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4 Minimal Surfaces

The material is collected mainly from books [CM], [EG], [GT], [GM], [G], [O] and
from survey articles [MP1] and [MP2].

1 Introduction

We start by recalling some background, history, origin, etc. of the theory of minimal surfaces.
Some notions that appear in the introduction will be defined and studied later in detail.

1.1 Background, history, origin, etc.

The (mathematical) theory of minimal surfaces in R3 has its origin in calculus of variations devel-
oped by Euler and Lagrange in the 18th century.

Lagrange (Joseph-Louis Lagrange, Giuseppe Lodovico (Luigi) Lagrangia, 1736-1813) studied
the variational problem of finding a surface

S =A{(z,y,u(z,y))}

of least area bounded by a closed curve and derived the equation

Vu
V| —] =0,
()
the so-called Fuler-Lagrange equation, for the solution u. We will call this equation the minimal
graph equation. However, he did not succeed in finding any solutions (other than the plane). This
problem of finding the surface of least area is nowadays known as the Plateau problem named after
the (blind) Belgian physicist Joseph Plateau (1801-1883) who made experiments with soap films
and bubbles.

In 1776 Jean Baptiste Meusnier (1754-1793) discovered that helicoid and catenoid satisfy the
minimal graph equation (locally) and that surfaces with zero mean curvature are area-minimizing.
(Catenoid was discovered by Euler in 1744.)

Scherk (Heinrich Scherk, 1798-1885) constructed two complete embedded minimal surfaces (dou-
bly periodic and singly periodic). These were the third non-trivial examples of minimal surfaces
(after helicoid and catenoid). Scherk’s doubly periodic surface is defined over ”the white squares
of the chessboard” with vertical lines at corners. A fundamental ”piece” of Scherk’s surface is the

graph of the function
cosy

u(z,y) = log o5z

over the square {(z,y): |z| < 7/2, |y| < 7/2}.

Schwarz (Hermann Schwarz, 1843-1921) solved the Plateau problem for quadrilaterals and to-
gether with his student E.R. Neovius (Edvard Rudolf Neovius (uncle of Rolf Nevanlinna)) described
periodic minimal surfaces.

Weierstrass (Karl Theodor Wilhem Weierstrass, 1815-1897) and Enneper (Alfred Enneper, 1830-
1885) developed representation formulas which give link to complex analysis. (See Enneper’s sur-
face).

It is also worth mentioning that Lebesgue (Henri Léon Lebesgue, 1875-1941) developed the
theory of measure and integral and studied the Plateau problem in his thesis (1902).

Complete solution to the Plateau problem (in 3-space) was obtained in 1931 and 1930 by Jesse
Douglas (1897-1965, Fields medal in 1936) and Tibor Radé (1895-1965).
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Bernstein-type problems deal with codimension 1 minimal (hyper)surfaces in R™ that are graphs
of entire functions u: R" ' — R solving the minimal graph equation. The question here was
whether the function v must be affine (and hence the surface is a codimension 1 hyperplane). This
is the case in dimensions n < 8 but false in dimensions n > 9. The problem is named after Sergei
Natanovich Bernstein (1880-1968) who proved in 1915-1917 that a function u: R? — R must be
affine if it is a (global) solution to the minimal graph equation. In 1962 Fleming gave another proof
by showing that there are no non-planar area-minimizing cones in R3. De Giorgi proved in 1965 that
if there are no non-planar area-minimizing cones in R®~!, then the analogue of Bernstein’s theorem
is true in R™, in particular, Bernstein’s theorem is true in R*. Almgren (1966) extended Bernstein’s
theorem to R® by showing that there are no non-planar minimizing cones in R%. Simons (1968)
extended Almgren’s result up to dimension 7, thus extending Bernstein’s theorem to R™, n < 8. He
also gave examples of locally stable cones in R® and asked if they were globally area-minimizing.
Finally, Bombieri, De Giorgi, and Giusti (1969) showed that Simons’ cones are indeed globally
minimizing, and showed that in R™, n > 9, there are graphs that are minimal but not hyperplanes.

In 1982 Celso Costa disproved the conjecture that the plane, catenoid, and helicoid are the
only complete, embedded minimal surfaces in R? of finite topological type (i.e. homeomorphic with
the interior of compact surface with boundary). He constructed a (complete, embedded) minimal
surface which is topologically a thrice punctured torus and has two catenoidal ends, one planar
end, and has total curvature —12x.

1.2 Some examples

Here we recall the examples of minimal surfaces already mentioned in the previous subsection.
(i) The plane, z = u(z,y) = 0.
(ii) The helicoid, z = u(x,y) = arctan(y/z) = tan~'(y/z). In parametric form it is given by
(t,s) — (tcoss,tsins,s), s,t € R.

It is a complete, embedded, singly-periodic, simply connected ruled surface, with infinite total
curvature. Catalan (1842) showed that it is the only non-flat ruled minimal surface.

(iii) The Catenoid, z = cosh™' /22 + y2. Thus it is obtained by rotating the curve z = cosh z
around the z-axis. The catenoid is the only non-flat minimal surface of revolution. It is
complete, embedded, of finite total curvature, and topologically an annulus (genus zero, two
ends).

(iv) Scherk’s (doubly periodic) surface is the union of the closures of surfaces

<y—£>}’

s
Yo = Ly, 2) e —kl <1 ly—¢ <1,z=1 2
k¢ {(:c y,2): |z — ki ly — | z=log — o= h)

where k,¢ € Z, with kK + ¢ =0 mod 0.
(v) Enneper’s surface is parameterized by
(5,8) = (s — 3 /3 + st?, —t — st +t3/3,5> — t2), s,t € R.

It is a non-embedded minimal surface with finite total curvature.
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1.3 Weierstrass-Enneper parameterization

The Weierstrass-Enneper parameterization is an effective way to produce (parameterized) minimal
surfaces. It also gives a link between minimal surfaces and complex analysis. Let f and g be
functions defined either on the entire complex plane C or the unit disc D, where g is meromorphic
and f is analytic such that fg? is analytic (if g has a pole of order m, then f has a zero of order
2m). Then the surface parameterized by

¢ (21(€), 22(¢), 23(C))
is minimal if
¢
() =R (/ ka(z)dz> +cp, k=1,2,3,
0

where R(z) = u denotes the real part of a complex number z = u + iv, ¢ € R is constant, and

Y1 = f(l - 92)/27
2 =if(1+g%)/2,
w3 = fg

are analytic functions. We will prove this later. Also the converse is true: every simply connected
minimal surface in R3 has a parameterization of this type. For instance, Enneper’s surface is
obtained by choosing f(z) =1 and g(z) = z.

1.4 Equivalent definitions

Here we present several equivalent definitions for minimal surfaces. The variety of these definitions
shows that minimal surfaces are related to many different fields in mathematics. We will prove
some of these equivalences later.

1. Local area-minimizing definition. A surface M C R? is minimal if and only if every point
p € M has a neighborhood with least area relative to its boundary.

2. Variational definition. A surface M C R? is minimal if and only if it is a critical point of the
area functional for all compactly supported variations.

3. Soap film definition. A surface M C R? is minimal if and only if every point p € M has a
neighborhood U, which is equal to the idealized soap film with boundary OU,,.

4. Mean curvature definition. A surface M C R? is minimal if and only if its mean curvature
vanishes identically.

5. PDE definition. A surface M C R3 is minimal if and only if it can be expressed locally (and
after a rotation) as a graph (z,y, u(x,y)) of a solution u to

(1 + u2)uyy — 2ugtiytg, + (1 + uZ)um =0.
This is just an equivalent way to say that u solves the minimal graph equation.

6. Energy definition. A conformal immersion X : M — R? is minimal if and only if it is a critical
point of the Dirichlet energy for all compactly supported variations, or equivalently if every
point p € M has a neighborhood with least energy relative to its boundary.
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7. Harmonic definition. If X = (21,72, 23): M — R3 is an isometric immersion of a Riemannian
2-manifold (or a Riemann surface) into R3, then X (and M) is said to be minimal if each
coordinate function z; is a harmonic function on M.

8. Gauss map definition. A surface M C R? is minimal if and only if its stereographically
projected Gauss map M — CU{oo} is meromorphic with respect to the underlying Riemann
surface structure of M, and M is not a piece of a sphere.

9. Mean curvature flow definition. Minimal surfaces are the critical points of the mean curvature
flow.

Remarks 1.5. The condition 1 above is a local property: there might be other surfaces with less
area but the same boundary. Definitions 6 and 7 relate minimal surfaces to harmonic functions
and potential theory. Furhermore, definition 7 and the maximum principle for harmonic functions
imply that there are no compact, complete minimal surfaces in R3.

1.6 Minimal graph equation

Suppose that u:  — R is a C?-function defined on an open (bounded) subset of the plane R2.
Denote by I', C R? its graph

Iy = {(x,y,u(z:,y)): (:E7y) € Q}

It is a 2-dimensional submanifold of R? and the tangent space (plane) T,I', at p = (z,y,u(x,y)) €
I'y is spanned by vectors (1,0, u;) and (0, 1,u,), where u, and u, denote the partial derivative of u
with respect to = and y, respectively. The absolute value of the cross product (1,0, u,) x (0,1, uy)
is the area of the parallelogram spanned by (1,0, u;) and (0,1, u,), and so the area of the graph is

Area(T,, :/ 1,0,uz) x (0,1,u :/ 1+ u2 +u?
(T'w) Q|( ) x( vl LV ;
:/ V14 |Vul?
Q

Let n € 03 (©2). Then the graphs of u and w + tn, ¢ € R, have the same ”"boundary” dT', =
{(J"’y7u(1‘)y): (x,y) € 89} and

Area(Tyys) = / V14 [Vu + V2.
Q

Differentiating with respect to ¢ and using Green’s formula we obtain

d d
% Area(Fu+tn)|t:0 — % /Q \/1 + ‘Vu + tvn’2|t:()

d
= / ﬂ\/l +|Vu+tVnl?,_,
Q

— [ A vy (T ), St )
(Vu, Vn)

Ja 1+ [VuP
__/ div [ Y
a V14 |Vu? )
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We say that u is a critical point for the area functional if the derivative above at t = 0 is zero. In
that case, since the last integral vanishes for all n € C2(£2), we conclude that u € C?(12) is a critical
point if and only if it satisfies the minimal graph equation

. Vu B
(1.7) div (W) =

Next we show that a critical point for the area functional, in fact, minimizes the area among surfaces
in the cylinder 2 x R with the same boundary JI',,. For that and later purposes we note that the

unit vector
(1,0,uz) x (0,1,uy)  (1,0,uz) x (0,1,uy)

’(170')“1‘) X (07 17uy)‘ B \/ 1 + |Vu]2

is orthogonal to both (1,0, u;) and (0, 1,u,), and therefore it is the (upwards pointing) normal to
I',. We define a 2-form w in the cylinder 2 x R by setting

N =

w(X,Y) = det(X,Y,N)

for vectors X,Y € R3. Note that w is the contraction by N of the standard volume form & =
dx Ndy N dz, ie. w = Ni© = iyw. Hence w is the volume (area) form of I',. Since w =
adz A\ dy + bdx N dz + c¢dy N dz and

a=w(=—

0 0 R

o 0
b= w(—x, E) = uy/\/1+ |Vul?,
0 0
) - VTR,

0
c:w(a—

we see that
dr Ndy — ugdy Ndz — uydz A\ dx
w = :

V14 [Vu|?

Furthermore, since u satisfies the minimal graph equation we obtain

dw = ﬁ . —1—2 . de NdyANdz =0

9r \ \/1+[Vu]2 ] 0y \ \/1+]|Vul? '
Thus w is a closed 2-form in the cylinder 2 x R. Let then ¥ be another (smooth) surface (non
necessarily a graph) in 2 x R with the same boundary than ', (0T, = 0%.) Then ¥ and ', bound

an open set U C R? where dw = 0. The set U may have several components but applying Stokes’
theorem in each component we obtain
/ w= / .
u b

On the other hand, by definition |w(X,Y)| = |det(X,Y,N)| is the volume of the polyhedron
spanned by vectors X, Y, and N. In particular, for any unit vectors X and Y,

lw(X,Y)| <1,



Fall 2014 9

with the equality if and only if X, Y, and N are orthonormal. Hence

(1.8) Area(T’ / W= / w < Area(X

This shows that I';, minimizes the area among such surfaces (inside Q x R). If Q is convex, then
I', is area-minimizing among all surfaces ¥ C R? with 9% = 0I',. To see this, let ¥ be such a
surface and let P: R? — Q x R be the nearest point projection. The convexity of € implies that
P is 1-Lipschitz map that is equal to the identity on Q x R. In particular, Area(PX) < Area(X).
Applying (1.8) to PX we obtain

Area(T'y) < Area(PX) < Area(X).

Suppose that B, is an open ball in R? whose projection to the plane is contained in . Then
0B, NT', (if non-empty) divides the sphere dB, into two components at least one of which has the
area at most Area(S?)r2/2, where S? is the unit 2-sphere. By (1.8), we obtain an estimate

(1.9) Area(B, NT,) < Area(S?)r?/2.

The fact that there are at most two components follows also from the minimality.

1.10 Bernstein’s example
We prove that the area functional need not have a minimizer. Consider the annulus

Q={zecR* p<|z| <R}

(2) m, if |z| = p,
xTr) =
g 0, if || =R.

and fix the boundary values g,

Suppose that v is a minimizer for
/ V14 |Vul?
Q

with boundary values g. Then u is a solution to (1.7) and later we will prove that a solution (if
exists) is unique. It follows that w is radial, i.e. u(x) = u(|z|) (Exercise). Thus the area of the
graph is

Area(Ty) = 27r/ ry/1 4 uldr.

The corresponding Euler-Lagrange equation is
1
Upy = _;(ur + u?)

and u solves this equation. Hence

R+ VR -2
r+vri—c r+VviE—c2’

where ¢ € [0, p] is a constant such that u(p) = m. On the other hand,

R+VR>—c* _ R+ \/R?—p?
m=u(p) = clog " < plog =Y — (R, ).

p+\/p? —= =* p+p

Hence the problem can have a solution, and thus a minimizer can exist, only if m < m(R, p).

u(r) = clog
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2 Geometry of submanifolds of R"*

2.1 The standard connection of R™

We denote by

o .
ai:f)xi’ 1=1,...,m,

the standard basis of R™. Thus these vectors are orthonormal with respect to the usual inner
product which we denote by (-,-). A vector field defined on an open set  C R™ is a mapping
V:Q — R™ which we write as

V, =V(p) =Y v'(p)a
=1

where v*: Q — R, i =1,...,m, are (component) functions. Vector fields act on smooth functions

f as
vi=Y o af =3l

=1

Definition 2.2. Let X and V be vector fields such that V' is smooth (i.e. the component functions
v are smooth). Then the covariant derivative of V in the direction X, is the vector

(%(V)p = (X!, Xp0?, ..., Xpo™) € R™
and VxV is the vector field p — (?XV)p.
We denote by T(€2) the set of all smooth vector fields on @ C R™.
Definition 2.3. The mapping
V:T(Q)xTQ)—=T(Q), V(XY)=VxY,
is called the Levi-Clivita connection on §). We also call it the standard connection on 2 C R™.
The standard connection has the following properties:

1. VxY is C®-linear in X: for every functions f,g € C°°(2) and vector fields X,Y,V € T(Q)
VixtgyV = VXV +gVyV;
2. VxY is R-linear in Y: for every a,b € R, X,Y,V € T(Q)
Vx(aY +bV) =aVxY +bVxV;
3. V satisfies the Leibniz rule: for every f € C®(Q),X,Y € T(Q)
Vx(fY) = fVxY + (X[)Y;
4. V is torsion-free: for every X,Y € T(Q)
VxY - VyX =[X,Y],
where [X,Y] € T(Q) is the Lie bracket
(X, Y]f = X(YF) = Y(X[);
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5. V is compatible with the standard inner product (-,-) of R™: for every X,Y,Z € T ()
X(Y,Z) = (VxY,Z) + (Y, VxZ).

The standard connection V is the unique mapping 7(Q2) x T(Q) — T () satisfying the properties
above.

2.4 The Riemannian structure on a submanifold of R™

Let Q C R"™ be an open set and ¢: 2 — R™ a smooth mapping. Recall that ¢ is an immersion if the
differential dp(x): R™ — R™ is injective for all x € Q. If ¢ is one-to-one, the image M = ¢Q) C R™
is called an immersed submanifold of R™. If, in addition, ¢ is a homeomorphism onto {2 C R™,
then ¢ is an embedding and M = ¢f) is an n-dimensional submanifold of R™. Note that here M
has the relative topology. In general, a smooth manifold M C R™ is a submanifold of R™ if the
inclusion 7: M < R™ w(z) = z, is an embedding. [We use the notation m = (my,mg,...,my) for
the inclusion because then 7;: M — R will be the projection to the z;-axis.]

If ¢ is an immersion, every point x € Q has a neighborhood U C € such that ¢|U is an
embedding.

Let M C R™ be a smooth n-dimensional submanifold of R™. Thus locally M can be
parametrized by a smooth homeomorphism ¢: Q@ — U, where  C R™ and U C M are open,
and the differential dp(x) at x is of rank n for every z € Q. We identify the tangent space
T,M,p € U, with the image dy (@*l(p))R”. Thus T),M is an n-dimensional vector subspace of R™.
Each T),M inherits an inner product (-,-) from R™: for every vectors v, w € T,M,

(v,w) =v - w,

where v - w is just the standard inner product in R™. This induced inner product (-,-) defines the
Riemannian metric (and thus the Riemannian submanifold structure) on M. For every p € M, the
inner product of R™ splits R™ orthogonally into

T,M @ T,M*.
We write NpM =T, M © and call it the normal space of M at p. Furthermore, we denote by

TM=||T,M and NM=||N,M
peEM pEM

the tangent and normal bundles, respectively.

Next we want to define a (in fact, the) Levi-Civita connection V on M that satisfies conditions
1.-5. above, in particular, that is compatible with the induced Riemannian metric. Let X,Y € T(Q)
be smooth vector fields in an open set 2 C R™. Then at every p € ()

= = T | (e oL
where R B
(VY)) €T,M and (VgV) € N,M.

