order Sobolev spaces with zero boundary values in metric spaces equipped
with a Borel regular measure were introduced by Kilpeldinen, Kinnunen, and Martio
[KKM]. They showed that many classical results, including completeness, lattice
properties and removable sets, extend to the metric setting. The Dirichlet energy
integral in metric measure spaces has been explored by Shanmugalingam [Sha]. She
proved the existance of a minimizer under certain geometric constraints on the mea-
sure. Moreover, under the condition that the space has many rectifiable curves, the
solution is unique.

An alternate way of stating the p-Dirichlet problem is the so-called p-Dirichlet en-
ergy minimizing problem that has been studied by many authors, see the references
in [HKM]. Acerbi and Mingione [AM] have studied the existence and the regularity
of minimizers of the p(-)-Dirichlet energy integral

(1.3) jg; IVu(x)|P® dx

where Q is a bounded domain in R". They assumed that the variable exponent
p:Q — (1,00) is 0-Holder continuous and that the functions u € W(Q) have
boundary values in the classical sense and showed that the minimizer is Hélder con-
tinuous.

Our approach to the p(-)-Dirichlet energy integral (1.3) is different than that in
[AM] and parallels that of [Sha]. We study functions with boundary values in the
Sobolev sense. Hence we minimize over functions belonging to the variable expo-
nent Sobolev space WHPO(Q). A crucial question is to define Sobolev spaces with
zero boundary values, that is, the spaces Wé’p(')(Q). For that we use the Sobolev
p(-)-capacity introduced by the authors in [HHKV] and adapt the definition from
the metric setting. It is not known whether this definition gives the same class of
functions as that based on the closure of C’-functions, but see also Theorem 3.3.

Another result which is needed in the study of the p(-)-Dirichlet energy integral
is the Poincaré inequality; in this context we call it the p(-)-Poincaré inequality.
Surprisingly, in the variable exponent Sobolev spaces the Poincaré inequality has
attracted virtually no attention previously. We give a mild condition for the variable
exponent p that guarantees validity of the p(-)-Poincaré inequality. Our condition is,
in some sense, sharp.

Finally, we are prepared to study the p(:)-Dirichlet energy integral. Let w €
WLPO(Q). We prove in Theorem 5.3 that if 1 < essinfp < esssupp < oo and if
p is not too discontinuous, then there exists a function u € W-PO(Q) which mini-
mizes the integral (1.3) withu —w € Wé’p(')(Q). The minimizer is unique up to zero
p(-)-capacity (Theorem 5.6). Moreover, we show in Theorem 5.7 that the function u
minimizes the p(-)-Dirichlet energy if and only if

f pP(X)|Vu(x) + VW(x)|PXY-2(Vu(x) + Yw(x)) - V(v(x) — u(x))dx > 0
Q

for every v € Wé’p(')(Q). Our results are parallel to the fixed exponent case, see
[HKM, Section 5].
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2. SoBOLEV P(-)-CAPACITY

We denote by R" the Euclidean space of dimensionn > 2. Forx e R"andr > 0
we denote the open ball with center x and radius r by B(x, r). We will next introduce
variable exponent Lebesgue and Sobolev spaces in R"; note that we nevertheless use
the standard definitions of the spaces LP(Q2) and WP(Q) in the fixed exponent case
p > 1 with open Q c R".

Let p : R" — [1,0) be a measurable function (called the variable exponent
on R"). Throughout this paper the function p always denotes a variable exponent;
also, we define p* = esssup,.gs P(X) and p~ = essinfycgn p(X). We define the
variable exponent Lebesgue space LPO(R") to consist of all measurable functions
u: R" - Rsuch that gpy(AU) = [o, [AU)P¥dx < oo for some A > 0. The
function op) @ LPO(R") — [0, 00) is called the modular of the space LPO(RM).
We define a norm, the so-called Luxemburg norm, on this space by the formula
lullpey = inf{Ad > 0 : opy(u/A) < 1}. The variable exponent Sobolev space WPO(R™)
is the space of measurable functions u : R" — R such that u and the absolute value
of the distributional gradient Vu = (01u,...,d,u) are in LPO(R"). The function
o1p) - WEPO(RM) — [0, co) is defined by o1.p)(U) = 0p)(U) + 0py(IVU]). The norm
Ul pey = Nullpey + [1VUlley) makes WLPO(RM) a Banach space. For more details on the
variable exponent spaces see [KR].

