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1. Let F ⊂ P(X) and

σ(F) =
⋂
{M :M is a σ-algebra in X, F ⊂M}.

Prove that σ(F) is a σ-algebra.

2. Prove that every closed subset of a metric space is a Gδ set and every
open set (in a metric space) is an Fσ set.

3. Let µ̃ be an outer measure in a metric space X such that every Borel
set in X is µ̃-measurable (i.e. µ̃ is a Borel outer measure). Prove that
µ̃ is a metric outer measure.

4. Let µ̃ be a Borel regular outer measure in X and let A ⊂ X be
µ̃-measurable such that µ(A) <∞. Prove that µ̃xA is Borel regular.

5. Prove that in Exercise 4
(a) the assumption µ̃(A) < ∞ can be replaced by an assumption

A ∈ Bor(X), but
(b) in general, the assumption µ̃(A) < ∞ is necessary. In other

words, construct a topological space X, a Borel regular outer
measure µ̃ in X, an a µ̃-measurable subset A ⊂ X so that µ̃xA
is not Borel regular.