Definition 2.5. The Levi-Civita connection V of M is simply the orthogonal projection on T'M
of the standard connection of R™. More precisely, let X, Y € T (M) be smooth vector fields, i.e. at
each point p € M

m

X, =Y d (), Y,=> b(p)d,
i=1

i=1
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where a’,b': M — R are smooth functions. For each p € M, let X and Y be (any) smooth
extensions of X and Y to a neighborhood (in R™) of p. Then we define
= T
(VXy)p = (VXY)p S TpM,

where

= T
(VzY),
is the orthogonal projection of (?Xy)p to T, M.

The properties 1.-3. are clearly true for V and we leave it as an exercise to verify that V is
torsion-free and compatible with the induced inner product (Riemannian metric). Note that VxY
is well-defined, i.e. does not depend on the extensions X and Y. This holds since

(VgY),

depends only on X, = Xp and values of Y along any path v:] —e,e[— R™, with 9 = p and
J0 = Xp. In particular, v can be taken as a path v: | —e,e[— M along M.

2.6 The gradient, divergence, and the Laplacian on M
Let f: M — R be a C'-function and X € T,M. Then

Xf=(fo)(0),
where v: | — €,e[— M is any C'-path, with 7(0) = p and 49 = X. The gradient of f is defined as

n

VM Fp) =) (X)X,

i=1

where {X;}!_; is an orthonormal basis of T,M. In particular, if fisa C L_function in a neighborhood
(in R™) of p, then

VM fp) = (Vip) ',

where

Vip) =Y 0:f(p)o;
=1

is the standard gradient (in R™) of f. Given a chart ¢: U — R"™, U C M, and the corresponding
local parametrization F' = ¢~ !: U — U we can write VM f in U as

“~ ,; 0f OF
va:Zgz] f

-~ Oz Oxd’
i,j=1
where ¢V : U — R, g;: U — R, and %: U — TM are defined as
of O(fopt
7P = (a;f)(w(p)),
oF o OF,
97 P = (W(w(p)),.--,axj(w(p))) € T,M,

gij(p) = gf;(p) : gfj(p),
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and (g) is the inverse of the matrix (g;;).

The divergence (on M) of a Cl-smooth vector field V' (not necessarily tangential) at p € M is
defined as follows. Let {X1, Xo,..., Xy, Yot1,...,Ym} be an orthonormal basis of R™ such that
{X1,Xo,...,X,} forms a basis of T,M. We write

n m
V= ZviXi—l— Z V'Y
=1

i=n+1

Then

n n

divM V(p) =Y (Vx V. Xi) = > (V) 'L X0).

=1 =1

Thus for a smooth vector field V' € T(M), divM V(p) is the trace of the linear map T,M —
T,M, v+ V,V. In local coordinates,

oM 7in 9 i
div V—ﬂ;aﬂ(\/ﬁv),

where g = det(gi;). The Laplacian of a C?-function f € C%(M) is defined as

. 1 <9 L af
AM — MgMe __ _— ' i I
f=divM vMy ﬂi; 57 (V397 575)

2.7 The second fundamental form of M

We denote by N(M) the set of all smooth mappings V: M — R™ such that V, € N,M for all
peE M.

Definition 2.8. The second fundamental form of M is the map I: T (M) x T (M) — N (M),
o\ L
I(X,Y) = (VXY> ,
where X and Y are smooth extensions of X and Y, respectively. [II reads as ”two” ]
Thus we have the Gauss formula on M:
VxY =VxY +1I(X,Y)

for vector fields X,Y € T(M). Note again that the left hand side makes sense since (v XY)p
depends only on X, € T,,M and values of Y along any path v: | — e,e[— M, with v(0) = p and
Yo = Xp-

Lemma 2.9. The second fundamental form is
(a) independent of extensions of X and Y;
(b) symmetric in X and Y;

(c) C*®-bilinear.
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Proof. Let X and Y be some extensions of X and Y. Since V is torsion-free, we have
_ N\ 4L _ N1
I(X,Y) - (Y, X) = (VXY) - (VyX)
o~ _ o\l
= (VxV - Vi X)
_ X
Since X,Y € T(M), that is Xp = X, € T,M and ffp =Y, € T,M at every point, also [f(,}}]p €
T,M. Tt follows that [X,Y]+ = 0, and therefore Il is symmetric. Since (V XY)p depends only on
X, (and values of Y along any path v: | —e,e[— M, with v(0) = p and 4o = X)), it is clear that

II(X,Y) is independent of the extension chosen for X and that II(X,Y") is C°°(M)-linear in X. By
symmetry, the same holds for Y. O

Lemma 2.10. [The Weingarten equation] Suppose X,Y € T(M) and N € N(M). Then on M
we have

(VN Y) = —(N,I(X,Y),
where X, Y, and N are extended to R™ (and still denoted by X,Y, N ).
Proof. SinceY € T(M) and N € N (M), we have (N,Y) = 0on M. Furthermore, since X € T(M),
we have on M
0=X(N,Y)=(VxN,Y)+(N,VxY)
= (VxN,Y)+ (N, VxY +1I(X,Y))
= (VxN,Y) + (N, I(X,Y)).
]

As a geometric interpretation we note that the second fundamental form IL,(V, V) is the Euc-
lidean acceleration 7y, (0) of the geodesic on M with the initial velocity vector V), = 4o at p € M.
An explanation for this is the Gauss formula along a smooth path v: I — R™. More precisely, let
Vi I — R™ be a smooth vector field along v, i.e. V; € T, (yR™ for all ¢ € I. Then

D,V = D,V +11(%, V),
where D;V = V/ € R™. Now, if V =4, then
Dyy = Dy +10(%,4),
and if v is a geodesic on M (i.e. Dyy = 0), we further have
Dt;}/ = I(9, ).
Definition 2.11. The mean curvature vector H on M is ("the trace of the second fundamental
form”)

n
H=> T(X;,X;),
i=1
where X1, ..., X, is an orthonormal basis of T),M.

Note that H, € N,M. Ezercise: If vi,va,..., v, is an arbitrary basis of T, M and g;; = (v;, v;),
then

n
Hy,= > g7 T,(vi,v),
i,j=1

where (g%) is the inverse of the matrix (g;;).
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2.12 Hypersurfaces of R™, the scalar second fundamental form, the Weingarten
map, and the shape operator

Let M be an (m — 1)-dimensional submanifold of R™, i.e. a hypersurface.

Definition 2.13. The scalar second fundamental form of M is the symmetric 2-tensor defined by
hMX,Y)=(I(X,Y),N),

where N € N(M) is a smooth unit normal vector field.

Since M is of co-dimension 1, the unit normal vector N, spans N,M at every point p € M.
Hence
I(X,Y) =h(X,Y)N.

Note that the sign of A depends on the choice of N (versus —N). We have the Gauss formula for
hypersurfaces of R™: B
VxY =VxY + h(X,Y)N.

Definition 2.14. The Weingarten map L: TM — TM is defined as
LX = —-VxN.

Remarks 2.15. 1. Usually the Weingarten map is defined as LX = VxN. However, this is
just a matter of convention since changing the sign of N changes the sign of L as well. The
Weingarten map is also called the shape operator.

2. The target space is indeed T'M. In fact, for each p € M, the Weingarten map is a self-adjoint
endomorphism of T, M; see Lemma 2.16

Lemma 2.16. For each p € M, the Weingarten map is a self-adjoint endomorphism of T, M.

Proof. First we prove that, for each p € M, the target space of L is T,M. Let X, € T,M be
arbitrary. Since (N, N) = 1, we have

0= X,(N,N)=2((VxN),, Np).

Hence LX, = —(VxN), € T,M. Clearly L is linear. To prove that it is self-adjoint, let p € M and
v,w € T,M. By using the Weingarten equation and the symmetry of II,,, we obtain

(Lv,w) — (v, Lw) = —(V,N,w) + (v, V,,N)
= (N, (v, w)) = (N, Tl(w, v))
=0.

Hence L is self-adjoint. O

Remarks 2.17. On the terminology and notation:
The first fundamental form is just the restriction to T'M of the standard inner product of R™:

I(v,w) = (v,w).
The scalar second fundamental form is

h(v,w) = II(v,w), N) = —(V,N,w)
= (Lv,w).
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In literature, it is sometimes called the second fundamental form and denoted by II.
The third fundamental form is

M (v, w) = (L*v,w) = (Lv, Lw).

Since for every p € M, L: T,M — T,M is self-adjoint, it follows from linear algebra that it
has real eigenvalues k1, ko, ..., km—1 and that there exists an orthonormal basis F1, Fa, ..., En_1
of T, M consisting of eigenvectors: LE; = k;F;, i = 1,...,m — 1. The eigenvalues of L are called
the principal curvatures and the corresponding eigenvectors are called principal directions.

If vectors X and Y are given in the orthonormal basis as

m—1 m—1
X=> 2'E and Y=Y yE,
i=1 j=1
then the scalar second fundamental form has a simple expression

m—1 m—1
h(X,Y) = <L > 2B ijj>
i=1 j=1
m—1
= Z ity
=1

Let us return to the general case of an n-dimensional submanifold M C R™, with co-dimension
k=m —n > 1. For each p € M and a (unit) vector v € N,M, we define a symmetric bi-linear
form h,: T,M x T,M — R by

hl/(”? 'LU) = <Hp(vv w), V>

and a self-adjoint linear map S, : T,M — T,M such that
<SV(U)7 w> = h,,(’U, w)

for all w € T, M. The mapping h, could be called the scalar second fundamental form along v and
Sy, could be called the shape operator along v.

Lemma 2.18. Letp € M, v € T,M, andv € N,M. Furthermore, let N be a local smooth extension
of v to a neighborhood U C M of p such that N € N(U), i.e. Ny € NyM Vq € U. Then

Sy (v) = = (VuN) | = —V,N.

Proof. Let w € T,M and let V,W € T(U) be smooth extensions of v and w, respectively. Then
(N,W) =0, and therefore

(?VN, W) + (N, ?VW) = V(N,W) =0.
It follows that

<SV(U)7 w> = <]Ip(v’ w)v V> = <H(V7 W)? N>p
= (VvW = VyW,N), = (VyW,N), — (Vv W, N),
=0
= <vVVV7 N>p

= —(VyN,W),.
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Hence
(Sy(v),w) = —(Vy,N,w) Yw e T,M,
and so .
Sy(v) = = (VuN)
O
Let p € M and v € NyM, |v| = 1. Since S,: T,M — T,M is self-adjoint, there exists an
orthonormal basis 1, Fo, ..., E, of T),M consisting of eigenvectors associated with real eigenvalues
Kl,...,k of S, (SyE; = k;E;). 1 do not know whether these eigenvalues are called principal

curvatures in co-dimensions k > 1.

2.19 Curvatures on M

Let M C R™ be a smooth hypersurface and let p € M. Since the determinant and trace of the
Weingarten map L: T,M — T,M are basis-independent, there are two combinations of eigenvalues
of L that are well-defined and geometrically significant.

The Gaussian curvature of M at p is the determinant

K =detL = k1Ko Km_1

and the mean curvature of M at p is the mean of the trace

H =

— L= ml_l(m+mg+-~+nm_1)-
Clearly the mean curvature changes its sign if the normal vector field is changed (from N to
—N). Similarly, if m — 1 is odd, the sign of the Gaussian curvature changes, whereas the Gaussian
curvature is independent of the choice of (the direction of) N if m — 1 is even, in particular, if M
is a hypersurface of R3.

Recall the definition of the Riemannian curvature tensor R: T (M) x T (M) x T(M) — T(M),

RM(X,Y)Z =VxVyZ —VyVxZ—VixyZ.

Note that the Riemannian curvature tensor R of R™ vanishes identically.

The sectional curvature of a 2-dimensional subspace P C T),M spanned by vectors v, w € T, M
is defined by
(RM (v, w)w,v)

M —
KT (P) = v A w|?

9

where

o A wl = Vv w]? — (v, w)2

is the area of the parallelogram spanned by v and w. Note that KM (P) is independent of the
choice of linearly independent vectors v, w € P. In general, sectional curvatures on a submanifold
of a Riemannian manifold are given in terms of sectional curvatures of the ambient space and the
second fundamental form. In our setting of a submanifold M of R™ this so-called Gauss equation
reads as follows:

KM(P)lo Aw]? = K(P)|v Aw]? = (I (v, v), Iy (w, w)) — [ My (v, w)|*.
| ——

=0
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Here K(P) denotes the sectional curvature of P with respect to the ambient space which in our
setting is R™ and therefore K = 0. In particular, for orthonormal vectors v,w € P we have

K(P) = (Ilp(v,v), Ip(w, w)) — | T (v, w)[?

since K(P) does not depend on v, w € P provided P = span(v, w).
Let then M C R™ be a smooth hypersurface. Let E1, Fo, ..., E,_1 be an orthonormal basis of
T,M, p € M, consisting of the eigenvectors of L with eigenvalues x1,...,K;,—1. Then

I, (E;, Ej) = h(E;, E;)N,
where N € N, M is a unit vector and

h(Eiij) = <]I(Ei’Ej)aN> = *<inN’ Ej>
= <LE1,E]> = K,Z'<Ei,Ej>

= f@,-éij.
Hence II,(E;, E;) = k;0;; N and therefore

K(P) = (,(E;, Ey), I, (Ej, Ey)) — | (B, Ej)[* = kirs;
—_———

=0

for a 2-dimensional subspace P = span(E;, E;) C T,M.

3 First variation formula and some of its consequences

3.1 Mean curvature and the Laplacian

We start with recalling the following Jacobi formula for the derivative of a determinant whose proof
is left as an exercise.

Lemma 3.2. Let a;;: R? — R be smooth functions, with i,7 =1,...,n, and let A = (aij). Then
in the open set {x € R™: det A # 0} we have

) 04

fore=1,...,d.

Writing A~! = (a%), the right hand side reads as

—~ dai ji
74
i,j=1 Oz
and so
Odet A - 8(1@' i
(3.3) o =detA Y ——al
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Suppose that M C R™ is a smooth n-dimensional submanifold and let ¢: U — © C R" be a chart
defined in an open set U C M. Furthermore, let F' = p~': Q — U be local parametrization. As in
2.6 F induces a frame {%},

<g§') <g§;( (p>)»-~-’%1;?(<ﬁ(p>)> € T,M.

on U. Now

= OF _  9°F
VOF 57 = daitai

v O*F 0%F,
aiFv- = 1 m m
(ngiay)p <axi31:j7""8$i8xj> ((p(p)) cR™.

Hence the mean curvature vector H, at p € U is given by

BF oF
P‘Zg 8rz’8mﬂ)
2,7=1
1
L @ww)
2,7=1 p

1
n

= > g”(p)aiial;j (o(p))

ij=1

Next we express the mean curvature vector as the Laplacian (on M) of the inclusion w: M < R™.

Theorem 3.4. Suppose that M C R™ is a smooth n-dimensional submanifold and let w: M —
R™ m=(m,...,mm), be the inclusion. Then

H, = AMW(])) = (AMm, .. .,AMWm)(p)
forpe M.

Proof. Fix p e M and let ¢: U — Q2 C R” be a chart at p and

0
oxt’

1=1,...,n,

the coordinate frame associated to the chart (U, ¢). Furthermore, let F = ¢o=': Q — U be the
corresponding (local) parametrization. Then, in fact,

(505). 7= (o 220t = 55 (et

:TI'Z'OFZFZ'
First we claim that AM7(p) € N,M, that is

AMz(p) - 28 = AMr(p)- 25 =0
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for all k =1,...,n. We compute by using (3.3) and the symmetry of (g;;)

0 y 0
M) 25 = (2= 3 5 (Vi 85)) - o

V9 52
- 877
/g Zl ox? ( Vag” O &ck) z:: ’ xlﬁxk
i.j H/_/:g]k
1 < 0 ii " Pr
N \/EZJZ:I oxt (\/agjgjk) jz: g 8333  Oxiozk
J= (m i

_ 19y Z O°m
TS 9k ik
NG ox ) 8:(}] " 0xiox

1 1 0g Z i Om O

f2f83:k — 9" 0z1 " drioLk
or Or " . Orm 9%
- orN g dm 9T
]z: oxk <8:Ei’ oI > i]zjl g oxy  Oxtoxk

1 e . 0% or 0% or " . Or O%r
- _ v R, R I v .~

2 ijz:%g <axi8xk 023 Dzioch 8:0") MZ,::IQ Oxd  dxidxk
=0.

Thus AM7(p) € N,M since (8—1) , k=1,...,n, forms a basis of T,M. Furthermore,

"9 0
AMW@)=‘4*§:£hiQﬂE”5%>

g
:\}@Za (\fgw) Z axzaxj

1,7=1 t,j=1

T, M
On the other hand, since AM 7 (p) € N,M, we have
L
AMa(p) = (AMn(p))

- (;5 anl ;a):l <\/§ >8x3> (Z 4 8xZ8xJ>J—

)= 1,j=1

as claimed. O

3.5 First variation formula

Let 2 C R” be an open set and f: Q — R an immersion. Denote M = f{). Since every x € €2 has
a neighborhood U C Q such that f[Q2 is an embedding, we can define the "tangent space” Ty, M



Fall 2014 21

and the normal space Ny \M as Ty M =Ty, U = df (z)R™ and Ny@yM = NyyU although f
need not be injective. Furthermore, let ¢ € C§°(£2) be a smooth real-valued function with compact
support in Q and let N:  — S™! be a smooth mapping such that N, = N(z) € NyzyM for
every x € ). We define a variation of M (more precisely, a variation of the immersion f: Q — R™)
with compact support as a mapping

F: Qx| —e,e[-»R™, F(x,t) = f(x) + tp(z)Ny.

