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Exercise 1

A function f : R→ C is called positive if

n∑
i,j

ξ∗i f(ti − tj)ξj ≥ 0

for all ξ1, ... , ξn ∈ C and all t1, ... , tn ∈ R.
(a) Show that f(0) ≥ 0 for all t ∈ R
(b) Show that f(t) = f∗(−t) and f(0) ≥ |f(t)|
(c) Show that f is positive if and only if for all t1, ... , tn ∈ R the matrix

X := (f(ti − tj))1≤i,j≤n
is positive semi-definite.
Hint: for (a) take n = 1 and for (b) take n = 2

Exercise 2

In physics a system described by the Hilbert space 1 C2 is called a qubit. Show
that the density matrix of a qubit ρ can always be written in the form

ρ =
1

2
(I + v · σ)

where v ∈ R3, ‖v‖ ≤ 1 and v · σ = v1σx + v2σy + v3σz. Show that ‖v‖ = 1 if
and only if the qubit is in a pure state.

Exercise 3

From the last exercise we can see that the pure states of the qubit represent
points on the unit sphere in R3, which in this context is called the Bloch sphere.
(a) Show that every unit vector of the qubit can be written as

|ψ〉 = cos
θ

2
|0〉+ sin

θ

2
eiφ|1〉,

1with the inner product 〈φ|ψ〉 = φ∗1ψ1 + φ∗2ψ2
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where |0〉, |1〉 is a fixed orthonormal basis.
The two angles (φ, θ) are the coordinates of the pure states on the Bloch sphere
in the given basis.
(b) Show that orthonormal bases correspond to antipodal points on the Bloch
sphere.
(c) Express the transition probability between to states of the qubit as a geo-
metric property of the corresponding points on the Bloch sphere.
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Exercise 4

(Ballentine, exercise 2.5)
Which of the following are state operators? Are they pure states? If so decom-
pose them in pure unit vectors.

ρ1 =

(
1
4

3
4

3
4

3
4

)
, ρ2

(
9
25

12
25

12
25

16
25

)
ρ3 =

1

3
|u〉〈u|+ 2

3
|v〉〈v|+

√
2

3
|v〉〈u|+

√
2

3
|u〉〈v|,

where 〈u|u〉 = 〈v|v〉 = 1 and 〈u|v〉 = 0,

ρ4 =

 1
2 0 1

4
0 1

2 0
1
4 0 0

 , ρ5 =

 1
2 0 1

4
0 1

4 0
1
4 0 1

4

 .

Exercise 5

The exponential function for a square matrix A ∈Mn(C) is defined as

exp(A) =

∞∑
n=0

1

n!
An.

(a) Show that for v ∈ C3 a unit vector, θ a real number and v · σ = v1σx +
v2σy + v3σz:

exp(iθv · σ) = cos(θ)I + i sin(θ)v · σ

(b) Define the operator LA that acts on X ∈Mn(C) as

LAX = [A,X] = AX −XA.

The exponential of this operator is defined as

exp(LA)X :=

∞∑
n=0

LnA
n!
X,

where LnAX = LA ◦ LA ◦ ...LA︸ ︷︷ ︸
n-times

X. Show then that

exp(A)X exp(−A) = exp(LA)X.
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Exercise 6

(Ballentine, exercise 2.9)

Let R =

(
6 −2
−2 9

)
represent a dynamical variable and ψ =

(
a
b

)
be an arbi-

trary unit vector. Calculate 〈R2〉 := 〈ψ|R2|ψ〉 in two ways:
(a) Evaluate 〈ψ|R2|ψ〉 directly.
(b) Find the eigenvalues and eigenvectors of R

R|rn〉 = rn|rn〉

and expand the state vector as a linear combination of the eigenvectors,

|ψ〉 = c1|r1〉+ c2|r2〉

then evaluate 〈R2〉 = r21|c1|2 + r22|c2|2
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