PROBABILITY THEORY I - EXERCISE SET 111

Exercise 1. Let X be a geometric random variable, that is,
P(X=n)=({1-a)", n=0,1,...
for some a € (0,1), and P(X ¢ NU {0}) = 0. Compute EX, EX? and EX3.

Exercise 2. Let X be an exponential random variable, that is, the density of X

is given by
exp(—z) , x>0
Fl(x) = .
x(@) {0 x <0

Compute EX™ for every n € N.

Exercise 3. Consider a random variable X such that

0, z < —10
Fx(z) =1 1, ~10<2<0
1—ie® >0

2 )
Compute EX.

Exercise 4. Given a > 1, let X be a random variable with probability density
function Fi (z) = ﬁm_a. Compute EX.

Exercise 5. Let X be a random variable such that its distribution px is the
uniform measure on the Cantor set, as constructed in Exercise 7 of Set II. Compute
EX and EX2.

Exercise 6. Let (£, F, ) be a o-finite measure space, and let f : @ — R>g be a
measurable function. Its subgraph Sy is defined by

Spi={(w,w) €N xR0 :w < flw)}.
Prove that Sy is an F ® B(R>() measurable set, and that

(9 (S = [ fdn.
where A is the Lebesgue measure.

Exercise 7. Prove that, for a non-negative random variable X, one has
EX :/ (1— Fx (b)) dt.
0

Exercise 8. Given a > 0, denote

22 — 2

fa(xvy) = W

Prove that for any 0 < a < 1, one has

/ < fa(x,y)d:lc> dy = / ( fa(x,y)dy> dx.
(0,1) (0,1) (0,1) (0,1)



Check that, however,

/ < f1<x,y)dw> dy # ( f1<x,y)dy> da.
(0,1) (0,1) (0,1) (0,1)

Hint: For the second part, you might use the identity
a y 22 — g2

@x2+y2 7x2+y2'