Recall from [HHKYV, Section 3] the definition and basic properties of the Sobolev
p(-)-capacity. For E c R" we denote

Sp)(E) = {u e WEPO(R™ @ u > 1 in an open set containing E}.
The Sobolev p(-)-capacity of E is defined by
Co(E) = inf y(u) = inf u(x)|P® + [Vu(x)[P™) dx.
o) (E) ueSp(.)(E)Ql’p()() uesp(.)(E)fRn (Iu)1PX + [Vu(x)] X))

In case Spy(E) = 0, we set Cpj(E) = oo. For arbitrary measurable exponents
p: R" — [1, c0) the set function E — C,(E) has the following properties, [HHKYV,
Theorem 3.1]:

(i) Cpo(@) = 0.
(i) [Monotony] If E; c Ey, then Cp(E1) < Cpy(E2).
(iii) If E is a subset of R", then

Co)(E) = Inf Cpy(U).

U open

(iv) If E; and E; are subsets of R", then
Cp(.)(El U Ez) + Cp(.)(El N Eg) < Cp(.)(El) + Cp(.)(Ez).
(v) If Ky o K; o ... are compact, then
I|Lrl10 Cp(.)(Ki) = Cp(.) [ﬂ Ki).
i=1

If 1 < p~ < p* < o0, then the following additional properties hold, [HHKV, Theo-
rem 3.2]:
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(vi) IfE; c E; ... are subsets of R", then

lim Cpy(Ei) = Cyy [U Ei}

i=1

(vii) [Subaddivity] If E; c R" fori = 1,2, ..., then

Cro) [U EiJ < Z Coy(Ep).
i=1 i=1

This means that if 1 < p~ < p* < oo, then the set function E — Cyy(E) is an outer
measure and a Choquet capacity, see [HHKV, Corollary 3.3 and Corollary 3.4].

A functionu : R" — R is said to be p(-)-quasicontinuous (in R") if for every £ > 0
there exists an open set O with C,,(O) < & such that u is continuous in R" \ O. For
a subset E of R" we say that a claim holds p(-)-quasieverywhere in E (or p(-)-g.e. in
E, for short) if it holds everywhere except in a set N c E with C,(N) = 0.

The variable exponent p : R" — R is said to satisfy the density condition in R"
if the class of smooth functions is dense in W-PO(R™). A sufficient condition for the
density condition is known, see [ER1, Theorem 1]. It was proven in [HHKYV, Theo-
rem 5.2] that if p satisfies the density condition with 1 < p~ < p* < oo, then every
u e WHPO(R™M has a p(-)-quasicontinuous representative in R". In addition, the fol-
lowing uniqueness result holds for the p(-)-quasicontinuous representatives. For the
proof of (i) we refer to [Kil]; (ii) follows directly from (i), see [KKM, Remark 3.3].

2.1. Lemma. Let 1 < p* < p~ < oo, and let u and v be p(-)-quasicontinuous
functions in R". Suppose that O c R" is open.

(1) If u = v almost everywhere in O, then u = v p(:)-quasieverywhere in O.

(if) If u < v almost everywhere in O, then u < v p(-)-quasieverywhere in O.

We study a Sobolev p(-)-capacity in terms of p(-)-quasicontinuous functions. For
EcR"and 1 < p~ < p* < oo we denote
Coy(E) = inf 01.p(u)
ueSy()(E)
where
Sp(E) = {u € WEPO(R™) : uis p(-)-quasicontinuous and u > 1 p(-)-g.e. in E}.
Here we use the convention that (Ffp(‘)(E) = oo if §p(.)(E) =0.

2.2. Theorem. Let1l < p~ < p* <ooand E c R".
(i) We have Cy(E) < Cp(E).
(i) If p satisfies the density condition, then C ) (E) = C,(E).

Proof. We follow the idea of the proof of the corresponding result in metric measure
spaces, [KKM, Theorem 3.4]. However, in the proof of (i) the variable exponent
causes some extra work; on the other hand we do not need the density condition. To
achieve the reverse inequality and hence (ii), we need the density condition, but then
the proof is even simpler than the corresponding proof in the metric measure spaces.

