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1. Ratkaise seuraava ODY:n alkuarvotehtédva tuntemattomalle funktiolle v = wu(x,y),
(z,y) € R%:
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duy +3uy =zy , ulz,x)=e"

2. Formuloi aaltoyht&lén Cauchyn probleema R:ssé tuntemattomalle funktiolle u = u(x, t).
Esité sen yleinen ratkaisukaava (d’Alembert). Esitd ratkaisu siind tapauksessa, etta alkue-
hdot ovat u(z,0) = (1 + 22)7! ja us(z,0) = sin(27x).

3. Oletetaan, ettid u = u(z,t) € C?([0,5]) ratkaisee aaltoyhtilon
Utt = Uz (4)
valilld ]0, 5[ x, ja lisdksi u toteuttaa reunaehdot
u(0,t) = u(b,t) =0 (B)

kaikilla ¢ > 0.

a) Kirjoita w:n energiaintegraalin (eli energiafunktionaalin) E(t) lauseke.

b) Osoita, ettd E(t) on vakio ¢:n suhteen.

c¢) Kuinka energiaintegraalia voidaan kéyttaa osoittamaan, ettd probleeman (A), (B), (C)
ratkaisu on yksikésitteinen, kun (C) on alkuehto

u(z,0) = do(x), w(z,0)=di(z), z€][0,5],
missd funktiot ¢; annettuja ja riittdvan sdannollisia?
4. Ovatko seuraavat kahden muuttujan funktiota u = u(x,y) koskeva ODYt
(1) U 4+ gy —4u =0 | (2) Upp — Upy + Uyy — V3Uy = 0
elliptisié, parabolisia vai hyperbolisia? Perustelu tarvitaan!
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1. Solve the following initial value problem for the PDE concerning the unknown function
u=u(z,y), (r,y) € R*:

ZE2

duy +3uy =zy , ulx,x)=-e€"
2. Formulate the Cauchy problem of the wave equation in R for the unknown function
u = u(z,t). Give the general solution formula (d’Alembert). Give the solution in the case
of initial conditions u(x,0) = (1 + 2%)~! ja us(x,0) = sin(27z).



3. Assume that u = u(z,t) € C?([0,5]) is a solution of the wave equation
Utt = Ugy (A)

in the interval ]0,5[> x, and that in addition u satisfies the boundary conditions

u(0,t) = u(5,t) =0 (B)
for all t > 0.
a) Write the formula for the energy integral (or energy functional) E(t) of u.
b) Prove that E(t) is constant with respect to ¢.
c) Explain how the energy integral can be used to prove the uniqueness of the problem
(A), (B), (C), when (C) is the initial condition

u(z,0) = ¢o(x), w(x,0)=¢1(z), z€]0,5],

and the functions ¢; are given and regular enough.
4. Are the following PDE’s concerning the function v = u(x,y) of two variables

(1) Upy +4uyy —4u=0 , (2) um—uxy—kuyy—\/gumzo

elliptic, parabolic or hyperbolic? Prove your opinion!



