Stochastic analysis, fall 2014, Exercises-7, 12.11.2014

1. Let 7(w) € [0,400] be a random time, F'(t) = P(7 <) for ¢ € [0, 00).

Consider the single jump counting process Ni(w) := 1(7(w) < t) which
generates the filtration F = (F;) with F}¥ = o(N, : s < t).

(a) Show that 7 is a stopping time in the filtration F.

(b) Show that first that for every Borel function f(z), the random vari-
able

fr@)i(r(w) <)

is Fs-measurable.

(¢) Define the cumulative hazard function

A = /O %@_)F(ds)

where F'(s—) = P(7 < s) denotes the limit from the left.
Show that

My = Ny — Agpr
is a an F-martingale.
Hint: use the definition, and show that for s <t and every A € Fy

o <<Nt - Nsm) _ Bp ((AMT - AW>1A)

It turns out that it is enough to do the computation for A = {w :
T(w) > s} (why ?). Fubini’s theorem may be also useful.

(d) Assume that ¢t — F(t) and therefore also ¢ — A(t) are continuous,
which means P(r =t) =0Vt € RT.

Show that A, has l-exponential distribution:

P(A; >z) =exp(—z), x>0

Hint: one line of proof compute the Laplace transform
L(0):=Ep (exp(—GAT)) 6>0

and compare it with the Laplace transform of the 1-exponential dis-
tribution.

(e) Show that the martingale M; is uniformly integrable, what is M,7.
2. Let (M; : t € RT) a F-martingale, and G a filtration with G; C F; We

assume that (M) is also G-adapted. Show that (M) is a martingale in
the smaller filtration G.



3. Let (M; : t € R) a F-martingale under P, and G; a filtration such that
Yt > 0, the o-algebrae G; and o(M; : s < t) are P-independent.

Show that under P, (M, : t € R") is a martingale in the enlarged filtration
(.Ft\/gttZO)
4. Let (B :t > 0) a Brownian motion in the filtration F, which means
o By(w)=0
e t— B,(w) is continuous

e V0 < s <t, (B — Bs) is P-independent from F,, conditionally
gaussian with conditional mean F(B; — B;|Fs) = 0 and conditional
variance E((By — Bs)?|Fs) =t — s

Note: Since by definition an F-Brownian motion B is F-adapted, the filtra-
tion IF contains the filtration FZ(FP : ¢ > 0) with FZ = 0(Bs : 0 < s < 1),
and it is possibly bigger.

5. Show that for a > 0 the process (a~'/?Bg; : t € R") is also a Brownian
motion.

6. The process Wy = 0, Wy = ¢B, /; is also a Brownian motion.
7. Let 6 € R, and ¢ = v/—1 the imaginary unit
Show that

Ep(exp(ifB;)) = exp(—%@Qt)

Hint: Use complex integration over the rectangular contour delimited by
in the complex plane by the points R, (R+i6),(—R+10),—R with R € R
and let R — oo.

8. For 0 € R, consider now
. 1., 1., 1 o0 .
M; = exp(if By + 59 t) = exp(§9 t) cos(0By) + vV—1 exp(§9 t)sin(0B;) » €C
where ¢ = y/—1 is the imaginary unit.

Recall that E(exp(i0G)) = exp(—6%0?%/2) when G(w) ~ N(0,02).

e Show that M; is complex valued F-martingale, which means that real
and imaginary parts are F-martingales.

e Show that lim; o0 |Mi(w)| = 00