For the proof of (i), letv §p(.)(E). By truncation, we may assume that 0 < v < 1.
Fix g, 0 < & < 1, and choose an open set V with Cpy(V) < esothatv=1on E\V
and that v|gn\v is continuous. Define U = {x € R"\V : v(x) > 1 -} UV and observe
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that E\V c U \ V. Choose u € Spy(V) such that o1 py(u) < eand that 0 < u < 1.
We definew =v/(1 —&)+u. Thenw > 1a.e.in (U \V)UV = U, which is an open
neighborhood of E and hence w € Sy(E). By [MZ, Lemma 1.1] we have, for every

6> 0,
v
op0(W) = f 1 dx
]Rn
N P() 1\P1
<(1L+0)° ‘1f VO i (14 L f lu(x)|P™ dx
R" 1-¢ ) R"

pt-1 pr-1
< %I IV(X)|PY dx + (1 + %) €

(1+5) flv(x)lp(x)dx+(1+(15)p+g.

If we chooseé:sﬁ,then
146\ (1+ew
= -1
l1-¢ 1-¢

p(x)

and

as € — 0. Hence
opy(W) < f VOQIPY dx = 0p( (V).

In the similar way, we see that o) (IVWI]) < 0p)(IVV]), and hence o1 py (W) < 01,p)(V).
Since v € Syy(E) was arbitrary, we obtain Cp(E) < Cpy(E).

For the proof of the reverse inequality, assume that the variable exponent p satis-
fies the density condition. Let E ¢ R". Take u € Sp(E) and let O > E be an open set
such that u > 1 on O. By [HHKYV, Lemma 5.2], there exists a p(-)-quasicontinuous
function U in R" such that u > 1 a.e. in O. It follows from Lemma 2.1 (ii) that

> 1 p(-)-g.e. in O. Hence i > 1 p(-)-g.e. in E and thus 0 € Sp()(E) This yields

p()(E) < Cpy(E), and finally combining this with (i) gives Cpy(E) = p()(E) ]

The following convergence result is a sharpening of [HHKYV, Lemma 5.1]; it cor-
responds to [KKM, Lemma 3.5] which is stated in metric measure spaces.

2.3. Lemma. Let 1 < p~ < pt < oco. Suppose that u; € WLPO(R") are p(-)-
quasicontinuous functions for i = 1,2,... such that u; — u in WXPO(R"). Then
u is p(-)-quasicontinuous and there is a subsequence of (u;) which converges point-
wise to u p(-)-quasieverywhere in R".

Proof. There is a subsequence of (u;), denoted again by (u;), such that

(o8]

Z 2P lui = Uisallpy < 1.

i=1
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Fori =1,2..., denote E; = {x € R" : |uj(X) — ui,1(X)] > 27'} and F; = Ufij E;.
Clearly 2'|u; — Uj,1] € §p(.)(Ei) and hence using Theorem 2.2 (i) we obtain

Coo(EN) < f (12 (Ui = Uis2) P + V(2 (U5 — Un))IP) dx < 27 0p gy (Ui = Uien)-
]Rn

Using the subadditivity property (vii) of the Sobolev p(-)-capacity and [KR, (2.11)],
we obtain

Cpoy(Fj) < ZCP(')(Ei) < Z 27 01 ppy (Ui = Uisa) < Z 2P ||u; = Uially.p)-
i=j i=j i=j
Since NjZ; Fj ¢ F; for each j, the monotony property (ii) of the Sobolev p()-
capacity yields

Co Fil < limCpy(F;j) = 0.
p()(j@ J] M &polF]
Moreover, u; — u pointwise in R" \ (jZ; Fj, and so the convergence p(-)-g.e. in R"
follows.

