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1. Let Λ : C0(Rn) → R be a positive linear functional. For any compact
K ⊂ Rn let

C0(K) = {f ∈ C0(Rn) : supp(f) ⊂ K}.

Prove that the restriction of Λ to C0(K) is bounded, that is, there is CK <∞
such that

|Λ(f)| ≤ CK max
x∈K
|f(x)| for all f ∈ C0(K).

2. Let fj ∈ L1(Rn), fj ≥ 0, j = 0, 1, 2, . . . , be such that fj → f0 in L1(Rn).
Define µj(A) =

∫
A
fjdmn, when A ⊂ Rn is Lebesgue measurable. Show that

µj → µ0 weakly.

3. Let gj : Rn → R, j = 1, 2, . . . , be non-negative continuous functions such
that supp(gj) ⊂ B(0, 1/j) and

∫
gjdmn = 1. Show that if µ is a Radon

measure on Rn (that is, in the σ-algebra of Borel subsets of Rn), then the
measures µj,

µj(A) =

∫
A

µ ∗ gjdmn, A ∈ Bor(Rn),

converge weakly to µ. The convolution µ ∗ f is defined by

µ ∗ f(x) =

∫
f(x− y)dµy.

In the following X is a compact subset of Rn andM is the set of all Ra-
don probability (that is, µ(X) = 1) measures of X.

4. Show that d,

d(µ, ν) = sup{|
∫
fdµ−

∫
fdν| : f : X → R 1-Lipschitz},

is a metric inM. (f is 1-Lipschitz if |f(x)− f(y)| ≤ |x− y| for all x, y ∈ X.)
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5. Show that if µj, µ ∈M and d(µj, µ)→ 0, then µj → µ weakly.

6. Show that if µj, µ ∈M and µj → µ weakly, then d(µj, µ)→ 0.
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