Here € > 0 is so small that F: Qx| — ¢,e[— R™ is an immersion, where Q = {z € Q: p(z) # 0}.
To prove that such e exists, we have to show that dF(z,t) is injective if z € Q and [t| < . To
that end, we write the matrix of dF(z,t) in the standard bases of R"*! = R” x R and R™ as the
m X (n+ 1)-matrix

(df () 0) + (td(e(x)Nz) @(x)Ny)-.
Above df (z) and td(p(x)N;) are m x n-matrices and 0 and ¢(z)N, are m x 1-matrices (columns).
Since ¢ € C§°(2) and f is an immersion, we have

mq = inf {min |df (x)v|: |[v] =1} >0 and
xeQ)

my = sup{max |d(¢(z)N;)v|: |v| =1} < oo.
z€Q

Thus we may choose 0 < & < mj/mgy. Suppose that the vector w = (wz,w;) € R" x R belongs to
the kernel of dF'(z,t), with (z,t) € Qx] —&,e[. Then

0 = df (z)wy + td(p(2) Ny ) ws + @(z)w Ny
= (df (z) + td(p(z) Ny )) we + @(z)we Ny

Now, if |t| < € and w, # 0, we would have

(df @), + td(o(@)N,)w,) | #0

ETf(x)M

which is impossible since p(z)w; N, € Ny M. It follows that w, = 0. Since p(x) # 0 in Q, we
also have w; = 0. Hence dF(x,t) is injective. Denote by {0s,, 0zy,- .., 0x,, 0t} the standard basis
of R"*! and define vector fields F,, and F; along F by setting

Fp.(x,t) = dF(z,t)0y, and Fy(z,t) = dF(z,t)0.
Then F,, and F} commute because

[Fy,, F)] = dF [y, 0] = 0.
=0

Note that Fy(z,0) = dF(z,0)0; = p(z) Nz € Ny M. We define

and g(z,t) = det g;;j(z,t). The volume of M; = F(,t) is given by

VolMt:/ Vy(z, t)de.
Q
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Hence
iVolM = g\/ (x,t) dx
i t)t=0 = o Ot g\, =0
1 1 0
== | ——= t d
2/9 9(z,0) Btg(x’ Jji=o®
1 LI 0gij(x,t)
i 1] I\
5 | Vi@ 0) 3 67(w.0) o

st ot |t=0
~5 | Va0 milgiax,m;%,ij><x,t>|t:0dx
-1 m;gij@,m (V5 Faus Fay) + (Vi Fa)) (2, 0)da
:/Q\/mmi:lgij(x,0)<?Ftin,Fx].>(x,O)d:c
-/ mélgm,o><vaiFt,ij><w,o>dx
_ /Q m; 49 (2, 0)(, (p(2)Na), Fy, )z, 0)de

— —/Q Vo(@,0) ) g7 (x,0)(I(Fy,, Fy, ), o(x)Ne ) (2, 0)da

ij=1

. /Q V@ 0)(Hjy, () No) (x, 0)dx

_ —/M<H,V>.

Above Hy(,) denotes the mean curvature vector at f(z) of fU, where U is a sufficiently small
neighborhood of x so that f|U is an embedding. Moreover, the last expression

fo

should be interpreted as a shorthand notation in case the immersion f: 2 — R™ is non- injective,
whereas V, = o(f ' (p)) Ny-1(,) for an injective immersion f.

Above we considered a "normal” variation with compact support, i.e. N, € S™! is assumed
to be normal to M at f(z); N, € N 7(z)M. For a general case, we decompose an arbitrary smooth
mapping X : Q — S™ ! as

X=X"+xt

where X, € Ty M and Xte Ny(@yM. Then a variation in direction X is F': Qx| —¢,¢[— R™,
Fa,t) = f(z) +to(2) Xe = f(2) + to(2) X, + to(2)X; .

The tangential variation f(z) + tp(x)X, preserves the volume of M, and therefore the general
case reduces to a normal variation. We get the following characterization from the first variation
formula.
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Theorem 3.6. An immersed submanifold M C R™ is a critical point of the volume functional
for all compactly supported variations if and only if the mean curvature vector vanishes identically;
H=0.

Proof. If H = 0, then M is clearly a critical point for all compactly supported variations. Con-
versely, supposing the M is a critical point, the above shows that

/M<H, Vy=0

for all smooth V: M — R™ with compact support. In particular, this holds for V = ¢H for every
non-negative ¢ € C§°(M). Hence H = 0. O

Definition 3.7. An immersed submanifold M C R™ is minimal if H =0 on M.

Remark 3.8. Let X: M — R™ be smooth and compactly supported. It follows from the proof of
the first variation formula that

d L _
$V01(Mt)|t:0 = / Vg(z,0) E g”(:c,O)<VFIiX, Fp, )(@,0)de = / div? X
Q by M
,j=1
for a variation in direction X.

Lemma 3.9. An immersed submanifold M is minimal if and only if

/ divM X =0
M

for all smooth (not necessary tangential) X : M — R™ with compact support.

Theorem 3.10. Let M™ C R™ be a smooth manifold and let m = (71,...,mm): M — R™ be the
inclusion. Then M is minimal if and only if each coordinate function w;: M — R is harmonic.

Proof. This follows directly from Theorem 3.4 which states that AM7 = H. 0

The result above could be proved also by applying a weak formulation of harmonicity. For that
purpose, let n € C§°(M) be a real-valued smooth function with compact support and let E; be the
(constant) i-th coordinate vector field on R,

i

E; = (0,0,...,0,1,0,...,0).

Then Vx E; = 0 for every vector field X. Furthermore, nE; is a smooth (not necessary tangential)
vector field on M with compact support and

divM (nE;) = ndivM E; + (VMn, E;).
By the definition of the divergence div! we obtain
n
divM E; =) (Vx,Ei, X;) =0,
j=1

where {X7,...,X,,} forms a basis of T,M. Hence

/MdivM(nEi): /M<an,Ei> _ / (VM VM ).

M
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Since M is minimal, we have

/ divM(nE;) =0,
M

and so
(3.11) / (VMp, vMza)y =0
M
foralli=1,...,mand n € Cg°(M). That is, each 7; is harmonic (in the weak sense). Conversely,

if each 7; is harmonic, then (3.11) holds for all ¢ = 1,...,m and n € C§°(M). Let

m

X = ZmEi

i=1

be an arbitrary smooth vector field with compact support. Then
/ m m
divM X = Z/ divM (n; B;) = Z/ (VM VM) = 0.
M i=1 /M i=17M

3.12 Some consequences

Recall that the convex hull of a compact set K C R™ is the smallest convex set, denoted by
Conv(K), containing K. It is the intersection of all closed half-spaces containing K.

Corollary 3.13. Let M™ C R™ be a minimal surface such that M = M UOM is compact. Then
M c Conv(0M).

Proof. This follows from the harmonicity of m; and the maximum principle for harmonic functions.
Every closed half-space H C R™ can be written in a form

H={zeR": z-e<a}

for some e € S™ ! and @ € R. Denote it by H = H(e,a). For each e € S™ ! and a € R, the
function

u(z) = (z,€) = Zeiwi
i=1

is harmonic on M since

m
ATy = ZeiAMm =0.
i=1
By the maximum principle for harmonic functions
ulM < maxu|OM =: m,.

It follows that
Conv(OM) = m H(e,me)
ecSm—1
and
u(z) = (z,e) < me Vo € M,

SO

M C H(e,m,) Ve € S™ 1.
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Hence
M c Conv(OM).

O]

Corollary 3.14. Suppose that M? C R™ is a minimal surface which is topologically a disk and that
M = M UOM is compact. Suppose that K C R™ is a compact convex set such that K N OM = ().
Then each component of K N M is simply connected.

Proof. Suppose that there exists a component of K N M that is not simply connected. Then there
exits a Jordan curve v that does not bound a topogical disk in K N M. On the other hand, since
M is simply connected, «v bounds a topological disk D C M. Now 0D =~ C K but D ¢ K. This
is a contradiction since Conv(0D) C K and, as a minimal surface, D C Conv(9D). O

4 Bernstein’s theorem

4.1 The Gauss map

Let M C R™ be an oriented smooth hypersurface, i.e. an (m — 1)-dimensional submanifold. The
Gauss map is a continuous (choice of a) unit normal vector field N: M — S™~1 N, € N,M. The
differential of N at x € M,

dN(x): TyM — T, S™ 1,

can be identified with — the Weingarten map at x,
—-L:T,M —T,M,

as follows. Let Fy,..., E,,_1 be a local orthonormal frame on M. Since E; 1. N Vi and N, itself
is normal to S™ ! at N, € S !, vector fields Fi,..., E,_1 form an orthonormal frame on the
image N (M) as well. Then the matrix of dN with respect to {E;}7! is given by

(dN)ij = (<?EjN’ EZ>) = _(<N’ ?EjEi»
= —((N,1(E}, Ey))) = —(h(Ej, E2)),

where h is the scalar second fundamental form. On the other hand, LX = —Vx N, and so
(dN)ij = —((LEj, E;)) = —(L);;.

Let us consider next the case m = 3 and suppose that M? C R? is minimal. Since the mean
curvature vanishes identically, the eigenvalues of dN = —L are k > 0 and —«. Hence the matrix of
dN in the orthonormal basis formed by the eigenvectors is the diagonal matrix

k0

0 —k/)°
The determinant is det dN = —x2 = K (the Gauss curvature) and the (operator) norm of dN is
|dN| = k. Thus the Gauss map is (anti)conformal (|dN|?> = —det dN). Combining the Gauss map

N: M — S? with the stereographic projection P: S? — C U {oo} we obtain that Po N: M —
C U {oo} is (anti)meromorphic.
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4.2 Mean curvature and Gauss curvature of a graph

For notational simplicity let us consider the case m = 3. Suppose that M C R3 is the graph of a
smooth function u: Q — R, with Q C R? open. Then M is parametrized by F': Q — M, F(z,y) =
(:U, y, u(x, y)) The vector fields

X1 =0,F=(1,0,u;) and Xp=0,F =(0,1,u,)
form a frame on M. The components of the metric are given by
gn=X1-X1=1+ul, gu=Xy-Xo=1+u,, and g2 =go1 = Uauy.

= (1 o)

Ugtly 1+ ug

Hence

its determinant is g = det(g;;) = 1+ |Vu|?, and the inverse
(gij) _ 1 1+ ug fuzug '
1+ |Vul]2 \—uzuy 1+ u;
Furthermore, the upwards pointing unit normal (field) is

N = X1 X X2 _ (—ux,—uy,l)

(X1 x Xo| /T4 [Vuf?

Now we can compute

Vx, X1 = (0,0, Xquz) = (0,0, Vg - X1) = (0,0, tugz),
0,0, uzy) - (—Ug, —Uy, 1) U

_ T N;
V14 |Vul? V1+|Vul?

M(X), X)) = (Vx, X1) " = (
Vx, X2 =Vx, X1 = (0,0, uz),
_ Uy
(X1, Xa) = M(Xy, X;) = (Vi Xa) " = \/ﬁN

@XzXZ = (0’ 0, Uyy),
_ L U
(X2, X2) = (Vx, X2)” = vy

———N
V14 |Vul?

Hence the mean curvature vector is

H = g"' (X1, X7) + 29" (X1, Xo) + g7 (X2, Xo)

1 9 )
- (V1+|Vul?)3/2 (1 + wytae + (1 + ug)uyy — 2ugtytizy) N

V14 |[Vu|?

This is the reason why
Vu

V14 [Vu|?

div
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is also called the mean curvature operator.
The Gauss curvature of M is, by the Gauss equation,
(I(X1, X1), (X2, X)) — | I(X1, Xo)[> (uaaN,uyyN) =z, gty — u3,

K = _ _
X1 A Xo2 1+ |Vuf?)? 1+ |Vul?)?2

4.3 Bernstein’s theorem

We start with introducing the squared norm of the second fundamental form. Let M™ C R™ be
a smooth submanifold, F1, ..., E, a local orthonormal frame, and X1i,...,X,, an arbitrary frame,
with g;; = (X;, X;). The mean curvature vector is given by

H = iH(E,-,Ei) = zn: U (X, Xj).
i=1 i,j=1

The squared norm of the second fundamental form is

’H’2 Z ‘H ElaE Z gzjgk‘Z XuXk)?H(XJ?XZ»
7] 1 ,] k E 1
It is often denoted by |A|%. As an example, consider a hypersurface M C R™ and let K1, . .., kpy_1 be
the eigenvalues of the Weingarten map with eigenvectors Ey, ..., Ey,—1 forming a local orthonormal
frame. Then .
I = Z | 1(E;, Ej) Z
7] 1 =1

By the Cauchy-Schwarz inequality, we get an estimate

2 1
H = (FuL) < Lk
m—1

for the mean curvature H of M.
For the rest of the section we assume that M C R? is a smooth surface.

Definition 4.4. A smooth surface M C R3 is said to have finite total curvature if

/ |2 < .
M

If M is a minimal surface, the Gauss curvature is K = —x?, where x > 0 and —x are the
principal curvatures (eigenvalues of the Weingarten map) and

|I)? = K%+ (—r)? = 2% = —2K.

Moreover, det dN = —k2 = K. Hence a minimal surface M C R3 has finite total curvature if

fem=—fx
/ / detdN

which is the (negative) area of the image N (M) with multiplicity counted.
The following lemma provides a tool to estimate the total curvature of a minimal graph. It will
be used in the proof of Bernstein’s theorem.

In terms of the Gauss map
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Lemma 4.5. Let Q C R? be an open set, u:  — R a smooth solution to

div— Y% _

VI+[Vu]z
and M = {(x,u(z)) € R? x R: & € Q} the corresponding minimal graph. Furthermore, let n: Q x
R — [0,00) be a Lipschitz function such that n|M has a compact support. Then there exists an
absolute constant C' such that

(4.6) / PP < C / M.
M M

Proof. Let w be the area 2-form of S?. Since w is closed and the punctured sphere U = S?\{0,0, —1)
is contractible, there exists a 1-form « on U such that w|U = da. Let D be the upper hemisphere.
Then

(4.7) sup{|a(X)|: X € TD, |X| =1} =: Cy < 0.

Let wys be the area 2-form of M and let N: M — S? be the (upwards pointing) Gauss map, that
is,
(—um(m, y)a _uy(xa y)? 1)

1+ [Vu(z,y)?
at p = (z,y,u(x,y)) € M. Since M is minimal and the pull-back and exterior derivative commute,
we have

p:

| 2wy = —2Kwyr = —2det(dN)wyy = —2N*w = —2N*(da) = —2d(N*a).
N—_———
=N*w
On the other hand, by (4.7), we have
Col IT|
V2

since N, € D for all p € M and |dN(X)| < |[dN| = k = /—K for unit vectors X. Applying Stokes’
theorem and the Cauchy-Schwarz inequality we obtain

[ = [P =2 [ spavca
M M M
:4/ ndn/\N*a—Q/ d(n*N*a)
M M

=0

IN*a| = sup |[N*a(X)| = sup |a(dN(X))| < Cov—K =
|X|=1 |X|=1

<4 / nldnl|N*a
M

<230, / A VM| |
M

1/2 1/2
< 2v/2Cs (/ \11\2772) (/ \anP) .
M M

[ <scz [ e
M M

Hence
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The idea of the proof of Bernstein’s theorem is to show that M is of (conformally) parabolic
type. Then it is possible to choose, for every compact set K C M, a Lipschitz function 7 such that
n = 11in K and the right hand side of (4.6) is as small as we wish. The parabolicity follows from
the area estimate (1.9). More precisely, we have the following:

Lemma 4.8. Let Q, u, and M be as in Lemma 4.5. Suppose that Q contains a disk B*(y,2*R), k €
N and denote M(r) = M N B3((y,u(y)),r), r < 2FR. Then

/ |I* < C/k.
M(R)

Proof. Without loss of generality, we may assume that (y,u(y)) = 0 € R3. We define n: R? — [0, 1]
by setting

1, if |z| < R,
10g2k—R
n(z) = oy if R< |z <2¢R,
0, if |z| > 2*R.
Then VM (z,u(2)) = Vn(z,u(2)) = 0 if /22 + u2(2) < R or \/22 +u2(2) > 2*R and
(4.9) V(2 u(2))] < |Vi(z,u(2))] < 1
‘ e = s T 22+ u2(2)klog2

for R < /22 4+ u2(z) < 2¥R. Combining (4.9) and the area estimate (1.9) we obtain

/11123/ IHIQHQSC/ VM g2
M(R) M(2*R) M(2*R)

k
=c / [V Mp?
=1 7 M(2*R)\M(2°~'R)

(QKR)2
- (2571Rk)2

IN
o

IA
= QO
]

Theorem 4.10 (Bernstein’s theorem). Let u: R? — R be a solution to

(4.11) div Y

VI+[Vu]z

Then w is affine, that is, u(z,y) = ax + by + ¢ for some constants a,b,c € R. In particular, its
graph M is an affine hyperplane.

Proof. Since u is a solution to (4.11) in the whole R?, we may apply the previous lemma with an
arbitrary large R and let k — oo. Hence |II|> = 0 on M, and therefore all the eigenvalues of the
Weingarten map vanish identically on M. Consequently, the Gauss map is a constant and hence
M is an affine hyperplane. O
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5 Parametric surfaces

5.1 Isothermal coordinates

We want local coordinates for a surface such that the metric is conformal to the Euclidean metric.
In dimension 2, it is always possible to find such local (isothermal) coordinates.

Suppose that Q C R? is an open set and F': Q — R™, F = (Fy,...,F,), is an immersion. We
denote M = FQ and (as usual)

v, o OF _ (8F1 8Fm>7 A

:8$7;_ 61’1’78]}1

Since F' is an immersion, every point z = (x1,z2) € § has a neighborhood U such that F|U
is an embedding. Then Xi(z), Xa(z) form a basis of Tp(,)U. We say that F' is an isothermal
parametrization of M if

g11 = (X1, X1) = A = gao = (X2, X2),  g12 = go1 = (X1, X2) =0,

where A = A(x1,72) > 0. Then det(g;;) = A* and g% = A\725;;. The mean curvature vector (of U)
at p= F(z), z € U, is given by

1
2
. O°F
P— /LJ
Hy Z g Dx:0z; (2)
2,7=1
1 [9%F PF. N\
=% (3 a0
1
=2 (AF(2))",

where AF = (AF},...,AF,,). We prove next that AF is, in fact, normal to M. Since

OF OF _OF OF

Or, Or,  Oxy Oxs

and
oF OF _
8:132 81‘1 o
we get by differentiating the first identify with respect to x1 and the second with respect to xo that
oFr __
AF * 871.1 _ 0.

Similarly, changing the roles of 21 and x3 we get

oF __
AF - 90, =0
Hence AF is normal to M, and so

where Hp(,) is the mean curvature vector of FU at F'(z), with U a sufficiently small neighborhood
of z so that F|U is an embedding. We immediately get the following:
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Theorem 5.3. Let F': Q — R™ be an immersion with isothermal parameters (conformal immer-
sion). Then M = FQ is minimal if and only if each coordinate function F;: Q — R is harmonic,
i.e. AF; =0. Since the target space is R™, this is equivalent to F' being a harmonic mapping.

Let F: Q — R™, Q C R?, be an immersion (not necessarily conformal). We define complex-
valued functions ¢r: Q@ — C, k=1,...,m by setting

_OF,, . .0F,

(5.4) Pr(2) = 871:1(2 - Z%(z)v

z :xl—i—ixg.

