
Osittaisdifferentiaaliyhtälöt
DEMO 10

1. Find a solution to the following Cauchy problem{
ut(x, t)− uxx(x, t) = xt in R× (0,∞);

u(x, 0) = x on R× {t = 0}.

2. Let u be a smooth solution of the following initial-boundary problem{
ut −∆u = u in ΩT = Ω× (0, T );

u = g on ΓT = (Ω× {t = 0}) ∪ (∂Ω× [0, T ]),

where Ω is a bounded smooth domain, T > 0, and g is a continuous function. Prove
that

|u(x, t)| ≤ et max
ΓT

|g|, ∀ (x, t) ∈ ΩT .

3. Prove that

u(x, t) =
x√
4π

∫ t

0

1

(t− s)3/2
e−

x2

4(t−s)h(s) ds

is a solution of the PDE 
ut − uxx = 0, x > 0, t > 0;

u(x, 0) = 0, x > 0;

u(0, t) = h(t), t > 0,

where h is a smooth bounded function with h(0) = 0.

4. Find a solution to the inhomogeneous diffusion equation on the half-line with
Dirichlet boundary condition:

ut − uxx = f(x, t), x > 0, t > 0;

u(x, 0) = ϕ(x), x > 0;

u(0, t) = 0, t > 0

where ϕ is a smooth bounded function with ϕ(0) = 0.
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