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Exercise 1. Let R be a semi-ring, and let R’ := {UN,A; : 4; € R}, R :=
{U2,4; : A; € R}. Prove that R’ is closed under finite unions and intersections,
and R” is closed under countable unions and finite intersections. Is R” necessarily
closed under countable intersections?

Exercise 2. (Patch to the proof of Caratheodory’s theorem) Assume that p is a
pre-measure on a semi-ring R, and Ay, A, -- € R, A}, A}, - € R are such that
U, A; = U2, AL Prove that Y o) pu(A4;) > >, u(Af). Conclude that

oo
wA) =, inf D a4,
A,er =1

Exercise 3. Let R be a semi-ring, and let i : R — R>¢ be a finitely additive
function (that is, p(A; U--- U A,) = p(A1) + -+ + p(A,) whenever A; € R and
U™, A; € R.) We say that p is upper semi-continuous if for every sequence E; D
E5 D ..., such that N2 F; = () and each F; is a finite union of sets in R, one has
lim; o #(F;) = 0. Prove that a finitely additive function is a pre-measure if and
only if it is upper semi-continuous.

Exercise 4. Let Q = Q (the set of rational numbers), R := {[a;b) NQ : a,b € Q},
and define 1 : R — R by p([a; b)) := b — a. Prove that pu is not a pre-measure.

Exercise 5. Let Q := [0;1] and R := {4 C Q : A finite}. Check that R is a
semi-ring. Find two different measures on o(R) that agree on R.

Exercise 6. (Unifrom measure on self-similar sets) Let Ko C RY be a compact
set, 0 < A< 1,andlet fi,..., fm : RN — RY be maps of the form
filx) =X -z +a;.
where a; € RY. Assume that f;(Ko) C Ko for all 4, and f;(Ko) N f;(Ko) = 0 for
i # j. Define, inductively, K, := U2, fi(Kn-1), n=1,2,..., and K :=N>2, K,,.
e Prove that for every n, K, is compact and K,, C K,_1. Conclude that
K # 1.
e Show that, when N = 1, one can choose K and f; so that K is the Cantor
set in the real line.
e Let R, :i={fi,0o-ofi (K):1<i <m,...,1 <4, <m}, and R :=
(U2 Ry) U {0}. Prove that R is a semi-ring on K, and that u defined by
w(I) :==m~™ when I € R, is a pre-measure on R.
e Prove that o(R) = B(K). Conclude that there is a Borel measure on K
that coincides with 1 on R,,.

Exercise 7. (Completion of measures) Let pu be a measure on a o-algebra F. We
say that E € 29 is a null-set if there is a set E/ € F such that E C E’ and
w(E") = 0. Denote the set of all null-sets by N.

e Prove that the set F := {EUFE': E € F,E' € N} is a o-algebra.

e Prove that if By U E] = E; U Ej, where E15 € F and Ej, € N, then

w(E1) = p(E2). Conclude that there is a unique measure i on F such that
(E) = u(E) for all E € F.