Then we obtain the identities:

= N (OF\ R (OF\? "\ OF, OF
2 _ k . k o k- k _ . o
(5.5) > ¢ = 1 (3331) > <8x2> 2 Z:l 9z, Om, I T 92 2ig12

e

and

(5.6) i|¢k|2:§:<gﬂg>2+i<gﬂg)2=gn + 922
— 1 o

Hence we have:

Lemma 5.7. (a) The map z — ¢(z) is analytic if and only if Fy is harmonic.

(b) Coordinates x1 and xo are isothermal if and only if

(5.8) Y ¢ =0.
k=1

(¢) If x1 and x2 are isothermal, then M is regular if and only if
m
(5.9) > Ikl > 0.
k=1

Remark 5.10. Condition (c¢) requires an explanation: There we have just assumed that F': Q —
R"™ is differentiable. Furthermore, isothermal coordinates should be interpreted in a broader sense,
i.e. we allow A2 = g11 = goo = 0, and finally M being regular at F'(z) means that the vectors

oF oF
87;[;1(2) and 87331(2)

are linearly independent.

Proof. Suppose that F} is harmonic and write

oF, . 0F, .
¢k - 6.%'1 - 81‘2 = utw.
~—~— N~
=Uu =V

Then we have
ou ov O*F  9%F

e, 0wy 022 T oag
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On the other hand,

ou O*F O*F ov

873?2 - axgaxl - 8.’518%2 a _071’1.

Hence the Cauchy-Riemann equations hold for v and v, and consequently ¢y, is analytic. Suppose,
conversely, that ¢ is analytic. Then

0 1/ 0 .0
0= £¢k =3 <3l’1¢k + 28m¢k>

_L(0 (0RO . 0 (OF OF
_2 aibl 81‘1 81‘2 833‘2 8:131 81‘2

_ L (¥R K . OF | O°F
N 2 333% a£1aCL‘2 8.%28:61 895% ’

and therefore Fj, is harmonic. The condition (b) follows immediately from (5.5) and (c) follows
from (5.6). O

Theorem 5.11. Suppose that F': Q — R™ defines a reqular minimal surface M with isothermal
parameters. Then the functions ¢y in (5.4) are analytic satisfying (5.8) and (5.9). Conversely, let
o1, P2, . .., O be analytic functions of z = x1 +ixe in a simply connected domain ) C C satisfying
(5.8) and (5.9). Then there exists a (regular) minimal surface M parametrized by an immersion
F:Q—R™ F=(F,...,Fy) such that

OF; OF;
bp = =0 — i

- 8951 18332 '

Proof. Suppose that F': 2 — R™ defines a regular minimal surface M with isothermal parameters.
By Theorem 5.3, each F} is harmonic, and hence ¢y is analytic satisfying (5.8) and (5.9) by
Lemma 5.7. To prove the converse direction, define

(5.12) (o1, a2) = R / T or(O)de,

=z

with a fixed zg € 2. Since ¢y, is analytic and €2 is simply connected, the map

- / r(C)dC

is a well-defined analytic map in §2 (independent of the choice of a path joining zy to z in §2). Hence
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F}. is harmonic. On the other hand,
o) = o [ aul0pic
K2 =57 , k

— (% [ au0acris [ ancrac)

—F, =Gy

= % <(9il — Z[?.ig) (Fk + ZGk>

1 oF, 0G, 0F, O0G}

N 5 <8$1 +Za$1 281‘2 81‘2)

1 (0F, 0F, .0F, O0F,
2 <8x1 019 Z@xg (99:1>

_OF, 0F,

C Om Owy

where we used the Cauchy-Riemann equations

oF, 0Gy OFy, oG},

8561 a 8$2 ’ 8$2 al’l
for the real and imaginary part of the analytic function ¢;. By Lemma 5.7, parameters z1 and xo
are isothermal, and hence M is minimal by Theorem 5.3. 0
5.13 Weierstrass-Enneper representation

Consider next the case m = 3. As before, let ¢5: @ — C, k =1,2,3, be analytic. We can describe
explicitly all solutions to

(5.14) ¢F + ¢35 + ¢35 = 0.

Lemma 5.15. Let D C C be a domain, g an arbitrary meromorphic function in D, and f an
analytic function in D such that at each point where g has a pole of order m, f has a zero of order
at least 2m, i.e. fg? is analytic. Then the functions

(516) ¢1 :%f(1_92)7 ¢2: %f(l_'_gZ)v ¢3:fg

are analytic and satisfy (5.14). Conversely, every triple (¢1, 02, ¢3) of analytic functions in D
satisfying (5.14) can be represented in a form (5.16) except if ¢p1 = i¢2 and ¢3 = 0.

Proof. Functions in (5.16) satisfy
R+ o3+ 05 =1/ = 5f° + i — 1P = 3 fP — 1fPg + P =0

Conversely, let ¢1, @2, and ¢3 be analytic such that (5.14) holds. Suppose ¢1 # i¢o and ¢3 Z 0.
Define
?3

¢1 —id2
Then f is analytic and g is meromorphic. We can write (5.14) as
(81 — i) (91 + i) = — 5.

=¢1+63

[=¢1—ig2 and g=
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Now, since ¢ Z i¢o, we have

—¢3
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—¢3

(p1 —i2)

Nt = i T (= i)’
= _92f7

and therefore g2 f is analytic. Moreover,

1r— o) = Ligr — i B
3 f(1=9g%) = 5(1 <Z52)<1 (él_i@)g)

I OV U
_2(¢1 0 ¢1—i¢2)
=L(¢1 —igo + ¢1 +igho)
:¢17

X 2
LF(1 4 ) = E(o1 — i) (1 N M)

P
=;<¢1—i¢2+%>

P1 — i
= L(¢1 —igo — P1 — icho)
= ¢2,
and
fg=¢s.
Since —g?f = ¢ + i is analytic, the condition on the poles of g and the zeros of f holds. O

Now we are able to prove the following Weierstrass-Enneper representation.

Theorem 5.17. Let D C C be a simply connected domain, g: D — C U {occ} a meromorphic
function, and f: D — C an analytic function that vanishes only at points ( where g has a pole
and the order of the zero of f at such a point { is exactly twice the order of pole of g at . Define
F = (F,Fy,F3): D —R3 by

Fk(z) =§R/ gbk(C)d(—i—ck, k=1,2,2,

where ¢1, o, and ¢3 are as in (5.16). Then F: D — R3 is a minimal immersion.

Proof. By the previous lemma 5.15, functions ¢y, are analytic and satisfy (5.14). Moreover,

61]° + |¢2]® + |¢s]® = [5F (1 = g*) [ + 15 F (1 + ¢*)* + | fgl?
=PI = 1P+ 5P+ 217 + [ fPlgl?
=1fP(G1-g)1 -3+ 11+ )1 +7°) + g
= fPHA- - +19I") + 101+ 5+ > +19l") +191%)
= 11?3 + lgI* + 319"
= 3IfP(1+1g/*)*>0

by the assumption on zeros of f and poles on g. Hence by the proof of Theorem 5.11, F: D — R3
is a minimal immersion. O
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We just state the following converse result; see e.g. [O].

Theorem 5.18. FEuvery simply connected minimal surface in R® can be represented by F =
(F1,F>, F3): D — R3,

Fk(z) =§R/ (bk(C)dC—i-Ck, k=1,2,3,

where the analytic functions ¢y are defined by (5.16) with the functions f and g having the same
properties as in Theorem 5.17 and the domain D being either the unit disk or the entire complex
plane.

Given a Weierstrass-Enneper data {f,g} for a (simply connected) minimal surface M it is
possible to express the geometric quantities of M in terms of f and g only. Indeed, let F': D — R3
be as in the previous theorems and let

oF X oF

X = — = —
! 3%17 2 6$2

Then g;; = 52-]-)\2, where

v (|f|<1;|g|2>)2‘

The Gauss map N: D — S? can be written in the form

X1><X2 1

= <]~ g1 2R 290) lof ).

Comparing the Gauss map above with the inverse of the stereographic projection from (0,0,1),
that is, the map C — S?,

TN 2y |z]2—1
z=x+1 , ,
Y |22+ 17 2|2+ 17 |2)2+ 1
we obtain the following.

Theorem 5.19. If F: D — R? is an isothermal parametrization of a minimal surface, then the
corresponding Gauss map N: D — S? defines a complex analytic function of D into the (unit)
Riemann sphere.

Indeed, the Gauss map followed by the stereographic projection gives a meromorphic mapping
D — S? — C that is, in fact, the meromorphic function g in the Weierstrass-Enneper representation.

6 The minimal graph equation

6.1 Minimal graphs of codimension 1

Let Q C R, n > 2, be a bounded open set. Let u: {2 — R be a Lipschitz function and consider its
graph
Ty ={(z,u(z)): z € Q}.

We want to justify that also in this higher dimensional (n > 2) case the (area) volume of I, is

Vol(T,) = / V14 |Vul?dx.
Q
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Let F:Q — R
F(z) = (z1,22,...,2p,u(z)).
Since u is Lipschitz, partial derivatives u,, exist a.e., in fact, u and F are differentiable a.e. by

Rademacher’s theorem. The matrices of the differential dF: R — R"*! (at a point x € ) and of
its adjoint dF™* in standard coordinates {e;} are

1 o -+ 0 0
0 1 o -- : I
dE=1 " 0|~ (%)
0 o -+ 0 1
Ug, Ugy Uy,
and
10 0 ug,
AF* = 0 PO o = (I, Vu).
0 0 1 uy,
Hence
(dF*dF)ij = (6ij + Ua;Us;)-
Furthermore,
OF
o = €; + Ugnt1
and
gij:a—F-a—Fzéi-+u g
ﬁxi 8.1‘j J T
Thus
(dF*dF)i; = gij
and

det(dF*dF);; = det g;; = 1 + |Vul*.

The volume form of I',, is then
V1+|Vul2dey A -+ ANday,

and therefore the volume of T';, is
Vol(T,) = / V14 |Vul?dz.
Q

As in the case n = 2 a function u € C?(Q) is a critical point of the volume functional

F(u) = /Q V1+ |Vul?de,

that is J

%}_(U +to)=0 =0, v € C5°(Q),
if
(6.2) div —Y%_ _

VIt |Vu?
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Also now, a critical point u of F minimizes the volume of graphs I', among all functions v:  — R,
with v = u on 0f2. Here, of course, we assume that functions u and v are continuous in 2. We
want to prove (partially) the following theorem.

Theorem 6.3 (Jenkins-Serrin). Let  C R™ be a smooth, bounded domain whose boundary has
nonnegative scalar mean curvature (with respect to inwards pointing normal). Then for each v €
C%%(Q) there exists a unique u € C*(2) N C*%(Q) that solves the minimal graph equation (6.2)
in Q with boundary values w02 = 1)|0S.

Recall that C*(Q) denotes the class of all functions whose all derivatives of order < k have
continuous extensions to 2 and C**(€) is the subset of those functions in C*(Q) whose k*’-order
partial derivatives are globally Holder-continuous with exponent «.

Our strategy will be the following:

1. First we will prove the existence of minimizers of the volume functional within subclasses of
Lipschitz functions with uniformly bounded Lipschitz constants. Here we employ so-called
direct methods in calculus of variations. In fact, we will consider a quite general class of
variational integrals.

2. As a second step we consider so-called a priori gradient estimates.

3. In the third step we reduce (interior) gradient estimates to boundary gradient estimates.
Here we will focus on the volume functional and will obtain boundary gradient estimates
by constructing suitable ”barriers”. It is in this step where the assumption 92 having non-
negative mean curvature (w.r.t. inwards pointing normal) is needed.

6.4 Direct methods

We consider variational integrals

F(u) ::/QF(Vu)dx,

where functions u belong to some subspace A of Lipschitz functions in a bounded domain 2 C R".
The class A is equipped with a topology that makes F lower semicontinuous (see (6.5) below) and
minimizing sequences (sequentially) compact in A. More precisely, if (u;) is a minimizing sequence,
ie. u; € Aand
lim F(u;) = inf F(u),
(1) = inf, F(u)

1—00

then there exists a converging subsequence u;; — 4 € A and

(6.5) F(u) < liminf F(u;,).

j—00

It then follows that % is a minimizer of F among functions in A.
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Here are some examples of variational integrals:

F(u) = / |Vu|*dz,
Q

F(u) = / |[VulPdz, 1 <p < oo,
Q

F(u) = / V14 |Vu|?dz,
Q

1/k

Flu) = / (1+19uf) " da, k>0,
Q

F(u) = / exp |Vul?,
Q

Flu) = / Vul2log(1 + V]uf?),
Q

n—1
Flu) = / (Z g, |* + |umn|k> , k>0.
2 \i=1

All of these variational integrals are defined among Lipschitz functions, although some other (larger)
function spaces, like Sobolev spaces, would be more natural to work with. Furthermore, in all of
these cases the variational kernel F: R™ — [0, 00) is convex. The convexity of F' is very useful in
obtaining the lower semicontinuity (6.5) of F.

Suppose that F': R™ — [0, 00) is convex and C!. Then

(6.6) F(z) = F(y) > VF(y) - (z — y)
for all z,y € R™. Let us study the (possible) lower semicontinuity of F among Lipschitz functions
Lip(Q2) = {u: Q — R | u Lipschitz}.

We define a semi-norm

(6.7) F(u) = /QF(VU) < /QF(Vuj) - /QVF(Vu) - (Vuj — Vu)

for all u € Lip(2). Furthermore, since VF' is continuous, we have |VF(Vu)| € L*(Q2). Suppose
that Vu; — Vu weakly in L*(2). Then

/Q VE(Va) - Vi — /Q VE(Vu) - Va,

and therefore
/ VE(Va) - (Vu; — V) = 0
Q

and finally
F(u) < liminf F(u;)

J—00
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by (6.7).
Let
Lip,(2) = {u € Lip(Q): |u|q < k}.

Lemma 6.8. Suppose that F: R" — R is convex and C'-smooth. Then the variational integral
F: Lip(Q) = R,

]:(u):/QF(Vu)dx,

1s lower semicontinuous with respect to the uniform convergence of sequences with equibounded

Lipschitz seminorm and with fized boundary values on 02. More precisely, if u; € Lip,(§2), u;|0Q =
@, and u; — u uniformly in ), then

F(u) < liminf F(uy).

J—00

Proof. First we observe that u € Lip, (). Approximate the mapping = + VF(Vu) in L'(Q) by
smooth mappings
FTE = (Fl,E) F275, RN Fn,g): Q — R".

Now
/Q VF(Va) - (Vu, — V) = /Q (VE(Vu) = F) - (Vu; — V) + /Q - (Vu, — Va).
Since F. — VF(Vu) in L'(Q2) as ¢ — 0 and u, u; € Lip,(2), we have for all § > 0 that
‘/Q(VF(Vu) ~F) - (Vu; — Vu)‘ < /Q IVE(Vu) — Fr||Vu; — Vu| < Qk/Q IVF(Vu) — F.| <6
for all € > 0 small enough. On the other hand, by integration by parts

/QFg-(vuj—vu) —/Qdiv((uj—u)Fg)—/Q(divFe)(uj—u)——/ﬁ(divFg)(uj—u) 0

=0

since u; — u uniformly. Note that the Lipschitz vector field (u; — u)F; vanishes on 0f2. By the
convexity of F' and the reasoning above, we have for all § > 0 that

Flu) = /Q F(Vu) < /Q F(Vuy) - /Q VE(Va) - (Vay — V)
= F(uy) — /Q(VF(VU) — ) (Vuj — Vu) — /QFE - (Vuj — Vu)

= F(uj) — /Q(VF(VU) —F;) - (Vuj — Vu) + /Q(div Fo)(u; —u)
<5

< .F(uj)+/ﬂ(divFE)(uj W) +6

as soon as € > 0 is small enough. It follows that F(u) < liminf; ,o F(u;) 4+ 6 for all § > 0, and
therefore

F(u) < liminf F(u;).

j—00
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Theorem 6.9. Suppose that F': R™ — R is conver and C'-smooth and let ¢ € Lip,(092). Then
the variational integral

f(u):/QF(Vu)dx

has a minimizer in the class Ax, = {u € Lip,(Q): u = ¢ on 00}.

Proof. By the McShane-Whitney extension theorem, ¢ can be extended to a function ¢ € Lip,(12).
In particular, Ay is non-empty. Let (u;) be a minimizing sequence in Aj. Then it is equibounded
and equicontinuous, hence by the Ascoli-Arzeld theorem, there is a subsequence (still denoted by
(uj) and u € Ay, such that u; — @ uniformly. By Lemma 6.8,

F(u) < linl}inf}"(uj) = inf{F(u): u e Ax}.
j—o0

Since @ € Ay, it is a minimizer in Ay,. O

Remark 6.10. The function @ found above need not be a minimizer of F(u) among all Lipschitz
functions u in Q with v = ¢ on 99.

However, we have the following simple but useful result.

Lemma 6.11. Suppose that a minimizer u of F(u) in Ay satisfies |u|q < k. Then @ is a minimizer

of F(u) in A= {u € Lip(Q): u= ¢ on 90Q}.

Proof. Let w € Lip(€2), with w = ¢ on 0f2. Since |u]q < k, there exists ¢t € (0,1) such that
ltw + (1 — t)alg < twlg+(1 —t) |alo <k,
~—~ \,k./
<oo <

and therefore tw + (1 — t)@ € Lip,(Q). Since % is a minimizer of F(u) in A and F is convex, we
have

F(a) < Ftw+ (1 —t)a) < tF(w) + (1 — t)F(a),

and so
F(u) < F(w).

6.12 Gradient estimates
In this subsection we assume that all Lipschitz functions in Q are continuously extended to Q.

Definition 6.13. Given a variational integral
Flu) = / F(Vu)dz,
Q
we say that a function u is a superminimizer in Lip(€2) (resp. in Lip,(Q)) if
Flut @) = F(u)

for all ¢ € Lip(§2) (resp. Lip(£2)), ¢ > 0, and ¢ = 0 on 0. Furthermore, a function v is a
subminimizer in Lip(Q2) (resp. in Lip(Q2)) if

Flo—¢) = Fv)
for all ¢ € Lip(Q) (resp. Lip,()), ¢ > 0, and ¢ = 0 on 9.
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It is easily seen that a function is a minimizer if and only if it is both super- and subminimizer.

