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1. Show that in the definition of Hs(A) we can use open sets covering A wit-
hout changing the value of Hs(A).

2. Define the spherical Hausdorff measure Ss in the same way as the Hausdorff
measure but using balls as the covering sets. Show that for all A ⊂ X we
have

Hs(A) ≤ Ss(A) ≤ 2sHs(A).

3. Show that for all 0 < s <∞ and for all 0 < δ ≤ ∞, Hs(A) = 0 if and only
if Hs

δ(A) = 0.

4. Let ν be the counting measure on a metric space X; ν(A) is the number of
elements in A, possibly ∞. Prove that ν = H0. In particular ν is Borel regu-
lar, check this without referring to Hausdorff measures. When is ν a Radon
measure?

5. Prove that if µ is a regular outer measure in a set X and A1, A2, . . . are
arbitrary subsets of X such that Ai ⊂ Ai+1 for all i, then

µ

(
∞⋃
i=1

Ai

)
= lim

i→∞
µ(Ai).

6. Let µ :M→ [0,∞] be a measure on a σ-algebraM of a set X and define

ν(A) = inf{µ(B) : A ⊂ B,B ∈M} for A ⊂ X.

Prove that ν is a regular outer measure for which sets in M are measurable
and ν(A) = µ(A) for A ∈M.
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