To prove the p(-)-quasicontinuity of u, let & > 0. By the first part of this proof,
there is a set F; < R" such that C(F;) < 5 and that the subsequence u; — u
converges pointwise in R" \ F;. Since every u; is p(-)-quasicontinuous in R", we
may choose open sets G; c R", i1 =1,2,..., such that C,,(G;) < o1 and that Uj|rn\g;
are continuous. Writing G = | J; G; we have

« E
Cp)(G) =Cpy (U Gi) <5
et

and the subaddivity property (vii) of the Sobolev p(-)-capacity yields
£ &
CP(')(FI UG) < Cp(-)(Fj) + Cp(.)(G) < 5 + 5 =&,

Moreover,

k-1
uj(X) — Uk(X)| <

k-1
)~ U0 < 3 27 < 2
i=l i=l

for every x € R"\ (F;UG) and every k > | > i. Therefore the convergence is uniform
in R"\ (F; UG), and it follows that u is continuous in R" \ (F; U G). This completes
the proof. |

3. VARIABLE EXPONENT SOBOLEV SPACES WITH ZERO BOUNDARY VALUES

We assume throughout this section that 1 < p~ < p* < oo in order to make sure
that the Sobolev p(-)-capacity is an outer measure and a Choquet capacity, [HHKV,
Corollary 3.3 and Corollary 3.4].

The variable exponent Sobolev spaces with zero boundary values are defined as in
the metric measure spaces following [KKM]: Let Q c R" be an open set. We denote
ue W&’p(')(Q) and say that u belongs to the variable exponent Sobolev space with
zero boundary values if there exists a p(-)-quasicontinuous function i € WPO(RM)
such that u = G almost everywhere in Q and i = 0 p(-)-quasieverywhere in R" \ Q.
The set Wé’p(')(Q) is endowed with the norm

Ully200y = Nlwer e
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A p(-)-quasicontinuous function & € W-PO(R") is called a canonical representative
of a function u € W, P(Q) if u = 0 almost everywhere in Q and i = 0 p(")-
quasieverywhere in R" \ Q.

3.1. Theorem. If 1 < p~ < p* < o0, then Wé’p(')(Q) is a Banach space.

Proof. Suppose that (u;) is a Cauchy sequence in W&’p(')(Q). Then there is a canon-
ical representative {i; of u; for i = 1,2, ... Since W-PO(RR") is a Banach space, there
isu e WLPO(RM such that i; — u in WHPO(R") as i — . By Lemma 2.3,
u is p(-)-quasicontinuous and there is a subsequence of ({i;) which converges to
u p(-)-quasieverywhere in W-PO(R") as i — oo. This shows that u = 0 p(-)-
quasieverywhere in R" \ Q. Consequently u € Wé’p(')(Q) and the space Wé’p(')(Q)
is complete. O

By HoPY(Q) we denote the closure of C(Q) in the space W-PO(Q). Note that
He (@) is a Banach space.

3.2. Corollary. If 1 < p~ < p* < oo, then HyPO(Q) c WPY(Q) c WhPO(Q),

Proof. The first inclusion follows from Theorem 3.1, since C°(2) Wé’p(')(Q). The
second inclusion follows directly from the definition of the space Wé’p(')(Q). O

The proof of the following result follows the arguments in Section 9.2 of [AH], in
part.

3.3. Theorem. If p satisfies the density condition with 1 < p~ < p* < oo, then
Hé,p(')(Q) — W(])"p(.)(.Q.).

Proof. By Corollary 3.2 it suffices to show that HoP(Q) > W P(Q). Letu e

Wg’p(')(Q) and let T be its canonical representative. We need to show that there exist
functions ¢; € C;(Q2) that tend to {.

If we can construct such a sequence for @, (x) = max{d(x), 0}, then we can do it
for Gi_, as well, and combining these gives the result for i = G, + {_. We therefore
assume that @ is positive. Since we can approximate @ by {,(x) = min{{(x), n}, we
see that it also suffices to consider only a bounded function G. Finally, applying
progressively larger cut-off functions shows that we may assume that @ has compact
support.

For € > 0 define {.(x) = max{{i(x) — &,0}. Let > 0 and let G be an open set
such that @ is continuous in Q \ G and Cpy(G) < 6. Let w € WEPO(R") be such that
0<w<1 wlg=1and [lwllpy < 6. The function (1 — w)i, is continuous or zero at
every point in R", and so it vanishes in a neighborhood of R" \ Q. We also find that

I8 = (1 = w)lgllspey < 0= Telly,pey + Nlwliglla,p).-
We have

0 = Uslla,pey < Ellyspeallpe) + I io<too<e Vallpe),
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and so we see that this term goes to zero with . We also find that
01.p0) (@) < f lw(X)T()[PX dx + 2P f w(X)PIVE(x)[PX dx
RN RN

