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Exercise 1

Solutions

1. Problem. Let F C P(X) and
o(F) = ﬂ{/\/l M is a o-algebra in X, F C M}.
Prove that o(F) is a o-algebra.

Solution. Write
Y = {M: M is a o-algebra in X, F C M},

so that o(F) =Y.

Since § € M for all M €Y, we have § e Y = o(F).

Let A € o(F). Then A € M for all M € Y. Since every M € Y is a o-algebra, also X \ A € M for each
M eY. Hence X \ A € o(F).

Finally, assume that A, As,... € o(F). Then A, As,... € M for every M € Y. Since every M is a
o-algebra, also J; A; € M for each M € Y. Hence |J, A; € Y = o(F).

2. Problem. Prove that every closed subset of a metric space is a Gs set and every open set (in a metric
space) is an F, set.

Solution. Let (X,d) be a metric space.
Let U C X be open. We claim that

U=JF
i=1
for some closed sets F;. We may assume that U # X since otherwise U itself is closed. Define
F, ={x € X: dist(x,U°) > 1/i}, i € N.

Since U¢ # 0, the function = +— dist(z,U°¢) is well-defined and continuous (1-Lipschitz). Hence each F; is
closed as a preimage of a closed set [1/i,+00). For € U, r := dist(z,U¢) > 0, and therefore x € F; for
i>1/r. Hence U C |J, F;. On the other hand, F; C U trivially, and so U = |J, F;. Hence U is F,, set.

Let then F' C X be closed. Then F¢ is open, and therefore on

Fe=JF
for some closed Fi, Fy,.... Hence
is a G5 set.

3. Problem. Let i be an outer measure in a metric space X such that every Borel set in X is fi-measurable
(i.e. [i is a Borel outer measure). Prove that [i is a metric outer measure.

Solution. Let A, B C X be such that dist(A, B) > 0. We claim that ji(AU B) = ji(A) + i(B). The closure
A is closed, hence a Borel set, and therefore fi-measurable. Hence for every test set £ C X we have

(E) = i(ENA)+ (B \ A).
Using £ = AU B as a test set we get
A(AUB) = i((AUB) N A) + i((AU B)\ A) = i(A) + iu(B)
since A C A and B C (A)°.

4. Problem. Let i be a Borel regular outer measure in X and let A C X be ji-measurable such that u(A) < co.
Prove that fiLA is Borel regular.
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Solution. Recall that fiLA is an outer measure that is defined as (iLA)(B) = @(A N B).
First we claim that Borel sets are ji_ A-measurable. Let B C X be Borel. Since ji is a Borel outer measure,
B is fi-measurable. Let E C X be arbitrary and use F'N A as a test set (for i-measurable set B). We obtain

(W A)(E) = (ENA)
=a((ENA)NB) +a((ENA)\B)
=a((ENB)NA)+a((E\B)NA)
= (A)(ENB) + (wA)(E\ B).

Hence B is jiL A-measurable, and so jiL A is a Borel outer measure.

Let then E C X be arbitrary. We want to find a Borel set B such that E C B and (ficA)(E) = (i A)(B).
Since fi is Borel regular, there exits a Borel set By such that A C By and i(A) = i(By). Similarly, there exits
a Borel set By such that E N By C Be and i(E N By) = i( By). We now choose

B = B{ U Bs.
Then B is a Borel set and
E=(EnB;)U(E\B;) C BbUB{=B.
Since By \ A and A are fi-measurable and disjoint, we get
A(B1\ A) + () = i((Br \ A) U A) = i(By) = i A).
By assumption ji(A) < oo, and therefore we can conclude that fi(B; \ A) = 0. We get
(BN A) > J(ENA) = G(ENA)+ (B \ A)

=uENA)+a(En(Bi\A))
>a((ENnA)U(En(Bi\A4))
= (ENBy)

= ji(B2)

> ji(B2 N A)

AP L((Bf N A) U (Ba M 4))
= i(BN A).

Now B is Borel, E C B, and (ficA)(E) = (iLA)(B).

5. Problem. Prove that in Exercise 4

(a) the assumption i(A) < oo can be replaced by an assumption A € Bor(X), but

(b) in general, the assumption [i(A) < oo is necessary. In other words, construct a topological space X,
a Borel regular outer measure ji in X, an a fi-measurable subset A C X so that LA is not Borel
reqular.

Solution. The assumption fi(A) < oo can be replaced by an assumption A € Bor(X) since we may choose
B; = A and the rest of the proof works (without assuming fi(A) < 00). To prove the claim (b), let X =R be
equipped with the usual topology and let i: P(R) — [0,400] be the counting (outer) measure. Then every
subset of R is ji-measurable, in particular, i is a Borel outer measure. MOreover, i is Borel regular. Indeed,
if A C R is finite, then A is Borel (in fact, closed) and therefore its own Borel cover. Otherwise, A is infinite
and we may choose R as its Borel cover because fi(4) = oo = i(R). Fix a set A C R that is not Borel. Then
necessarily, fi(A) = co. Let B C R be a Borel set such that R\ A C B. Then AN B # (), because otherwise
A=(ANB)U(A\B)=A\B, and hence R\ A=R\ (A\B) = (R\ A)U B = B, and A would be Borel.
Hence i(AN B) > 0, and so

(AcA) R\ A) = (AN A%) =0 < (AN B) = (i A)(B).

We conclude that there exists no Borel sets B D R\ A such that (L A)(R\ 4A) = (i A)(B), and therefore
[ A is not Borel regular.

Another very short proof of (b): Let X = {0,1} be equipped with the trivial topology 7 = {f}, X}. Then
Bor(X, 7} = 7. Define an outer measure ji by setting

0, iftB=0:
a<B>:{ rB=0

o0, otherwise.
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Let A = {0}. Then ji. A is not Borel regular since (iLA)({1}) = (@) = 0 but X = {0,1} is the only Borel
set containing {1} and (. A)({1}) = 0 # oo = a({0}) = (AL A)(X).