Theorem 6.14 (Qomparison prigciple). Suppose that F is strictly convex and that u is a super-
minimizer in Lip(Q) (resp. Lip(Q2)) and v is a subminimizer in Lip(Q) (resp. Lip(Q2)) such that
u>v on 0. Then u > v in Q.

Proof. Suppose on the contrary that the open set
K={zeQ:v(z)>ux)}
is non-empty. Define functions @ and v by

() = u(z), ifzeQ\K; () = v(z), ifzeQ\K;
= v(z), ifzekK, o u(z), ifze K.

Then v < @, v > 0in Q and u = @, v = © on 9. Hence F(u) < F(u) and F(v) < F(v), and
therefore

F(u) = /Q LT /K F(Vu) = /Q L /K F(Vu)
< Fla) = /Q L /K F(Vi)

N /Q\K Flva) + /K v
Hence /K F(Vu) < /K F(Vo).
Similarly,
/KF(VU)S/KF(VU)’
and so

/K F(Vau) = /K F(Vo).

Since m(K) > 0, the strict convexity of F' implies that

/KF(W:;W) <;/KF(Vu)+;/KF(Vv):/KF(Vv).

This leads to a contradiction with the assumption v being a subminimizer in Lip() (resp. in
Lip,(£2)) since the function w,

(), if z € Q\ K;
w(w) = {v(x)gu@), itz e K,

belongs to Lip(Q) (resp. Lip(Q)), w < v, and w = v on 94, but

w) = v YuiVv v v) = F(v).
Fw) /Q\KF(V)+/KF( . )</Q\KF(V)+/KF(V) Fw)



42 Minimal Surfaces

From now on we assume that F': R™ — [0, 00) is strictly convex and C*.

Theorem 6.15 (Maximum principle). Suppose that u is a superminimizer in Lip(Q) (resp. in
Lip,(22)) and v is a subminimizer in Lip(QQ) (resp. in Lip,(Q2)). Then

sup(v — u) = sup(v — u).
Q o0

In particular, if u and v are minimizers (in Lip(Q2) or Lip,(R2)), then

sup [v — u| = sup |[v — ul.
Q oN

Proof. Since

u + sup(v — u)
o0N

is a superminimizer in Lip(€2) (resp. in Lip,(€2)) and
u+sup(v—u) >wv
oN
on J€, it follows from the comparison principle that
v <u+sup(v—u)
o0
in 2. Hence

sup(v — u) < sup(v — u).
Q onN

The equality follows from the continuity (in Q) of u and v. O

Lemma 6.16 (Haar-Rado). Let u be a minimizer (in Lip(2) or in Lip,(Q2)). Then

sup{W:x,yeQ, x;«éy}:sup{w:xeﬂ, yeaﬂ}.

Proof. Let 1,20 € Q, 1 # x9, and let 7 = x5 — x1. Define a set 2, and a function u,: 2, — R
by

Qr ={z—7:2€Q} and u,(v) = u(x + 7).
Then Q; N Q contains z; and thus it is a non-empty open set. Both w and w, are minimizers in
Lip(©2; N Q) (or in Lip,(Q2- N Q)). By the Maximum principle,

lu(z1) — u(ze)| = |u(z1) — ur(z1)| < sup |u—u-| < sup |u— u;|
Q.N0 (Q,NQ)
= e o= ur] = fu(e) — ur(2)] = [uz) = uz 4 7)

for some z € (2, N ). Next we observe that 9(2, N Q) C 9N, U O which implies that at least
one of the points z or z + 7 belongs to 0f). Furthermore, both z and z + 7 belong to 2 since
z € 0(Q2,; NQ). Hence

) ) _ o) ~stag)] o) —ue )l 180 g e on)

w1 — x| 7| 7] |z —y

and so

sup{W:x,yEQ, m#y}gsup{w:xeﬂ, yeaﬁ}.

The equality follows from the continuity of u in €. O



Fall 2014 43

6.17 Barriers
For z € Q and t > 0, we denote
d(x) = dist(z, 0Q) = min{|x — y|: y € 00},
Le={y€Q:d(y) <t}

and
Iy ={yeQ:d(y) =t}

Definition 6.18. Let ¢ € Lip(99). An upper barrier relative to ¢ is a function v € Lip(3y,), for
some to > 0, satisfying

(i) vt = on 9N and v > supyq ¢ on Iy, and

(i) v™ is a superminimizer in Lip(Zy,).
Similarly, a lower barrier relative to ¢ is a function v~ € Lip(3y,) such that

(i) v~ = ¢ on 0N and v~ < infyn ¢ on I'y,, and

(ii) v~ is a subminimizer in Lip(X,).

Theorem 6.19. Let p € Lip(99Q) and suppose that there exist an upper barrier v* and a lower
barrier v~ relative to ¢. Then the variational integral

Flu) = /Q F(Vu)da

has a minimizer in A = {u € Lip(): u = ¢ on Q}.
Proof. Let Q = max{|v*|s, ,[v"[s, } and fix k¥ > Q. By Theorem 6.9, there exists a minimizer
w in the class Ay = {v € Lip,(Q): v = ¢ on 9Q}. Then u|%;, is a minimizer of the variational
integral
F(Vu)dx

St
among functions in Ay = {v € Lipy(Zs,): v = u on 8%, }. By the Maximum principle (with u and
0),

sup |u| = sup |u| = sup |¢|,
Q o0 o0
sup| —u| =sup| — u| =sup| — ¢,
Q o0 o0

and therefore
infp <wu(zr)<sup Vze.
o0 o)
In particular,
v (x) <infp <u(z) <sup <vt(x) Vz €Ty,
o0 90

and hence by the Comparison principle

v (x) <u(z) <ovt(z) VoeX,.
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Note that v~ = v™ = u = ¢ on 9. We obtain
u(z) —u(y)| < Qlz —y|
for every x € ¥, and y € 99Q. Indeed, if u(z) > u(y), we have
u(z) — u(y)] = u(z) - u(y) = u(x) — v (y) < v (z) —v"(y) < Q- yl,
and if u(xz) < u(y) we have
u(z) —u(y)| = uly) —u(z) = v~ (y) —ulr) <v™(y) —v (z) < Qlz -yl
Suppose then that x € Q, with d(x) > to, and that y € 9. Since

inf o <u <su
89907 N as%)

in 0, we have

[u(z) — u(y)| < max{sup ¢ —u(y), u(y) — inf ¢}.
o0 N
Let z € I'y, be a point such that

2 —yl = |z —2[+ ]z -yl

Then

SUp ¢ - u(y) <vt(z) —uly) =vt(z) —vt(y) <Qlz —yl < Qlz —y|
and

u(y) — infp < u(y) —v (2) =v (y) —v (2) < Qlz —y| < Qlx —y|.
Hence

u(@) —u(y)] < Qlz —y|
for all z € 2 and y € 0{2. By Haar-Rado lemma 6.16,

and therefore u is a minimizer in A = {v € Lip(Q): v = ¢ on 9Q}. O

6.20 Construction of barriers for the minimal graph equation

In this subsection we consider the volume functional
V) = [ VIFIVP,
Q

where €2 C R" is a bounded open set.
Suppose that u € Lip(Q) is a superminimizer of V and let ¢ € Lip(£2), with ¢ > 0 and ¢ = 0
on 0f2. Since
V(u) < V(u+tp) Vt>0,
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we have

V(u+tp) —V(u)

d
—V(u+tp)=os = lim

dt t—0-+ t
1
= lim — [ (V1 21 ?)
b o | V14 |Vu+tVel2 = /1+ |Vl
. V14 [Vu+tVel]2 — /14 [Vul?
= 11m
Qt—>0+ t

Vu -V

= — >0.
a1+ |Vul?

Furthermore, supposing that u € C?(2) and using integration by parts, we see that the above is
equivalent to

/cpd' vu >0
_ vl
Q V31+|Vul2 )~

for all ¢ € Lip(Q2), with ¢ > 0 and ¢ = 0 on 9. Hence, if u € C?(f) is a superminimizer, then

Vu
6.21 div| ——=—== | <0
(6:21) 1V(«/1+|Vu|2) B

Similarly, if v € Lip(Q?) is a subminimizer of V, then

Vv -V <0
Q1+ |Vo]2

for all ¢ € Lip(Q), with ¢ > 0 and ¢ = 0 on Q. If, in addition, v € C?(£2), we obtain

Vv
6.22 di —_— | >0
(6.22) lv<\/1+|V1}\2> -

These inequalities are equivalent to

(6.23) E(u) 1= (14 [VuP)Au— 3ttt <0
ij=1

and

(6.24) E) = (1+|Vu}H)Av — Z Vg, Vg Vasz; > 0.
ij=1

Suppose that 2 C R” is a bounded open set, with a C?-smooth boundary 9. In the next
subsection we will prove that:

(i) the distance function d: Q — [0,0), d(x) = dist(z, 09), is C? in some ;

(ii) furthermore, if x € I',, then —Ad(x) is the sum of the principal curvatures of I'y, with respect
to the inwards pointing unit normal; and that

(iii) Ad(w) decreases when x € ¥;, moves towards the interior of 2 along a normal to 9.
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Hence assuming that 02 has non-negative mean curvature with respect to inwards pointing normal,
we obtain

(6.25) Ad(z) <0
in ito .
Suppose that 02 has non-negative mean curvature with respect to inwards pointing normal and

that the boundary value function ¢ belongs to C?(2). Under these assumptions we will construct
an upper barrier v relative to ¢|02 of the form

v(@) = p(x) + ¥ (d(z)),

where 1: [0, R] — [0, 00) is a C2-function such that

and

for some R < t( determined later. Note that the assumption ¢(R) > 2supq |¢| implies that

v(x) >supp Vo eTlg.
o0

Since v = ¢ on I by the assumption 1(0) = 0, the condition (i) in Definition 6.18 holds. There-
fore, to show that v is an upper barrier relative to ¢, we need to choose ¥ so that v will be a
superminimizer in Xp, i.e.

E(W) = (L4 Vo) Av = 3 va,va, 00, < 0.
i,j=1

To simplify the notation we abbreviate

Vi = Vg, Vij = Uz, P =) od etc.

We have
v = @i +P'd;,
vij = pij + ¥dij +¢"did;,
Vv = Vo +1'Vd,
Av = Ap + ' Ad + ",
and

1"*_|VU|2_1"|'|V90|2 +2'¢ Z@z i
where we used the fact that |Vd| = 1. We also have

0=3(VdP), Zd dij Vj.
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We compute

Ew) = (1+|Vo*)Av — Zvivjvij
= (1+|Vg|* + +21/J Z% i) (A + ' Ad + ")

= (i + ¢'d) (05 + v'd;) (%‘j + 'y + 4" did;)
ij
= (1+|VeP)Ap — > vipjpi;

j

ngzd Ap+ (14 |Ve*)Ad - QZdlgojgoU ngzgpj ij

4] j

(¢) ASD+QZSDZdAd ZSOszd

tj

w )’Ad
// 1 + ‘VSOP ZSOZ 7 7

where we have used identities

Z didij =0 Vj,

Z ,(/}l/ 2d2d2 — 0
20"y soz-di — "Y' did;(pidi + jd;) =0,
i ij
2
Z pipjdid; = (Z pid;)
ij i

Since ¢ and d are C2-smooth in ¥z and ¢’ > 1, we have an estimate

(1+[Vel)Ap = ipjpi
j
Z@zd ASO + (1 + |VCP| Ad 22@@]@@] Z‘Pz@j ij

7 i i

+(¥')? Aso+2zwmd > pijdid;]

(]

< co(¢)?

for some constant cg. On the other hand,

1+ ‘V@’Q - (Z (pidi)Q > 1,

" <0, and Ad < 0, and therefore

(6.26) E(v) < (')’ + (W)’ Ad+ 9" < co(¥)? + 1"

47
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in ¥r. Choosing
1
P(t) = —log(1 + 5t)

Co
for some constant 5 > 0, we get
2
v =2av v =-Zare
€o Co
and
5 2
(6.27) o) + 9" = co—z (14 Bt) > = —(1+Bt) "> = 0.
0 o

Thus we need to find 8 and R so that ¢(t) > 1 and ¥(R) > L. Choosing R = $~/2, with 3 large
enough, we obtain

s _ B
col+ PR co(1++/B)

By (6.26) and (6.27), v is a superminimizer in ¥, and therefore an upper barrier relative to ¢|0€.
Now it is easy to obtain a lower barrier relative to ¢|0€. Indeed, by the above, there exists an
upper barrier @ relative to —p|0€2. Then v~ = —a is a lower barrier relative to ¢|0f.
We have proved:

() > >1 and ¢(R) = Clolog(l +VB) > L.

Theorem 6.28. Suppose that Q C R" is a C%-smooth bounded open set whose boundary 02 has
non-negative mean curvature with respect to inwards pointing normal. Then for each ¢ € C?*(Q)

there exists a unique minimizer v € Lip() of the volume functional in A = {v € Lip(2): v =

© on 00}.

Proof. We have showed above that there are upper and lower barriers (for V) relative to ¢|0€2. By

Theorem 6.19, the volume functional has a minimizer u in A = {v € Lip(Q2): v = ¢ on 9Q}. The
uniqueness follows from the Maximum principle O

6.29 Boundary mean curvature and the distance function

Let © C R” and suppose that 9 is C2. For y € 0 let Ny be the unit inner normal and T}, = T;,0€)
the tangent space to 002 at y. Fix yp € 9€2. By rotating and translating we may assume that (a
fixed) yo = 0 € R* !, T,, = R"1 and Ny, = e,. Then in a neighborhood (in R™) U of 0, 952 is
given as a graph of a C?-function
p: ToNU — R,
~——
=UNRn-1
onNuU = {(ml,...,xn_l,go(i)): Ie ToﬁU}
N ————

=z

Since R"~! is assumed to be tangent to 92 at 0, we have V¢ (0) = 0. For y = (g], cp(yj)) coNNU,

the inner unit normal is Ny = (Ny1, Ny2, ..., Nyn), where
Nyi:%a i=1,....n—1,
V1+[Ve(3)]

B 1

Ny” - —~27
V1I+[Ve()l
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where ¢; = ¢,,. By rotating R"~! around the x,-axis, we may assume that the Hessian matrix of
@ at 0 is the diagonal matrix

k1 O 0 0
0 K2 0 . .
pa@=1: o . 1
0 -+ - Kpo 0
0 - .- 0 Kp_1
Indeed, the Hessian matrix is symmetric and therefore it has real eigenvalues k1,...,Kk,_1, With

orthonormal eigenvectors. So, in these, so-called principal coordinates,
gDij(O) = 5@'!{1.

In Section 4.2 we computed (in dimension 3) the mean curvature vector of a graph as

Hedv|—Y2 N
V1t [Vel?

where N is the upwards pointing (inner) unit normal. So,

H = (A“O V(1+ V) w) N,

ViTIver
and therefore at yp = 0 € 9Q (where V¢(0) = 0) we have
H = Ap(0)Np.
The scalar mean curvature is therefore
Ap(0) = tr(cpij (O)) =K1 +ky+ -+ Kpi.
Lemma 6.30. Let Q C R” be bounded and C*, k > 2. Then there exists tg > 0 such that
de CF(Zy,).

Proof. Since 0 is compact and C* k > 2, 99 satisfies a uniform interior sphere condition: for
every yo € 0) there exists an open ball B, of radius r such that B,N(R™\Q) = {yo} and r > Ry > 0,
with Ry independent of 19 € 9. Indeed, again we may assume that yp = 0 € R*~! and 99 is
given as a graph of a C*-function near yy. The eigenvalues of the Hessian ©ij(0) are bounded from
above by a constant that is independent of yy € 9. The inverse of this bound bounds Ry from
below. Let tg < Rp. For each z € 3y, there exits a unique y(x) € OQ such that |z — y(z)| = d(z).
To see this, take a closed ball B(z,d(z)). Then B(z,d(x)) NoQ = {y(x)}. The points z € ¥y, and
y(z) are related by

(6.31) r = y(z) + d(2)Ny(z),

where N, is the inner unit normal to 92 at y(z). We claim first that this relation determines
y = y(x) and d = d(x) as C*¥~!-functions of . For a fixed zg € ¥y, write yo = y(z¢) and assume
(after rotation and translation) that yo = 0 € R"~!, Ty = T,,,0Q = R""}, and that 99 is given as
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a graph of a C*-function ¢: V — R, V Cc R*! a neighborhood of 0. Near 0 we may write y € 9
as y = (9,¢(9)). Define a mapping g: V x R — R",

9(y;t) =y +tNy, y=(3,0(9)).

Since Ny = (Ny1, Ny2, ..., Nyp) is given by

Nyi:% i=1,....n—1,

VIF V@)

B 1

Nyn - —~2,
V14 |Ve((y)l

we see that ¢ is C*~1. We want to apply the inverse mapping theorem to ¢ in a neighborhood of
(,t) = (yo,t) = (0,t), t < to. In the principal coordinates the Jacobian n x n-matrix of g at (yo, t)
is the diagonal matrix

1—try 0 0 0
0 1—tky O : :
: 0 : 0
0 oo 1—tkp_1 O
0 0 1

Hence the Jacobian determinant of ¢ at (yo,d(xo)), with d(zo) < to < Rp, is
(1 — md(yco)) (1 — Hgd(xo)) cee (1 — Rn_ld(l’o)) >0

since every term 1 — k;d(zg) is positive because d(xo) < Ry and therefore r;d(xp) < 1. By the
inverse mapping theorem gy and also 3o = (%o, ¢(%0)), and d(xg) depend C*~'-smoothly on xg.
On the other hand, since

Vd(z) = N,

y(x)> T € ito

and the mappings  +— §(x) and § — N, are C*¥~l-smooth, we conclude that Vd(z) depends
C*=1-smoothly on x, and therefore d € C*(%;,). O

Lemma 6.32. Suppose that Q C R™ is an open, bounded, and C?-smooth set, whose boundary
002 has non-negative mean curvature with respect to inner normal. Let d and X, be given by
Lemma 6.30. Then in ¥y,

(a) Ad(z) decreases when x moves inwards along a normal to 0€);
(b) Ad(z) <O0.

Proof. Fix xg € ¥y,. After a translation and rotations, we may assume that yo = y(zo) = 0 and
that 0 is given as a graph of a C?-function ¢ near yy. In what follows we use principal coordinates
at yo = 0. Since

Vd(.%’o) = Ny* = (0, 0, ce ,0, 1),

we have

0 di=0, Yi=1,...,n—1.

din = 5.
O0xy,
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Recall that

so that
DjNyi: %Nyi:—ﬁi(sij, izl,...,n—l.