+2° [ [V(X)IPMT(x)[PY dx
]Rn

< (27 + 1) sup G(x)P® + 2P f w(X)PYVE(x)[PX dx.
XeR" RN
Since w — 0 in LPO(RM), as § — 0, we can choose a sequence w; which tends to 0
pointwise almost everywhere. Then fRn wi(X)PPIVE(X)[PX dx — 0 by the dominated
convergence theorem. Therefore o1 p)(wl) — 0 and so also [|willy py — 0, [KR,
Theorem 2.4]. Thus we see that (1 — w)ii, —» lase,d — 0.
Denote w = (1 — w)i,. Let ¢; € C*(R") be functions in WL-PO(R") which tend to
w. Lety € C;(2) be a function which equals 1 in sptw. Then

01.p0)(W — i) = f W(X) — @i (X)IP? + [V (w(x) — ¢i(X))P dx

sptw

. f WP + V(W) dx.
RM\sptw

Since ¢; — w, the first integral goes to zero. The second integral is less than

const- [ 18,1+ V400 dx
R™M\sptw

which also tends to zero, since ¢; —» wand w = 0 in R" \ sptw.

We have therefore constructed a sequence (¥¢;) which approaches w. But w can
be chosen arbitrarily close to {, and so we get a sequence of C;°(€2) functions tending
to G. O

3.4.Theorem. Letl < q-, p* < oo and p(x) > q(x) for almost every x € R". Assume
that Q c R" is a bounded open set. Then

WIPO(Q) — W(Q).
Moreover, the norm of the embedding operator does not exceed 1 + |Q|.

Proof. Let u € WP?(Q) and let i € W-PO(R") be its canonical representative. By
[KR, Theorem 2.8], i € W-HO(R") and [[8llwzaomn) < (1 + [Q)IIullyyzeo - We start
by showing

Cq(.)({ﬂ 01\ Q) =0.
We write F = {{i # 0} \ Q. By the subadditivity of the capacity it is enough to show
that

(3.5) Cq(F N B(0.1) = 0

for every r > 0. Since Cp,(F N B(0,r)) = 0 we can choose v; € Sy, (F N B(0,r))
such that
Vi ()PP + Vv ()1PY dx — 0
Rn
asi — oo. Let ¢, be a Lipschitz continuous cut off function: ¢, = 1 in B(0, 2r) and
¢r = 0 outside B(0,3r). Now by [KR, Theorem 2.8] ¢,vi € Sy (F n B(0,r)) and
llpr Villwzaowny < C(NIIVillwerown. By [KR, (2.28)] we obtain (3.5).
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To complete the proof we have to show that a p(-)-quasicontinuous function @ is
g(-)-quasicontinuous. It is enough to verify this in every ball B c R". Let F; c B be
such that @ is continuous in B \ Fj and Cp(y(Fi) < 1. Letv; € Syy(Fi) and

1
[ k0P + 17 op ax < 5.
J:er

Let ¢ be a cut off function as before. Using ¢v; as a test function we obtain Cq(Fi) —
0 as i — oo. This completes the proof of Theorem 3.4. O

Recall that the spaces LPO(R"™) and WL-PO(RR") are reflexive if and only if the vari-
able exponent p : R" — [1,0) satisfies 1 < p~ < p™ < oo, [KR, Corollary 2.7].
We prove this property for the variable exponent Sobolev spaces with zero boundary
values; for more information on reflexive Banach spaces, see [Rud, Chapter 4].

3.6. Theorem. If 1 < p~ < p* < oo, then W, PY(Q) is reflexive.

Proof. WL-PO(R™) is a reflexive Banach space by [KR, Theorem 3.1]. By Theo-
rem 3.1 Wé’p(')(Q) is closed, and the claim follows from [DS, Theorem 23]. O

3.7.Lemma. Let1 < p~ < p* < co. Suppose that u € W PO(Q) and v e WEPO(R")

are bounded functions. If v is p(-)-quasicontinuous, then uv € W, "(Q) where
V =V|q.

