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1. Let µ be an outer measure in a metric space X. Prove that if Borel sets
are µ measurable, then µ is metric.

2. Olkoon µ be an outer measure in a set X and let f : X → Y be an ar-
bitrary function. Define the image measure (push forward) setting f#µ(A) =
µ(f−1(A)), when A ⊂ Y . Show that f#µ is an outer measure such that A ⊂ Y
is f#µ measurable whenever f−1(A) is µ measurable. In particular, f#µ is a
Borel outer measure if X and Y are metric spaces, µ is Borel outer measure
and f is continuous. What problems does the definition f#ν(A) = ν(f(A))
have? Here A ⊂ X and ν is an outer measure in Y .

3. Let µ be an outer measure in a metric space X. Define the support of µ:

sptµ = X \
⋃
{V : V ⊂ X open and µ(V ) = 0}.

Show that
sptµ = {x ∈ X : µ(B(x, r)) > 0 for all r > 0}.

Show also that if X is separable (that is, X has a countable dense subset),
then sptµ is the smallest closed set F , for which µ(X \ F ) = 0. Is this true
without the separability assumption?

4. Give an example of a Borel outer measure µ in R for which µ(R) = µ(Q) =
1 and the support of µ is R.

5. Let X and Y be separable metric spaces and f : X → Y continuous. Show
that f(sptµ) ⊂ sptf#µ. Show also that if sptµ is compact, then f(sptµ) =
sptf#µ.

1