By the chain rule,

dij(wo) = (D;(Did))(wo) = D;Ni o y(0)

=N,
— Z Dy, N;i(yo0)Djyr(xo)
%
g
= Zk: (—#idir) (WCMO))
_ kb
1 — ked(z0)

Hence the trace of (d;;) is

n—1 s
Ad = c—
Z 1-— Hz’d
=1
Finally, when & moves inwards along a normal to 02, d(z) increases. We have two cases:

(i) if k; > 0, then 1 — k4 decreases and therefore

1— Iiid
decreases;
(ii) if k; <0, then 1 — k4 increases and therefore
Ry
1-— Iiid

decreases.

Alltogether Ad(x) decreases when x moves inwards along a normal to 9. This proves (a). On the
other hand, d(z) = 0 on 09, and so

n—1
Ad(z) = — Z ki)

= — the scalar mean curvature of 0N at x € 0f)
<0,

where k;(z) are the principal curvatures of 92 at z. Combining this with (a), proves the claim

(b). O
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6.33 Regularity of the minimizer in Theorem 6.28

In this section we discuss briefly about the regularity of the minimizer u € Lip(£2) of the the volume
functional obtained in Theorem 6.28. The function u is a weak solution of the equation

(6.34) Cdiv—

V14 [Vul|?

in €, that is,
Vu-Vn

Q1+ |Vul|? N

for all n € Lip(Q), with n|0Q = 0. We write (6.34) as

—divT(Vu) Z@T@VU =0,
Ly

where T = (T, Tb, ..., Tp,): R* — R,

" —1/2
Py
Ti(2) = ——— =z 1+E 22 .
RV eI EE ( )

oT; 1 ZiZ;
Tij(2) = 5~ (2) = ——= <5z’j - > :
J

NSEREE 1+ |22

Now

Hence we can write (6.34) as

ou Ou 2
Z , dz; Dz o’u 0
= T\ T ) Bepe 0
or equivalently,
0%u
(6.35) - Z T (V) axzam =0,
ij=1 J
that is,
du On
T _
/Z i(Vu) le 896]
Now
(6.36) Az < ZTZJ 26 < A(2))EfP, € eR™,

with 0 < A(|z]) < A(|z]) < oo for every z € R™. Such an equation is a quasilinear elliptic equation,
but it is not uniformly elliptic since the left-side of (6.36) tends to zero as |z| — co. Moreover, the
functions T;;, z — T;j(z) are C*°. Since the solution u is (globally) Lipschitz in €, its gradient is
bounded from above

(6.37) [Vu| < L < oo ae.
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"Freezing” the coefficients as
Aij(z) := Ti; (Vu(z))

and taking into account (6.37) we may interpret u as a solution of a linear uniformly elliptic second

order PDE )
" 0“u
> Ajjz—a— =0,
i1 3.%1856]
0< )\‘f|2 < E AZ](Z)flf] < A‘f|2, Vz,é e R™.
i

It follows then from the general theory that u € C*°(Q2); see [G] for an overview.

6.38 Interior gradient estimate

Let us consider an n-dimensional C?-smooth hypersurface ¥ C R*t!. Assume that ¥ is given as a
level surface of a C2-function ®: U — R, with U C R™*! open, such that

Y={zeR": ®(z) =0} and V&(z)#0VzreX.

The unit normal field to ¥ is (up to the choice of direction)

Vo
N=_—~_.
V|

With this choice, N points to the direction where ® grows. For example, if X is the graph of a
C?-function u: © — R, Q C R™ open, then we can take

O(x) =21 —u(@), = (T,xp41) €U :=QxR

since then
Vo(z) = (- Vu(z),1), |V®|=+/1+|Vul?
——
€Rrn
Let g € CY(U). Then the tangential gradient §g of g on ¥ is defined as the tangential component

of Vg, that is,
dg=Vg—(Vg-N)N.

It is the orthogonal projection of Vg(x) to T,X. In our earlier notation dg = V*g. Its components
are

= E 1 n 4+
i9 92 zj - ]911,']’ ’ )

We also write

We have

N -dg =0,
09> = |Vg|* = (N - Vg)?, so
69| < [Vgl.
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Let K1,..., K, be the principal curvatures of ¥ at yy € ¥ (with respect to N).

coordinates)

o)
o (8% .
) = ks, =1, n;
833] <|v©‘ i R 2Wi ) >, 15
N —

=N;
o)
a 82? +1® .
— - =0,j=1,...,n+ 1.
( Vo ’ !
~—_——
=IVn+1
Hence
n+1 n+1 n+1

ZéN Za Tt Np1 — ZNzNﬂa
%/_/

=0
n+1

:—Zm > NNja

1,j=1

j=1 I

= —nH.

We define (recall) the Laplace-Beltrami operator on ¥ as

n+1
= 6i6i. (Check this!)

We aim at proving the following:

Minimal Surfaces

Then (in principal

Theorem 6.39. Suppose that u € C?(Q) is a solution of the minimal graph equation

div——" g

V1+|Vul?

in an open set  C R™. Then there exist positive constants C1 and Cy depending only on n such

that for every xg € Q)

supg u — u(zo)
. < —_— .
(6.40) |Vu(zo)| < Crexp <02 dist (29, 02) >

We need the following lemma. Since the graph > = I';, is minimal, we have
n+1

D 6N =0.
=1

We define w: 2 x R — R by

=log/1+ |Vu(z)|?.
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Note that w = —log N,,+1. We have (Exerc.)

n+1
Aw =" 66w > |ow|* > 0,
i=1
and therefore w is subharmonic on Y. The following says that w satisfies a meanvalue inequality.

Lemma 6.41. Let w be as above. Then there exists a constant c,, depending only on n such that,
for all zy € Q, 0 < R < dist(zg,dN), and p = (xo,u(:co)), we have

(6.42) w(zg) < n/ w,
R Jsp(p)

where ¥r(p) ={qg € X: |p—q| < R}.

Proof. We prove the lemma in case n > 3. The 2-dimensional case is left as an extra exercise. We
may assume that p = 0 (€ R"™!). For each 0 < ¢ < R and x € R™*! define

(g (27" = R) g (R =) 0 < 2] <&

2(n—-2)
22777, _n _n .
pe(2) = A(j@_m +5p PR = gy RPT, if e <[z] < R
0 if |z| > R.

\

Since ¢, > 0 and both ¢, and V. vanish on 02 x R, we get by integration by parts that

/wAzgogz/cpgAEwZ/cpEMwFZO.
> % b

We obtain by a direct computation that
AZ 2] = afa — 2)|z|* 2 (1 - %) + an|z|*72,
and therefore

R™—¢e¢™, if 0 < |z < ¢

A p. = R — |2|72"(2- N)?, ife<|z|<R;

0 if |2| > R.

Hence

0< / (R —e "w —|—/ (R — 2| *™™(z- N)}w
T (0) Zr(0)\Z:(0)

< / R "w — / e w4 / R "w — / |2|72 (2 - N)*w
(0) 2 (0) Zr(0)\Z:(0) Zr(0)\Z:(0)

~ R" Jsp0) e Jy0)

Letting ¢ — 0 and applying the Lebesgue differentiation theorem, we obtain

Cn
w(0) < n/ w.
R Jsp0)
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Proof of Theorem 6.39. We may assume that o = 0 €  and u(0) = 0. Denote B(r) = B"(0,r)
and C(r) = B, x R. Throughout the proof ¢ denotes a constant depending only on n and its value
may change even within a line. By Lemma 6.41, we have

(6.43)

wl0) < 2 / oiTWPws e [ /T Vb,

{zeR™: |22+ |u(z)?<R?} {z€R™: [z|<R,|u(z)|<R}
Let 0 < R < %dist((),@ﬂ) and define

2R, if u> R;
ur = u+ R, if |ul <R;
0 if u < —R.

Choose n € C§(B(2R)) such that 0 < n < 1, g|B(R) =1, and |Vn| < 2/R. Use ¢ = wupn as a
test function in the minimal graph equation

0— Vu -V _/ wurVu - Vn n wnVu - Vugr n urnVu - Vw
aV1+|Vul2  Jo 1+ |Vul?2  Ja /1+|Vu?2  Ja /14 |Vul?
to get
w|Vul? /
6.44 / ——— < 2R w|Vn| +n|Vwl|).
(6.44) e (wIVa| +n|Vw])
{z€R": |z|<R,|u(z)|<R} {zeR": |z|<2R,u>—R}

On the other hand, since A¥w > 0, we get, for all ¢ € C} (C’(2R)), by integration by parts that

/ ¢%|0w|? < / P*NZw = —2/ POw - 8¢
YNC(2R) YNC(2R) YNC(2R)

<2 / dblgl <} [ a2 / 59[2.
$NC(2R) $NC(2R) $NC(2R)
Hence

/ $?[6]? < 4 / 56
YNC(2R) YNC(2R)

By Holder’s inequality we further obtain

(6.45) / ¢|dw| < emax |d¢| Vol(X N supp ¢).
¥Nsupp ¢

Next choose ¢ of the form
¢($7 y) = 77(93)7@)7

where 7 is as before and 7 € C} ((—2R, R+ SUpp(2R) u)), with 0 <7 <1, 7 =1in [-R,supp,, u],

and |97| < ¢/R. Since aza:il = 0, we have

|[Vw|Npy1 < [dw|. (Exerc.)
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Hence
n|Vw|dx = / N|Vw|Npr1v/1 + |Vu|?dz
{|z|<2R,u>—R} {|z|<2R,u>—R}
= / n ‘vw|Nn+1
—_———
{(z,u(z)): |z|<2Ru>—R} <|dw|
(6.46) < / X B
SNC(2R)

{(zu(z)): |z|<2R,u>—R}
< cmax |§¢| Vol(X N'supp ¢) < 5 Vol(X N supp ¢)

<4 / V14 |Vul?

{le|<2Ru>—2R}

On the other hand, w = log \/1 + [Vu[?2 < /1 + |Vul?, so

(6.47) / | V| < / Va1 T Ve < 2 / VIt VP

{|z|<2R,u>~R} {|z|<2R,u>~R} {|e|<2R,u>—R}

Combining (6.46) and (6.47) with (6.44) we get

w|Vul? /
6.48 / —<c¢ V14 |Vul2.
(6.48) 1+ |Vul? [Vl

{lz|<R,|lu|l<R} {lz|<2Ru>-2R}

Therefore, the right-side of (6.42) can be estimated as

<1
/T O = / S W[V
B V1+[Vul? V1+[Vul?
{la < Jul <R} {lal <R Jul<R} {lal < Jul <R}
2
(6.49) < 1+ wlVul

V14 |Vul?
(RI<RJul<R}  {lol<RJul<R}
<cR"+c / V14 |[Vul?

{lz|<2Ru>—2R}

Next we use ¢ = nmax(u + 2R,0), where n € Cj(B(3R)), 0 < n < 1, n|B(2R) = 1, and
|IVn| < 2/R, in the (weak form of the) minimal graph equation. In the set, where u > —2R,
¢ =n(u+2R) and Vy = (u+ 2R)Vn + nVu, otherwise Vo = 0. We get

n|Vul|? (u+2R)Vu-Vn

7_’_
V14 |Vul? V14 |Vul?

{|z|<3R,u>—2R} {|z|<3R,u>—2R}

0=
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Then
1+ |Vul?
I+ V] = / A Vul
14 |Vul|?
{|lz|<2R,u>—2R} {lz|<2R,u>-2R} * [Vl
_ ST S
B 1+ |Vul? 14 |Vul?
{|e|<2R,u>—2R} {|z|<2Ru>—-2R}
n 1| Vul?
< _n-=r
< cR"™+ / T+ VP
{|¢|<3R,u>—2R}

1+ |Vul?
{lz|<3R,u>—2R}
< cR" + / (u+2R) %
{lz|<3R,u>—2R}

< c¢R" 4 cR"(c+ % sup u)
B(3R)

< R"(c+ %E}s(gg)u).

From (6.43), (6.49), and (6.50) we get

w(0) <c+ 5 sup u,
B(3R)

and therefore

[Vu(0)] < v/1+[Vu(0)]* = expw(0)

<exp|c+ f sup u
B(3R)
¢ su u
=C1exp (71313;(31%) ) .
This holds for every 0 < R < % dist(0,0%2). Since we assumed u(0) = 0, we finally have
Cs supg (u — u(0)
dist(0,0Q) '

|IVu(0)| < Cjexp (

6.51 Dirichlet problem with continuous boundary data

In this section we apply the interior gradient estimate and the theory of uniformly elliptic equations

to the Dirichlet problem with continuous boundary values.

Theorem 6.52. Let Q C R” be a bounded open set with C?-smooth boundary of nonnegative mean
curvature with respect to inwards pointing normal. Let ¢ € C(0Y). Then there exists a unique

u € C®(Q)NC(Q) such that u|0 = ¢ and
(6.53) div— Y

VIt Vul?

n .
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Proof. Let ¢; € C%(R") be a sequence such that ¢;|0Q — ¢ uniformly. For each j there exists

uj € C*°(Q)NC(Q) that solves the equation (6.53) in 2 with boundary values ¢;. By the Maximum
Principle 6.15,

sup |u; — u;| = sup [u; — u;| = sup |¢; — @i.
Q o0 o0

Hence there exists a continuous function u € C(Q) such that u; — u uniformly in Q. Fix a compact
set K C Q. By the interior gradient estimate (6.40),

sup [Vay| < L,
K

where the constant L = L(K) < oo is independent of j. The theory of uniformly elliptic PDEs
implies that

sup |D*u;| < L(K, s)

K

for any partial derivatives D® of order s. It follows, in particular, that u; — w in CZ _(2)NC((2), and
therefore also u solves (6.53) in Q2. The uniqueness follows again from the Maximum Principle. [J

7 Functions of bounded variation

In this section we describe another approach to the existence of a minimizer of the volume functional.
We define functions of bounded variations, give some basic properties of them mostly without proofs,
and refer to textbooks, like [EG] and [G], for details.

7.1 Definitions and basic properties

Definition 7.2. Let  C R" be open and u € L{ (Q). Define

loc
/ | Du| == Sup{/ udivg: g =(g1,...,9n) € Co(4R"), |g] < 1}.
Q Q

Above [, [Du| should be understood just as a notation (not an integral). Furthermore,

. . dg;
divg = Z BT
i=1

is the usual divergence.

Examples 7.3. (a) If u € C*(Q), then integration by parts implies that

/udivg:—/Vu-g Vg € CH(Q;R™),
Q Q

/|Du|:/|Vu].
Q Q

b) More generally, if u belongs to the Sobolev space Wl , then again
loc

/ Du| = / Vul,
Q [9]

where Vu is the distributional gradient of w.

and so
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Definition 7.4. A function u € L(Q) is said to have bounded variation in € if

/ |Du| < oo.
Q

We denote by BV(Q) the vector space of all functions u € L!(2) with bounded variation in €.

Definition 7.5. Similarly, a function u € L%OC(Q) has locally bounded variation and belongs to

Bvloc(Q) if
/ |Du| < o0
\%

for every relatively compact open set V' & (2.

Theorem 7.6. For every u € BV ,.(Q) there exists a Radon measure p on  and a p-measurable
mapping o: @ — R™ such that

(1) lo(z)| =1 for p-a.e. x € €

(i)

/udivgda::—/g‘ad,u
Q Q

Proof. Let L: C}(£;R™) — R be the linear functional

for every g € C(Q;R™).

L(g) = —/ udiv g dm.
Q

Since u € BVoc(£2), we have

sup{L(g): g € C5(V;R"),lg] < 1} =: C(V) < 0
for every relatively compact V' &€ 2. Hence
(7.7) 1Ll < C(V)lglle Vg € Co(V,R").

For each g € Cy(Q;R™) choose an open set V such that suppg C V' &€ Q. Furthermore, let
gr € CH(V;R™), k € N, be a sequence such that g, — g uniformly in V. Define

L(g) = lim L(g).

k—o0

By (7.7), the limit exists and is independent of the chosen sequence g (and of V' O suppg). Thus
L uniquely extends to a linear functional

L: C}{(Q;R") = R

and
sup{L(g): g € Co(;R™),suppg C K, |g| <1} < o0

for every compact K C ). The claim then follows from the Riesz representation theorem. 0
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By Examples 7.3 (b), WH1(Q) € BV(Q). The converse inclusion does not hold. Indeed, suppose
that £ C R” is a bounded open set, with C?-smooth boundary. Let  C R"™ be an open set such
that QN E # 0 # QN (R™\ E). Furthermore, let xg be the characteristic function of E. Then
xe € LY(Q) and for all g € CH(;R™), |g] <1,

(7.8) / xedivg = / divg = / g-vdH" ' < H" 1 (0ENQ) < 0.
Q E OFE
Here H"™! is the (normalized) (n — 1)-dimensional Hausdorff measure. Hence xyg € BV(Q2). On

the other hand, yg ¢ WH1(Q) (Exerc.).

Definition 7.9. Let E C R™ be (Lebesgue) measurable and let @ C R™ be open. Then the
perimeter of E/ in € is

P(E.) = [ [Dxal.
Q
Furthermore, E C R™ has finite perimeter in Q if P(E, ) < oo, i.e. xg € BV(Q). If a Borel set F
has finite perimeter in every bounded open set 2 C R™, then F is called a Caccioppoli set.