Proof. Let v be p(-)-quasicontinuous. It is clear that uv € WPO(Q) where v =
Vlo. Let i € WLPO(R™) be the canonical representative of u. Then {v is p(-)-
quasicontinuous in R" and it may be nonzero outside Q only in a set A U B where
A={xeR"'\Q : :0X) # 0and B = {x € R"\ Q : v(X) = o}. Both
Co)(A) and Cp,(B) vanish and hence property (iv) of the Sobolev p(-)-capacity
yields Cyy(A U B) = 0. Therefore Gv = 0 p(-)-g.e. in R"\ Q. Since, in addition,
v = uv a.e. in Q, we have uv € WPY(Q). O

3.8. Remark. To obtain the result of Lemma 3.7, we may relax the assumption that
the function v is p(-)-quasicontinuous. However, some additional assumption is
needed to guarantee that v has a p(-)-quasicontinuous representative in R". One
possibility is to suppose that p satisfies the density condition in R", see [HHKV,
Theorem 5.2].

3.9. Theorem. Let1l < p~ < p* < oo, and let N be a subset of R". Then Wé’p(')(Q) =
W PO(Q\ N) if and only if Cp,(N N Q) = 0.

Proof. Suppose first that C,,(N N Q) = 0. It follows from [HHKV, Lemma 4.1]
that [N N Q| = 0 so that the notation W, P(Q) = W, PO(Q \ N) makes sense. It is
clear that W, P(Q \ N) ¢ W P(Q). Letu € W P(Q) and & € WEPO(R") be its
canonical representative. We have i = 0 p(-)-g.e. in R"\ (Q\ N) as C,,(NNQ) = 0.
Hence ulon € W, P(Q\ N) because clearly @i = ua.e. in Q\ N. Moreover, we have

Ul lhzeo @y = IUllyzeo g

The proof of the necessity goes along the same lines as the proof of [KKM, The-
orem 4.8]. We may assume that N c Q. Let xq € Q and write

Qi =B(Xo, i) N{xeQ:dist(x, R""\ Q) > 1}, i=1,2,...
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Define u; : R" — R by uj(x) = max (0,1 — dist(x, N N ;)), i = 1,2,... Then
ui € WLEPO(R™M is continuous, 0 < u; < 1andu = 1in N N Q;. Define v; :
Q; — Ras vj(x) = dist(x, R"\ @), i = 1,2,... Then v; is continuous, hence it is
p(-)-quasicontinuous, and v; € Wg’p(')(Qi) C Wé’p(')(Q). Thus by Lemma 3.7 we have
uivi € WP(Q) = WePY(Q\N), i = 1,2,... Fixi. If wis such a p(-)-quasicontinuous
function that w = u;v; a.e. in Q\ N, then w = u;v; a.e. in Q since [N| = 0. Lemma 2.1
(1) implies that w = u;v; p(-)-g.e. in Q. In particular, w = u;v; > 0 p(-)-g.e. in N N Q;.
On the other hand, since uyv; € WePP(Q \ N), we may define w = 0 p()-g.e. in
R"\ (Q\ N). In particular, we have w = 0 p(:)-g.e. in N \ ;. This is possible only
if Cpy(N\ ) = 0foreveryi =1,2,... and hence properties (ii) and (vii) of the
Sobolev p(-)-capacity yield

Cp(.)(N) < Cp(.) (U(N N Qi)] < ZCp(.)(N N Q) =0.
i=1 i=1
This completes the proof. m|

4. THE P(-)-POINCARE INEQUALITY

We write pj to denote the essential supremum of the function p in aset AnQ and
P, to denote the essential infimum. If pg, < co and if there exists § > 0 such that for
every x € Q either

(41) pé(x,é) 2N
or
n- pé(x )
(4.2) Poxyy S ——— —
B(x,8) n— pB(x,(S)

holds, then the variable exponent p is said to satisfy the jump condition in Q with
constant 6. Roughly, the jump condition guarantees that p does not jump too much
locally in Q. We set

M Pa(xs) e

n—n- if <n

p*B(x’(g) = n- pB(x,(S) ’ ) pB(X,(S) s
Py 1T Py > -

Note that if Q is bounded and if p is continuous in Q, then p satisfies the jump
condition in Q with some 6 > 0.

4.3. Theorem. [p(-)-Poincaré inequality] Let Q c R" be a bounded open set. Assume
that p satisfies the jump condition in Q with § > 0. Then the inequality

(4.4) lulleo ) < ClIVUllLeo )

holds for every u € Wg’p(')(Q). Here the constant C depend on the function p, |Q],
diam(Q), 6 and the dimension n.

