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8.1. Homework. Let f ∈ BMO(Rn). Prove that
f(x)

(1 + |x|)n+1
∈ L1(Rn) .

Hint: Show that∫
Rn

|f(x)− fB1(0)|
(1 + |x|)n+1

dx ≤ cn
∣∣∣∣f ∣∣∣∣

BMO(Rn)
.

8.2. Homework. For a cube Q in Rn let us define

BMO(Q) :=
{
f ∈ L1

loc(Q) : sup
R⊂Q

1

|R|

∫
|f(x)− fR| dx <∞

}
where the supremum is taken over all cubes R in Q .
Let Q be fixed and f ∈ L1

loc(Q). If for any cube R in Q there exists
aR ∈ R such that∣∣{x ∈ R : |f(x)− aR| > λ

}∣∣ ≤ b|R| exp(−aλ)
with some absolute constants a > 0 and b > 0 for all λ > 0 then, show
that f ∈ BMO(Q).

8.3. Homework. Let 1 < p <∞. Prove that

sup
Q

(
1

|Q|

∫
Q

|f(x)− fQ|p dx
)1/p

≈
∣∣∣∣f ∣∣∣∣

BMO(Rn)

where the supremum is taken over all cubes in Rn.

8.4. Homework. Let 0 < p < q < ∞ and f ∈ Lp(Rn) ∩ BMO(Rn).
Show that f ∈ Lq(Rn) and∣∣∣∣f ∣∣∣∣

Lq(Rn)
≤ cn,p,q

∣∣∣∣f ∣∣∣∣p/q
Lp(Rn)

∣∣∣∣f ∣∣∣∣1−p/q

BMO(Rn)
.

Hint: Apply the Calderón-Zygmund decomposition to the function |f(x)|p
at the level 1.
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