Remarks 7.10. 1. If u € BV}, (), we denote by ||Du|| the Radon measure u given by Theo-
rem 7.6 and by
[Du] = || Dul|Lo

the vector valued measure d[Du| = o d||Du||. Hence

/udivg:—/g~adHDuH:—/g-d[Du]
Q Q Q

2. If u e BV(2) and V' € Q is an open subset, then

for g € CL(;R™).

| Dul[ (V') = sup {/ udivgdr: g € Cj([RY),|g] < 1} .
\%
Hence, using our earlier notation,

/ Du = | Dul|(V).
Vv

3. If E C R™ is a Lebesgue measurable set of locally finite perimeter in 2 and u© = xg, we also
write
|OE|| =p and vg=—0o

for the measure y and the mapping o given by Theorem 7.6. Thus

/dng:/XEdng:/g'VEdHaEH
E Q Q

for all g € C}(;R™) and

I0E||(V) = sup / divg: g e CHV;RY), g < 1
E

Jv xedivg

for V e (L.
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4. Furthermore, for u € BV (Q2), we write
i = | Duflo;
for the signed Radon measure du’ = o; d|| Dul|, and
= g +

where p! < m,, and pi | m, are the absolutely continuous and the singular part of p® (with
respect to the Lebesgue measure m,,). Hence by the Radon-Nikodym theorem

i
e, = MpLU;
1

for some u; € Li (Q). [In other words, dul, = u;dm,,, and u; = dp’/dm,, is the Radon-
Nikodym derivative of 1! with respect to m,,.] We write

ou .
=Uu 1= n
8I'Z' 09 ; s Iy
_ (Ou ou
DU = (Txl’ ,Txn),

[DU]S = (:U’;v s 7M7;)

So,
[Du] = [Du]s + [Duls = mpLDu + [Duls,

that is, Du € L (£);R") is the density of the absolutely continuous part of [Du].

loc

Examples 7.11. 1. Ifue VVli)Cl(Q), then u € BV),.(Q2) and || Du|| = mpc|Vu|. Furthermore,

Vu(z) . )
o(z) = ()]’ if Vu(x) # 0;
0, if Vu(z) =0

for mp-a.e. x € Q.

2. Suppose that F is a smooth open subset of R", with H"~1(0F N K) < oo for every compact
K C Q. Then for every relatively compact open set V € Q and g € C3( R"),

/divgda::/ g-vdH, 1,
E OENV

where v is the outward pointing unit normal field to OF. If, furthermore, |g| < 1, we have
/divgdx:/XEdivgda;:/ g-vdH, ; <H" Y 0ENV) < .
E 1% dENV

So, |OE|(Q) = H" Y (OENQ) and vg = v H" l-a.e. in IEN Q.

Remark 7.12. We noticed earlier that I/VI})CI(Q) C BV (2). In fact, a function u € BVi ()
belongs to V[/I})f(ﬂ), p > 1, if and only if

uwe P

loc

(Q), [Du]s =0, and Du € L (;R™).

loc
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Theorem 7.13 (Lower semicontinuity). Let Q C R™ be open and uj € BV(Q2), j € N such that
u; — u in L (Q). Then

loc

(7.14) /ypu\ gnminf/ |Duy.
Q J= Jo

Proof. Let g € C}(;R™), |g| < 1. Then

/udivg—/ujdivg =
Q Q

<C |lu—uj| =0
as j — oo. Thus for all g € C}(R™), |g] < 1, we have

/udivg = lim [ wjdivg < liminf/ | Duj|
Q Q

J—=00 JO j—00

and (7.14) follows by taking the supremum of the left-side over all such g. O

Theorem 7.15. Equipped with the BV-norm

!UMWWZHMhmm-%AJDU

BV(Q) is a Banach space.
Proof. Exercise. O

Functions in Sobolev spaces WP(Q), 1 < p < 0o, can be approximated by C*°(Q) functions in
the Sobolev norm
ull1p = llullp + [[Vulllp.

In fact, WHP() is the completion of C°°(£2) in the Sobolev norm and since BV () # W11(Q),
functions in BV(2) can not be approximated in the BV-norm. However,

Theorem 7.16 (Approximation). Let uw € BV(Q). Then there exists a sequence u; € C*(Q), j €
N, such that

lim / luj —u| =0,
J]—00 QO

Alim/\Duj|:/|Du|.
J—=0 JO 0

Suppose that v € BV(Q2) and u; € C°°(2) are as above. For each j € N let 11; be the vector-
valued Radon-measure defined by

wi(B) = Vu; dx
BNQ
for Borel sets B C R™. Furthermore, let i be the vector-valued Radon measure

uB) = [ apu= [ odjpu|
BNO BNQ
Then p; — p.
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Theorem 7.17 (Compactness). Let Q C R™ be a bounded open set with Lipschitz boundary OS).
Suppose that u; € BV(R2), j € N, is a sequence such that

sqp”w”BV < 0.
J

Then there exist a subsequence (uj,) and u € BV(Q) such that uj, — u in L*(9).

Proof. For j =1,2,..., choose g; € C°°(Q2) such that
/\uj—gj]<1/j and sup/ |Vg;| < oo.

Since 99 is assumed to be Lipschitz, there exist u € L'(Q) and a subsequence (g;,) such that
g, — u in L1(Q); see Theorem 1 and Remark in Section 4.6 in [EG]. Then also uj, — u in L(€2),
and by lower semicontinuity (Theorem 7.13) u € BV(Q). O

Theorem 7.18 (”Existence of minimal surfaces”). Let Q@ C R™ be a bounded open set and let
L C R” be a Caccioppoli set. Then there exists a measurable set E C R™ such that

E\Q=L\Q
and
/ [Dxe| < / [Dxp|
R” R”
for every measurable FF C R™, with
F\Q=L\Q.

Proof. Let R > 0 be so large that Q € B = B"(0,R) = {x € R": |z| < R}. Let F C R" be a
measurable set such that F'\ Q@ = L\ 2. Then

[ 1Dxel = 0P |®") = [0F(B) + |oF |\ B) = [ 1Dxel+ [ Dl
R B Rn\ B
Thus we need to find a measurable set £ C B such that E = L in B\ © and

(7.19) / Dyl < / Dyr
B B

for all measurable sets F', with F' = L in B\ Q. Let {E;} be a minimizing sequence of admissible
measurable sets, i.e. £j = L in B\ Q and

/’DXEj|—>inf{/ \DXF]:F:LinB\Q}.
B B

Since the Caccioppoli set L itself is admissible, we may assume that
Sup/ |Dx ;| < oo.
j JB

Hence (x g, ) is a bounded sequence in BV (£2), and therefore there exists a subsequence, still denoted
by (xg,) and f € L*(B) such that x g, — f in L'(B). Hence (for a new subsequence) x g, (z) — f(x)
for a.e. z € B. Since xg; () is either 0 or 1, we may assume that f is the characteristic function of



Fall 2014 65

a measurable set E such that E = L in B\ Q. Thus F is admissible and by lower semicontinuity
(Theorem 7.13)

/\DXE\:/Df\gliminf/\DXEj\:inf{/ ]DXF]:F:LinB\Q}.
B B )= JB B
O

Thus the perimeter of E, P(E, ), minimizes the perimeters of all sets with the same ”boundary
values” L. By recalling (7.8), we may say that, roughly speaking, 0 F minimizes the measure of all
"surfaces” with boundary values 0L N 0€). In order to apply this idea to the minimizing problem
of the volume functional, we need to discuss about boundary values of BV-functions, i.e. traces
of BV-functions. The idea is that if 0 is sufficiently nice and u € BV(2), it is possible to define
boundary values of u.

Suppose that €2 is the upper-half space

Q=R" ! xR, ={(z,t): z € R" 1t > 0}.

For y € R"! and r > 0 denote C,F(y) = B" !(y,r) x (0,r) C Q. Let u € BV(C}(0)) for some
R > 0. Then there exists u™ € L'(B"~1(0, R); H" 1) such that

Jam o [ )t wldmate) =0

for H" '-a.e. y € B"1(0,R). Note that this conclusion is much stronger than the one in the
Lebesgue differentiation theorem. The function u™ is called the trace of u and it is denoted by
Tru. Obviously,

1
ut(y) = lim / w(z)dmy(z) for H" l-ae. y € B"1(0, R).
=0+ my, (G (y)) Joi )

Note that it is not possible to well-define a trace of a general L'-function. It is exactly the existence
of ”derivative” that makes BV-functions more regular than mere L!-functions and, consequently,
enables the definition of the trace.

More generally, suppose that 2 C R"™ is a bounded open set with Lipschitz boundary 0€2. Then
there exists a bounded linear mapping Tr: BV(Q) — L'(0Q; H"~1) such that

(7.20) /udivgdmz—/g-d[Du]+/ (g-v) TrudH" !
Q Q oN

for all w € BV(Q2) and g € C*(R";R™), where v is the outward pointing unit normal to 9 (defined
H" lae. on 9Q since 0N is Lipschitz). Note that g need not vanish near Q. Moreover, for
H" lae. z €00

1
li - T d =0,
P50 m (B (z,1) (1 Q) /an)m [uty) = Tru(z)] dmy)
and so )
T = li d .
ru(m) T—1>I(I)l+ m(Bn(x, 7") ﬂ Q) /B”(I,T)ﬂg U(y) m(y)

We formulate (see e.g. [EG]):
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Theorem 7.21. Let Q C R” be a bounded domain with Lipschitz boundary. Then there exists a
unique continuous linear operator Tr: BV(Q) — LY (0Q; H" ) such that for every u € C*°() we

have Tru = u|02. Moreover, the map Tr is surjective.

We also have (see [G, p. 41]):

Theorem 7.22. Let Q@ C R" be a bounded domain with Lipschitz boundary. Given ¢ €
LY(0Q; H™ 1) and e > 0, there exist f € WHL(Q) and a constant A = A(9Q) such that Tr f = ¢

and

/Q’JC‘SEH‘P”Ll(aQ) and
/Q Df| < Allell o).

If, moreover, 08 is C', the constant A can be taken as A =1 +¢.

Next we discuss about extensions of BV -functions.

Theorem 7.23. Suppose that Q@ C R™ is a bounded open set with Lipschitz boundary OS2.

f1 € BV(Q) and fo € BV(R"\ Q). Define f: R*\ 0Q — R,

_JA@), fre;
A )_{fg(az), if x e R™\ Q.

Then f € BV(R™) and
(7.24) IDAIE) = IDANR) + IDRIER D + [ 1T fi =T ol arrn .
Proof. Let g € C}(R™;R™) with |g| < 1. By (7.20), we have

fdivg = / fldivg—l—/ _ fadivyg
Rn Q R7\Q
= —/ g-d[Df] —/ _g-d[D f] +/ (Tr fi — Tr fo)g - vdH™ !
Q R\ o0
<IDAND) + IDLIE D)+ [ [T =T i
It follows that f € BV(R™) and || Df||(R™) is at most the right-side of (7.24). Conversely,

divg = — -d[D
[ paivg=~[ g-dpr)
:_/g‘d[Dfl]—/ g-d[Df2]+/ (Trf1—Trfg)g-de”_1
Q RP\Q Py

for all g € C}(R™,R™). Hence

_fIDA), o
oI ]_{[Dfﬂ, in R"\ 2,

Let
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and
Jo-apsis [ o dppl= [ e pi e pyg van
~ [ g-dpn
o
= [ @+ [ o-apfi+ [ g apy)
= [ awon+ [ g-angs [ gy

It follows that
/ g-d[Df] = —/ (Tr f1 — Tr fo)g - vdH" !
o0

o0
for all g € C}(R™,R™). Hence

IDf|(09) = / e fy — Tr fol dHP
o0
and therefore

!DfWRﬂ)SHDfN@ﬂ+-MUHKR”\Q%+[;\®71—TThMHP“1

= [DFIIQ) + [IDFIR™ \ Q) + [ Df]|(09)
= [IDfII(R™).

7.25 Volume functional among BV-functions

Let us return back to the volume functional and minimal graphs. Suppose that Q@ C R" is a
bounded open set and let u: £ — R be a continuous function. We define the relazed area (or
relaxed volume) of its graph I, as

(7.26) Vol(T',) = inf {Iim inf V(ug): up — w uniformly in Q, uy € CI(Q)} ,

k—ro00
where the infimum is taken over all such sequences (ug).

Remarks 7.27. 1. The relaxed area functional is lower semicontinuous with respect to uniform
convergence.

2. The relaxed area of the graph of a Lipschitz function coincides with its usual area.
Next we extend the definition even more:

Definition 7.28. Let u € L*(). We define

(7.29) V(u) = inf {lim inf V(ug): up — win LY(Q), uy € Cl(Q)} .

k—o00
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It turns out that

(7.30) V(u) = sup {/ (uz i g gnH) g€ G RM), Jg| < 1} :
Q 1

=1

We also write
(7.31) / VT D = V(u)
Q

for functions u € L*(Q). Thus for bounded open sets and functions u € L*(Q)

(7.32) / V1 + [Duf? = sup {/ (uz Sf;] +gn+1> cg e CHO R, |g] < 1}.
Q Q '

=1

Since
(7.33) /!Du\ g/ \/1+]Du|2§/\Du|+mn(Q),
Q Q Q

we see that BV(§2)-functions in a bounded open set €2 are exactly those functions whose graphs
have finite relaxed area.
We notice that

/\/1—|—|Du|2:/\/1—|—|Vu|2
Q Q

if u € C1(Q), or more generally, if u € W1(Q). The lower semicontinuity

/\/1+|Du|2§liminf/\/1+\Duj|2
Q J7eo Ja

holds whenever u; — u in L'(€2).
Next we formulate a minimizing problem: Suppose that {2 C R™ is a bounded open set with
Lipschitz boundary 99Q. For ¢ € L'(9Q; H"~!), denote

A={ueBV(Q): Tru=p}.

Problem: Find a minimizer for the relaxed area functional ¥V among functions in A.
Since the trace operator Tr: BV(Q2) — L(99) is surjective, the set A of admissible functions
is non-empty, and therefore, for all v € A

I'=inf{V(u): ue A} < /Q | Dv| + my,(92) < 0.

Thus we may find a minimizing sequence u; € A, j € N, with

lim V(u;) = 1.

Jj—00

By compactness, there exists a subsequence u;, and u € L'(2) such that uj, — u in L'(Q).
Furthermore, the lower semicontinuity implies that

V(u) < liminf V(uy,) = 1.
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It follows that u € BV(£2). However, the trace of u need not be ¢, and consequently u need not
belong to A. The problem here is the boundary behavior of functions in a minimizing sequence.

We must "relax” further an modify the area functional by adding the area of the piece of cylinder
00 x R that lies between graphs of Tru and ¢. Thus we define for u € BV(2)

(7.34) J(u) := / 1+ |Du|2+/ | Tru — p|dH™ L.
Q o0

Theorem 7.35. Let Q C R™ be a bounded open set with C'-smooth boundary 02 and let ¢ €
LY (0 HM 1), Then

(7.36) inf {V(u): u e BV(Q), Tru = ¢} =inf {J(u): u € BV(Q)}.

Proof. Let us denote by L the left-side of (7.36) and by R the right-side of (7.36). Suppose that
u € BV(Q) and Tru = ¢. Then V(u) = J(u), and therefore L > R. So it remains to prove R > L.
Let u € BV(Q) and € > 0. By Theorem 7.22, there exists w € WH1(Q), with Trw = ¢ — Tru and

/Dw|§(1—|—€)/ | Trw — | dH" 1.
Q onN

Then v = u 4+ w € BV(Q2) and Trv = ¢. Moreover,

V(v) —/Q\/1+ | Dv|?

g/ 1+Du|2+/ | Dw|

Q Q

§/V1+Du|2—|—(1+5)/ | Trw — | dH" L.
Q oN

So, L < R. O
Problem: Given ¢ € L'(0Q; H*!) find u € BV(Q2) that minimizes

J(v,9) :/ vV1+ ]Dv|2+/ | Trv — | dH" !
Q R19)
among v € BV(Q). Suppose that Q@ ¢ B = B"(0, R). Extend ¢ to ¢ € WH1(B\ Q) and, for each

v € BV(Q), define

v, in §;

vy, = ) _

v, in B\ .

Then v, € BV(B) and
/ \/14 |Dv,|? = / 1+ |Dv|? +/ 1+ |Del? +/ | Trv — | dH" !
B Q B\Q o0
_j(U,Q)—i-/ V1T IDeP.
B\Q

Thus we get another formulation of the problem above: Given ¢ € Wh1(B\ Q) find v € BV(B)

that minimizes
V(v,B) = / V14 |Dv|?
B

among v € BV(B) with v = ¢ in the open set B\ .
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Theorem 7.37. Suppose that Q C R™ is a bounded open set with Lipschitz boundary 0S2. Let
o € LY (002, H*Y). Then the functional

j(u,Q):/\/1+|Du|2—i—/ | Tru — @| dH™?
Q o

attains its minimum in BV (£2).

Proof. Take an open ball B such that Q C B. Extend ¢ to ¢ € WH(B\ Q). Let

I::inf{j(u,Q)—l—/B\Q V14 |Dypl?: uEBV(Q)}

=inf {V(v,B): v€ BV(B), v=¢in B\ Q}.
Since for all v € BV () the function v, € BV(B) and

VU,B:/ 1+D1)2§/Dv 2+ m(B) < oo,
(v, B) Y [ Dvy| B| ol (B)

we have I < co. Take a minimizing sequence v; € BV(B), j € N, such that v; = ¢ in B\ Q
and V(vj,B) — I as j — oo. Then v; is a bounded sequence in BV(B), hence there exists a
subsequence, still denoted by v;, and v € BV(B) such that v; — v in LY(B). Clearly, v = ¢
(almost everywhere) in B\ Q. Hence v is ”admissible” and by the lower semicontinuity,

V(v, B) < liminf V(v;, B) = I.
j—00
Thus v|Q2 minimizes J in BV(Q). O

Remark 7.38. It turns out that the minimizer of J given by Theorem 7.37 is, in fact, smooth in
(2; see [G, Theorem 14.13].

8 The Plateau problem

In this section we study the classical Plateau problem: Given a closed curve I' C R3, find a minimal
surface with boundary I'. We consider the problem for parameterized disks (solved independently
by Douglas and Radé in the 30’s).

Let I' C R3 be a piecewise Cl-smooth Jordan curve. We write D = {z = (z,y) € R?: |z| < 1}
and S = 0D for the unit disk and for the unit circle, respectively. A map f: S — I is called
monotone if the preimage f~'K is connected for every connected K C T.

Theorem 8.1. Given a piecewise C'-smooth Jordan curve I' C R3, there exists a map u: D — R3
such that

(1) u|S: S — T is monotone and onto;
(2) u e C(D)NW2(D;R3) and u is C®-smooth in D;

(3) the image u(D) minimizes the area of images v(D) among all maps v € C(D) N W12(D;R3),
with v|S: S — I' monotone and onto.

