UH Malliavin Calculus, Fall 2016, Exercises 4 (5,12 October
2016)

1. Show that the Malliavin derivative defines for simple random variable
F=f(X(h),...,X(h)) €8

as
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f(X(hy),..., X (hn))hi € L*(Q, H)

does not depend on the representation of F,

Note that the representation of F' € § is not unique, it could be written
as

F=oX(m),...,X(10m))
for some other m n; and .

2. Let {&, : n € N} be a sequence of Gaussian random variables, ,, ~
law

N (i, o) such that &, = £ with respect to the convergence in distri-
bution, meaning that the characteristic function converges pointwise

@e, (t) := E(exp(it&,)) = exp(itp, — t°0. /2) — @e(t) = E(exp(it§) Vi
where i = y/(—1) is the imaginary unit. Show that & is either Gaussian

or deterministic.

Hint: show that u, and o, have limits.

3. For g € H we consider the shifted process (X +g¢)(h) = X(h)+ (g, h)u ,
Vh € H, which are jointly Gaussian, with mean (g, h)y and covariance
E((X + g)(h)(X + g) (W) = B(X (M) X () = (h, ht) .

We consider the shift operator T, : § — S such that

Show there is a probability measure P, ~ P (the shifted Gaussian
measure) such that if 77 € S

Ep(T,F) = Br,(F) = En(FZ), 7 =25 = exp(X(g) ~ (9.0)n/2)

Hint. Show that Z > 0 P a.s. and it is a Radon Nikodym derivative



4. Let { ¢; : © € N} a complete orthonormal system of the separable
Hilbert space, { &(w) : i € N} a sequence of i.i.d. standard Gaussian
variables defines on (2, F, P), and let

[e.9]

X(h) = (he)n&i(w)

i=1
be the isonormal Gaussian process. Show that the shifted isonormal

process has the representation

o

X+ Y ((ednelo)+ (o)

i=1
as a limit in LZ(Q, R)

5. Show that T}, is closed in L?(2, F, P), and it has an unique extension
T, : Dom(T,) — L*().

We consider now a fix direction g, show for F' € S the directional
deriwative exists

1
D,F := }jl_I)I(l) E(TSQF_ F) = (DF,g)

where we take the limit in L?(2,R). Show that D, is a closed operator
which is extended uniquely to an operator defined on a closed subspace
Dom(D,) 2> D'

6. Compute the divergence integrals with respect to the Brownian motion
W, where H = L?([0,T),dt), and the isonormal Gaussian process is

t
W(h) = / h(s)W (ds)
0
is the Wiener integral

(a) fW(t)5W(t) (C) fW(to)z(SW(t) (d) fOTeXp(W(T))5W(t)
(b) [W()>6W (%) with fixed £