Proof. Since Q is compact, there exist x4, . . ., X; such that

j
Dc U B(xi, 6).
i=1
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We write B; = B(X;, 6) and denote by y; the characteristic function of B;. Let {i be the
canonical representative of u. By the triangle inequality and Theorem 3.4 we obtain

j
< (v: Yoon
LPO(RM) = E HUXIHLP()(IR )

lullurogey = oy < |3 xi
i
] j
(45) = le | soey < (1 + 1) Z 1015

(1+|Q|)Z (11— T ey 108 121 pB,(B))

i=1

The classical Sobolev-Poincaré inequality in the ball and [KR, Theorem 2.8] imply
that
16— Teyl 55, g, < C(0. P, P& )L + BNV sy
(4.6) < C(n, pg» P& + BDIVilleoe)
< C(n, pg,. P5)(L + C(N)")?[IVUllLeo oy

forevery i =1,...]. The classical Poincaré inequality implies that
|Ug| C( )f| | dx nC(n)diam(Q)f|Vu|dx
Q

4.7) ( ) diam(Q)(1 + 1Q)IIVullLeo )
C(n)

diam(Q)(1 + [QDIIVUllLeoq),

again forevery i =1,. j Since ||1]| P depends only on PE and |B;|, the inequal-
ities (4.5), (4.6) and (4 7) imply the p() Pomcare inequality. m|

4.8. Remark. The condition Poixs) < ZB(”’ for the exponent p is the best possible,
B(x,0)

see [HH, Example 2.6].

4.9. Remark. When 1 < p; < pg, < nand p is Lipschitz continuous, Edmunds

and Rakosnik have proven a Poincaré type inequality for functions in W-P0O(Q) sup-
ported in Q, see [ER2, Lemma 3.1].

5. p(-)-DIRICHLET ENERGY INTEGRAL MINIMIZERS

Let Q c R" be an open set and let w € WLPO(Q). The energy operator corre-
sponding to the boundary value function w, acting on the space Wé’p(')(Q) is defined

by
(5.1) 150 ) = f IVU(X) + Yw(x)[P® dx.

The general problem is to find a function that minimizes values of the operator '8(3\,

acting on the space Wé’p(')(Q). It is clear that this problem is equivalent with the
p(-)-Dirichlet energy minimizing problem stated in the introduction. Here we use
the same methods as in [Sha] to prove that a minimizer exists. The following is a
well known lemma in functional analysis, see for example [KS, Theorem 2.1].
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5.2. Lemma. Let B be a reflexive Banach space. If | : 8 — R is a convex, lower
semicontinuous and coercive operator, then there is an element in 8B that minimizes
l.

The operator | is said to be convex if for all t € [0, 1] and each pair u,v € 8B the
inequality I(tu + (1 — t)v) < tl(u) + (1 — t)I(v) is satisfied. The operator I is lower
semicontinuous if 1(u) < liminfi_. I(u;) whenever u; is a sequence of elements in 8
converging to u, and coercive if 1(u;) — oo whenever ||uj|lg — oo.

5.3. Theorem. Let Q c R" be a bounded open set. Assume that p satisfies the jJump
conditioninQ and that 1 < p~ < p* < co. Then there exists a function u € Wé’p(')(Q)
such that

(5.4) 10w = inf 120v).

veWé’ PO ()

Proof. By Theorems 3.1 and 3.6 we know that Wé’p(')(Q) is a reflexive Banach space.
Since x — xP is convex for every fixed 1 < p < oo, we find that

(5.5) (U] + (L = HIVEINPO < tu(x)IPX + (1 = tlv(x)[PX

forevery 0 <t <1, every x € Q, and every u,v € Wé’p(x)(Q). Thus the operator Ig(v)v
IS convex.

Let (u;) be a sequence of functions in Wé’p(')(Q) converging to u € Wé’p(')(Q).
Then V(u; + w) converges to V(u + w) in LPO(Q). Since p* < oo, we obtain by [KR,
Theorem 2.4] that

Qp(.)(V(Ui + W) - V(U + W)) -0

as i — oo. By [HHKV, Lemma 2.6] this yields
0p0) (VUi + W) = 0p) (V(U +W)),

as i — co. Hence the operator 12 is lower semicontinuous.

