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1. Write down an explicit formula for a function u solving

(1) {ut+b-Du+cu:O in R"™ x (0, 00);

u=g on R" x {t =0}.
Here ¢ € R and b € R"™ are constants.

Solution. We define a new function v : R" x (0,00) — R as follows
v(z,t) = u(x,t) exp(ct).

Then it is easy to check that function v is a solution to the following initial value
problem

v +b-Dv=0 in R™ x (0, 00);
v=yg on R™ x {t = 0}.

The unique solution to the above linear transport equation is
v(z,t) = gz — tb).
Thus the unique solution to the initial value problem is
u(z,t) = g(x — tb) exp(—ct).

2. Let u € C'(R") and

Prove that
©'(r) :][ Du(z +ry) - ydS(y).
8B(0,1)

Proof. We rewrite ¢ by changing variables as follows
o) = (ot ry)ds(y)
dB(0,1)

Now fix r > 0, and let h € R. We consider the difference quotient
o(r+h) —@(r u(x +ry + hy) —u(z + 1y
et o) [ )l re) o
0B(0,1)

(2) . T

Now for the integrand function of the integral on the right hand side, we have by
the fundamental theorem of calculus that
wxz+ry+hy) —ulz+ry) 1

1
d
= — — thy) dt
. h/o dtu(m—l—ry—l— Y)

1
= / Du(x + ry + thy) - y dt,
0

(3)

[y



where the second equality follows from the chain rule and the assumption that
u € CHR™). Tt follows from (2)) and (3) that

@(r+h) —p(r)
Y — ]gB(O,l) Du(z +ry) - ydS(y)

(4) 1
:]{93(0 ! /o (Du(x + ry + thy) — Du(x + ry)) -y dtdS(y).

Now since u € C''(R"), we have that d,,u is continuous in R" for each i = 1,2, ..., n.

Thus it is uniformly continuous in B(x,r + |h|). This means that for any ¢ > 0,
there is 6 > 0, depending only on ¢, such that

(5) |Oyu(2) — Qiu(w)| < es/nl/2

for each i = 1,2,...,n and for all z,w € B(x,r + |h|) such that

|z —w| < 4.
It follows from that
(6) |Du(z) — Du(w)| < e
for all z,w € B(z,r + |h]) such that

|z —w| < 6.

Now we go back to . Note that
z+ry+thy € B(z,r +h]), @+ry€ Blw,r+h])
for all y € 0B(0,1) and all ¢ € [0,1]. Note also that
| 4+ ry + thy — (x + ry)| = t|h|.
Thus if |k < 6, we have by (6] that
(7) |Du(x 4+ ry + thy) — Du(z +1ry)| < e
for all y € 0B(0,1) and all ¢ € [0,1]. It follows easily from (4)) and (7)) that

go(r—l—h)—gp(?“)_ Dulx +rv) - vdS €.
h ]éB(o,n @+ry)y (y>‘ )

The above inequality holds, provided that |h| < §. This show that

h—0

B) —
lim plr+h) = olr) —][ Du(z +ry) - ydS(y),
h 9B(0,1)
from which it follows that
@'(r) 2][ Du(z +ry) - ydS(y).
9B(0,1)

The proof is complete. O



3. Find a solution to the following boundary value problem

Au = u? in B(0,1);
u=0 on 0B(0,1).

Solution. It is obvious that

is a solution.

4. Find a solution to the following boundary value problem

Au=0 in B(0,1);
u=1 on 0B(0,1).

Solution. It is obvious that

is a solution.

5. Find a solution to the following boundary value problem

®) {Auzl inQ={reR3:a<|z] <b};

u=0 on 0,
where 0 < a < b < 0.
Solution. We will find a solution of the following form
u(z) = 1|z + ealx* + e,
where ¢y, ¢9, c3 are constants. An easy calculation shows that
Au(z) = 6¢y
for x # 0. Therefore if we set co = 1/6, then u is a solution to equation
Au=1 1in .

In order to satisfy the boundary condition u = 0 on 0f2, we need

{cla_l + ca® 4 ¢35 = 0;

bl 4 cb? + 5= 0.
From the above system, we obtain that
c, = cpabla +b), c3= —cy(a® +ab+ b?).

Thus

u(w) = é [ab(a+ B + [2]? — (a® + ab+ B2)]

is a solution to Dirichlet problem .



6. Prove that Laplace’s equation

Au=0
is rotation invariant; that is, if O is an orthogonal n x n matrix and we define
v(x) = u(Ox),
then
9) Av = 0.

Proof. Let u = u(y) be a harmonic function, that is, u € C? is a solution of Laplace’s
equation

(10) Au = 0.

Now fix an orthogonal matrix O = (0;;) and let f = (f*, f, ..., f™) be the linear
map

that is,

for all  =1,2,...,n. We note that
(11) Os, ['(2) = 0y

foralli,7 =1,2,....n
Now let v(z) = u(f(x)). By chain rule, we have for i = 1,2,...,n that

Z axl fk Z Okz

and that

szz Z Okl vy U 8szl Z Okloll (TRACY x))

k=1 k=1
The above equality hold for all ¢ = 1,2, ...,n. Thus we have that

n

(12) => Z%Ou Oyyu(f ().

ko l=1
Since O is an orthogonal matrix, we have that
oTo =1,

n
E OOl = Okl
i=1

forall k,l =1,2,...,n, where 6y = 1 if k = [ and 6 = 0 if k£ £ [. Thus becomes

= Z 6kl8ylyk Z 8ykyk = Au(f(z)),

k=1
which, together with , gives the conclusion @D 0

which means that