If ||u; ||W1p()(g) — o0, then the Pomcare mequallty (4.4) implies that [|Vuill @) —
co, Which yields [[VU; + VW||Looq) — o0 as — oo0. Since p* < oo, we obtain
Ip()(u) — oo as i — oo, s0 the operator I, | P |s coercive.

‘Now the theorem follows by Lemma 5. 2 ]

5.6. Theorem. Let Q c R" be a bounded open set. Assume that p satisfies the jump
condition in Q and that 1 < p~ < p* < oo. The p(:)-quasicontinuous representative
@ of the minimizing function u in (5.4) is unique up to set of zero p(-)-capacity.

Proof. The following proof is a modification of the proof of [HKM, Theorem 5.27].
Assume that u; and u, are two minimizers of (5.4) with [{Vu; # Vuy}| > 0. If
Vu;(x) # Vu,(X), we obtain as in (5.5) that

p(X)
(31Vu ()] + 3IVU(x)]) ™ < 3Vuz (P + 4 Tuy(x)[P,
We setv = %(ul + Up). The previous inequality implies that

150) < 31800 + 3150(u) = inf 150 w),
ueWy™ ()
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which is a contradiction. Therefore |{Vu; # Vu,}| = 0. Since u; —u, € Wé’p(')(Q), we
obtain by the Poincaré inequality (4.4) that
lluy — UallLenq) < ClIVUL = VUallLenq) = 0,

and hence u; = u, for a.e. x € Q. Let {; and {i, be the p(-)-quasicontinuous repre-
sentatives of u; and u,. Then {i; = U, for almost every x € Q and Lemma 2.1 implies
that U, = U, p(-)-quasieverywhere in Q. O

5.7. Theorem. Let 1 < p~ < p* < oo and u € WP(Q). The following two
conditions are equivalent:

(i) The function u minimizes the operator IS(V)V
(if) The function u is such that

f P(X)IVU(X) + VW(X)|PX-2(Vu(x) + Yw(X)) - V(v(xX) — u(x)) dx > 0

for every v e WP ().

Proof. This proof is a modification of [HKM, Theorem 5.13]. First we prove that (i)
implies (ii). We fix v € Wg’p(')(Q) andsetgp =v—-uand f =u+w. Let0 <e < 1.
Since u + e € Wy PY(Q), we obtain

120W) < 150U + £9),

and therefore

58) f £V + VEIP VI o
Q &
Because
(59) lim |3V¢(X) + Vf(x)lp(x) - |Vf(X)|p(X) — p(X)|Vf(X)|p(X)_2Vf(X) . V¢(X)

-0 &
for almost every x € Q, the condition (ii) follows from the Lebesgue dominated
convergence theorem provided that we find a L!-majorant independent of & for the
integrand in (5.8).
By the mean value theorem there exists &’ € (0, ) such that

leVp(X) + V (X)|PX — [V f(x)[PX
&

= p(X)le'Vo(x) + VF(x)IP¥2(e'V(x) + V(X)) - V(x),

and thus

VA(x) + V()X — |V (x)|PX

&

Since u,v,w € WLPO(Q), the Holder inequality, [KR, Theorem 2.1], implies that
g € LY(Q) is the desired majorant.

Then we prove that (ii) implies (i). Since

&2 + (61— &)I° = (1 - )& + &P < (L= 0I&|° + gy P

for 0 <t < 1, we obtain by setting £ = &, — &

&2 + t€1P — 1&2IP < (P — 1&2/P).

< Pr(VE)POLVH(X)] + IV (X)P9) = g(X).
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Setting £ = Vg and &, = VT we find that
[tV¢(X) + VI (x)IPY = [V (x)]PX

t
Letting t — O this yields by (5.9) that

[VV(x) + VW(x)P* — [Vu(x) + Vw(x)[P > p()IV f ()IPP-27 (x) - Veb(x)

and hence |gf3v(u) < Igf;,)v(v) for every v e WLPO(Q). O

< [VV(X) + YW(X)|PX — [Vu(x) + Yw(X)|PX.

Acknowledgements. We wish to thank Olli Martio for discussions and useful com-
ments on this paper.
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