A natural attempt to solve this problem would be to take a minimizing sequence of admissible
maps and try to extract a converging subsequence. There are two serious problems in this approach.
Since the area of the image is independent of parametrization, the noncompactness of the group of
diffeomerphisms D — D is a major problem. Secondly, since thin tubes can have arbitrarily small
area, the area of the image does not control the mapping enough.
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8.2 Area and energy

To overcome the difficulties above, we try to minimize the energy. We denote by W2(D) the
Sobolev space of functions f € L?(ID) whose distributional first order partial derivatives belong to
L?(D) as well. It is a Banach space with the norm

1A l2 = [1F 1l + TV £l

Furthermore, we denote by W2?(D; R") the Banach space of mappings f: D — R™ with coordinate
functions f; € WH2(D), i = 1,...,n. The closure of C§°(D) in W12(D) is denoted by Wol’Q(D). It
is a Banach space, too.

Let u: D — R, u= (u',u?,...,u"), belong to W12(D; R"). The energy of u is

B = 5 [ [Vu(:)P =

where Vu(z) (= Du(z)) is the linear map Vu(z): R? — R" defined by the distributional partial

derivatives ug(2), uy (2) as
uz(2)  uy(2)

uz(2) uy(2)
and

Vul? = Jual? + uy* = Y ((u2)? + (uy)?)
i=1

is the square of the Hilbert-Schmidt norm of Vu. Notice that Vu(z) is defined at almost every
point z = (x,y) € D. We define the area of the image u(ID) (with multiplicity counted) by

Area(u) — /D(ul'|2‘uy|2 _ <Umauy>2)1/2

Note that the integrand
1/2
[ua A ty| = (‘uz|2|uy’2 - <ux,uy>2) /
is the area of the parallelogram spanned by vectors u, = (Vu)er, u, = (Vu)es € R™. Hence
Area(u) is the 2-dimensional (normalized) Hausdoff measure of the image (at least) if u is C! and

one-to-one. Since .
B = 5 [ (jual + 0,
D

we notice that Area(u) < E(u) and the equality occurs if and only if
(8.3) (ug,uy) =0 and |ug| = |u,| a.e.

That is (ug,uy) = 0 and |ug|* — |uy|? = 0 as L'-functions. We call a mapping u € W12(D;R")
almost conformal if Area(u) = E(u). Thus (8.3) holds a.e., but Vu(z) may be 0 (constant linear
map) in a set of positive measure. If, furthermore, u is an almost conformal immersion, then u
is conformal, hence an isothermal parametrization. The existence of isothermal coordinates in 2-
dimensions will be crucial for the proof and the reason why this kind of approach does not work
for higher dimensional analogues. Indeed, provided certain properties (see below) hold for a map
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u € WH2(D; R"), there exists a homeomorphism ¢: D — D such that p|D: D — D is diffeomorphic
and u o ¢ is conformal.

Fix a piecewise C'-smooth Jordan curve I' C R3 and denote by Xt the family of admissible
maps

Xr={: D= R3¢ ecCDnWD,R3), |S: S — I monotone}.
Furthermore, let

Ap = inf{Area(u): u € Xr}
Er = inf{E(u): u € Xr}.

It is easy to see that X # (), and therefore the definitions of Ar and Er make sense.
Lemma 8.4. Ar = Er.

Proof. Since Area(u) < E(u), we have Ar < Er. The proof of the converse inequality relies on the
existence of isothermal coordinates. Let us fix € > 0 and choose u € Xt such that

Area(u) < Ar +¢/2.

Recall that
Area(u) = / (Jug [ uy[* = <uz,uy)2)1/2 dx dy.
D

Next we pull-back the standard inner product (Riemannian metric) of R? by the mapping u to
obtain a measurable, possibly degenerate, ”Riemannian metric” on . Writing v = (u!, u?,43) and

gi11 = <U1’aua:> = ‘UI|27
922 = (Uy, uy) = |Uy‘27

gi12 = g21 = <uxvuy>a

and

g1 912 lugl?  (ug, uy>>
8.5 o _ |
(®.5) g (921 922) ((uxauy> |uy|?
we see that o
(lualuy? = (uz,uy)?) 7 = \/det g5

and
|Vaul? = |ug|* + [V, |* = trgi;.

Indeed, g;; is the pull-back of (-,-) under u and it defines, for a.e. z € D, a symmetric bilinear form
{(,),: R? x R? - R by

(€irej). = Vu(z)e; - Vu(z)e; = uz(2) - uy(2) = g45(2).

Notice that (-, ), fails to be an inner product at points z € D, where Vu(z) is not injective. Our aim
is to change the "metric” g;; into a conformal one (= fd;;, f > 0 a function). In order to use the
existence results for isothermal coordinates g;; should be non-degenerate. To solve this we problem
we first approximate u by a sequence of smooth mappings. Indeed, since u € C(ID; R?) there exists
a sequence u) € C>(D;RR3) such that Uk — u uniformly in D and the partial derivatives of

coordinate functions converge in L?(D), i.e. uék)m — u! in L?(D) and uék)y — u; in L?(D) as
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k — oo (i =1,2,3). We denote by gg-e) the pull-back of (-,-) under u) (see (8.5)). For each k we
then define a family of mappings u ) € C>(D;R%), s € R, by

Then

and the pull-back of the standard inner product (-,-) of R® under Uk,s) 1S Gij = ¢

Furthermore,

U5 (T, y) =

VU(hs) =

(u(k) (.’E, y)v 8T, Sy) :

det g;; = det gl(jk

T
u%’f)x u%k)y
u%’f)x u%’f)y
u?k)x u?k)y
s 0
0 s

) + Sz‘VU(k)‘Q + 84,

and therefore g;; is non-degenerate and smooth for s # 0. We also notice that

Vot < yfdet g + 5| Vg + 52

The existence results for isothermal coordinates imply that, for s # 0 and k € N, there exists a
homeomorphism ¢y, s: D — D such that ¢, s|[D: D — D is diffeomorphic and

is conformal. Since

we have

|V (k) © #rs) | =

U(k,s) © Pk,s D — R5

(uf) © Pris),

(ulyy © Pris),

\4 (U(k,s) o (Pk,s) = (u(k) © @k,s)z

> |V (ugry © prs)|

(i © Prs),
(i © Prs),
() © Prs),

0

s ((pi7s)y

|V (uy 0 prs) | + 52 (0hs) s + 52 (¢

2
k,s

)

(k
ij

) + 82(57;j.
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Hence

1
E(U(k) o Sok,s) = 5 /D’V(u(k) ¢ 90k75) }2

1
< Q/W(“(k,s) © o) [
D

= E(u(k,s) © ka,s)
= Area(u(y,s) © Pk,s)
= Area(u(m)),

where the second last equality follows from conformality of u 5) o ¢k, s and the last equality follows
since the area is independent of parametrization. On the other hand,

Area(U(k,s)) :/D\/detgij
k
< /D <\/detg§j) + [/ V| + 52>
:/\/detgi(f)—l—’s’/’VU(k)‘—i-?TSQ.
D D

Since
/|Vu(k)\:/\Vu(k)—Vu+Vu]
D D
D D
1/2 1/2
< ﬁ (/ |VU(k) - Vu]2> +ﬁ (/ IVU|2> y
D D

—0 <oo

we may find s and kg € N such that
|s|/ (Vugy| +ms* <e/4
D

for all k& > ko. On the other hand, since u) — u in Wh2(D,R3) we may choose kg so large that

/\/detggﬂ)g/\/detgij+€/4—Area(u)+€/4,
D D

and consequently,
E(ug) © pr,s) < Area(u ) < Area(u) +e/2 < Ap +e¢
for all k& > kg. It follows that

Er < E(u) <lim infE(u(k)) = lim infE(u(k) o QOk,s) < Ar +e.
k—o0 k—o0



Fall 2014 75

Remark 8.6. In this remark we explain the existence of isothermal coordinates in the setting of
Lemma 8.4. Using classical notation we write the metric g;;, i.e. the pull-back of the standard
inner product (-, -) of R® under a smooth map uy s, as

ds? = Edz? + 2Fdzdy + Gdy?,
where
E= ’u(k)a:|2 + 827
G= ”UJ(k)y|2 + 82, and
F = (U(kyer Ukyy)
are smooth in D. In complex coordinates z = x + iy, the metric gij reads as

ds® = Ndz + pdz|?,

where

)\:i(E+G+2\/EG—F2)>O

and

are smooth in D and ||i||c < 1. In isothermal coordinates (Ci,(2) a metric should take a form
(8.7) ds? = p(dC? + dc3)
which using complex notation w = (; + (2 reads as

ds® = pldw|® = plw.dz + wzdz|* = plw.|*|dz + £ 4z 2,
Wz

with p > 0 smooth. The idea in the proof of Lemma 8.4 is to compose uy, s with a diffeomorphism
¢k.s: D — D in such a way that the pull-back of (-, -) under the map U(,s) © Pk,s is of the form (8.7).
Such a map ¢y, s can be found as follows. First we extend p to (a complex dilatation) p € C5°(C),
with ||pt]|cc < 1. Then the principal solution f: C — C to the Beltrami equation

fE = :quz

is a C'*°-smooth quasiconformal diffeoglorphisml. Next we apply the Riemann mapping theorem
to find a homeomorphism 1: f(D) — D such that |D is conformal. Then f~! o ~! is a mapping
¢k s we are looking for.

Theorem 8.1 will be proven in two steps. First we show that for each parametrization S — I' of
the boundary Jordan curve I, there exists an energy minimizing continuous map u: D — R3, u(S) =
I'. Each such minimizer u is a harmonic map which in the case of the Euclidean target R? means
that coordinate functions u', u?, u3 are harmonic functions. By Weyl’s lemma u*’s and hence u will
be C'°°. This part follows from the classical Dirichlet problem for harmonic functions. Secondly, we
minimize the energies over possible parametrizations of I'. In this step the difficulty is in extracting

a convergent subsequence. That problem will be solved by using the Courant-Lebesgue lemma.

!See e.g. Section 5.2 in Astala-Iwaniec-Martin: Elliptic Partial Differential Equations and Quasiconformal Map-
pings in the Plane. Princeton University Press, 2009.
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8.8 Dirichlet problem
Next we will solve the following Dirichlet problem.

Theorem 8.9. Given h € C(D) N W12(D), there exists a unique harmonic function u € C(D) N
W12(D), with u|0D = h|OD.

Although we could rely on the results in Section 6, we will present a more specific approach.
First we give some preliminary results.
Preliminaries
Since W12(DD) is a reflexive Banach space, we have the following weak compactness:

Lemma 8.10. If u, € W42(D) is a sequence such that

sup Huka < 00,
Kk

then there exists a subsequence uy,, andu € WH(D) such that u, — u weakly in L*(D), Vuy, — Vu

weakly in L?(D;R?), and
/]Vu|2 Sliminf/ ]Vukj|2.
D D

Moreover, if each uy € Wol’z(ID)), then u € WOI’Q(]D)).
Another ingredient will be the following Poincaré inequality.

Lemma 8.11. There exists a constant C such that
(8.12) / lul? dz < C'/ |Vu|? de
D D

for every u € Wol’z(]D).

Proof. We will sketch a proof in a more general setting. Suppose that D C R™, n > 2, is a bounded
open set. Then there exists a constant C = C'(D) < oo such that

/udm<C/ |Vu| dm
D D

for every nonnegative u € C3°(D). The Poincaré inequality follows from this by Holder’s inequality

and approximation. Let R = diam(D). Without loss of generality we may assume that D C
B(0,R+¢)\ B(0,¢). Let r(z) = |x|. Then

n—1
A =
"=
in R™ \ {0}. In particular, in D we have
n—1 n—1
<A <
R+€ — T(l’) —_ 6 )

and therefore by integration by parts

n—1

/udmg/uArdm:—/Vu-Vrdmg/ V| |Vr| dm:/ |ul dm.
R+¢Jp D G D =~ D




Fall 2014 7

1
loc

(8.13) / ulAp =0
D
for every p € Cg°(D). If u € W,12(DD), this is equivalent to

loc
[ (uvi) =0
D

We say that a function v € Ly .(D) is weakly harmonic if

for every ¢ € C§°(D).

Lemma 8.14 (Weyl’s lemma). If u € L] (D) is weakly harmonic, then u € C*(D).

Proof. The proof is based on the mean value property of weakly harmonic functions (see Exercises
10/1-10/5). More precisely, if u € L. (D) is weakly harmonic, then there exists & € C(D) such
that v = u a.e. in D and that

2
2ru(y) = / u(y + (rcosf,rsinb)) df
0

for every y € D and r > 0, with B2(y,r) € D. We will next show that @ is smooth. We identify u
and @ as elements in L'(D) and thus we write v = 4. Fix a C°°, nonnegative and nonincreasing
function v : [0, 00) — [0, 00) such that

¥][0,1/3] = const., supp C [0,2/3],
and .
277/ V() dt = 1.
0
For t € (0,1) define a C°°-smooth function ¢;: R? — [0, 00) by setting

pu(w) = t729(|z] /1)
Then ¢; is radially symmetric, supp ¢ C B2(0,t), and

/ pr = 1.
R2

Fix ¢t € (0,1), and let u; = u * ¢;: B?(0,1 —t) — R be the convolution of u and ¢,

u(y) = /R2 u(y + x)(x) de = /R2 u(2)pi(z —y)dz, |yl <1—t.

Then u; is C*°-smooth. We will show that u; = v which proves the claim. Let y € D and suppose
that y € B?(0,1 — t) for some t € (0,1). Using polar coordinates, we have

t 2w
u(y) = / / u(y + (rcos,rsind))p;(cos b, rsinb)r drdd
0o Jo ~-

:y+x =x

t 2m
:/ t_2w(r/x|)/ u(y + (rcos,rsinb)) df r dr
0 0

=2mu(y)*

= 27ru(y)/0t2w(r/\x|)rdr

2
— u(y) / / £29(r/|2])r drdf
= u(y).
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Boundary regularity

Lemma 8.15. Suppose that h € C(D) N W12(D). If u is weakly harmonic and u — h € Wol’z(]D)),
then u has a continuous estension u € C(D) such that u|0D = h|OD.

Proof. By Weyl’s lemma u € C*°(D), so it remains to prove that

lim u(z) = h(y) Vy € OD.

T—Y
We may assume without loss of generality that y = (1,0) € 9D. The function
r=(z1,22) = 1 —23

is harmonic and continuous in R?, positive in D\ {y}, and vanishes at y. Fix ¢ > 0. By continuity
of h, there exists § > 0 such that

|h(2) — h(y)| <e VzeDn B(y,d).
Since 1 — z1 > 0 in D\ B?(y, §), there exists k > 0 such that

k(l - 1'1) > 2Sllp ’h| V(Zbl,l'g) € D\B2(y75)
D

Define functions A+ and h~ by

Then AT and A~ are harmonic and
h™ <h<h"

in D, in particular, on OD. Since u — h € VVO1 ’2(]1))), it follows form the maximum principle (Exerc.)
that
h™ <u<h"

in D. Since (z1,x2) + 1 — z1 is continuous and vanishes at y = (1,0), we can choose dy > 0 so
small that k(1 — 1) < e in DN B?(y,dp). Then

lu—h(y)| <2
in DN B2(y, &). O
Solving the Dirichlet problem
We will use direct methods in calculus of variations. Let h € W2(D) and denote
Ap = {ve WH(D): v — h e Wy (D)}
and

vEA

By = inf /\W]?.
D
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Since h € Aj, we notice that Ej, < co. Choose a minimizing sequence u; € A, so that

E, < / |Vu]‘|2 < Ep+ 1/]
D
Recall the parallelogram law in an inner product space:

Iz +yl* + [l — ylI* = 2(l|l=]1* + llyl*).-
Thus we have

2 2
U + Uy Ui — Uj Vu;
LTl L | QR

Integrating over D gives
1 Uj + Uj
4/|V(ui—uj)|2+/‘v< 5 J)
D D

Since (u; + u;)/2 € Ay, we have
Uu; + Uy
o ()
(s

1 VP < S+ /i)

On the other hand, u; —u; € WOI’Q(]D), and hence

2 Vuj
2

2
1 1
) = §|Vui\2 + §|VUJ'|2'

2
> Ehv

and therefore

/ i — ;| < c/ V(i — u)[? < 20(1/i +1/5)
D D

2
1 1 1
=5 [ult g [ 1Vl < B ji+ 1/,
2 /o 2 Jp 2

79

by the Poincaré inequality. It follows that (u;) is a Cauchy sequence in W2(D) and since W12(DD)
is a Banach space, there exists u € W12(D) such that u; — u in W12(D). By lower semicontinuity,

/ Vul? < liminf/ V|2 = Ej.
D D

Furthermore, since u; — h € WOI’Q(D), also u — h € W01’2(ID>), and therefore u € Ap. Thus u is a

minimizer and hence (weakly) harmonic in D.
We have thus proved Theorem 8.9.

8.16 Controlling boundary parametrizations

Lemma 8.17 (Courant-Lebesgue lemma). Suppose that u: D — R? is a mapping that belongs to

C(D) N Wh2(D; R3) with energy E(u) < K/2 for some K > 0. Fory €D and r > 0 denote

Cr={zeb: |z—yl=r},
d(C,) = diam(u(Cr)),
L(C,) = length of u(C,) = H* (u(Cy)).
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Then for every § € (0,1), there exists o € [6,V/9] such that
(d(C,))? < 2mes,

where
AT K

log(1/3)

Proof. By approximation we may assume that u € C*(D) N W12(D) (Exerc.). Define

€5 =

p(r) = r/ \Vu|2ds
Cr

where the integration is with respect to arc-length. Then

V6 Vs
[ ptrydtosn = [ a0 %
0 0

/ |Vu|? dsdr
C;

/ Vul|? < K.

The mean value theorem implies that there exists o € [0, \/5] such that

Ve Ve
/ p(r) d(logr) = p(o) / d(log )
) )

= p(o) log \?

= (o) og(1/5).

Hence

2K
PO og(1/0)

For every r € [4,V/4],

1/2
u(CT‘) C"r Cr

and therefore

(L(C))* < 2717“/0 |Vul|* ds = 2mp(r).

In particular,
(d(Cy))* < (L(C,))* < 2mp() < 4mK [ log(1/6).

O]

Next we prove that in dimension 2 the (2-)energy is invariant under conformal diffeomorphisms.
We just need the following special case:
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Lemma 8.18. Let u € WH2(D) and let ¢: D — D be a conformal diffeomorphism. Then
E(u) = E(uo ).
Proof. Recall that the differential and the gradient of a function are related by
du(V) = (Vu, V)
for every vector field V. By the chain rule (which holds also for Sobolev functions),
d(uo ) =duo Dy,
hence
(Vo ¢)(2).V2) = d(uo ¢):(V2) = duy) (Dp:V)
= (Vu(p(2)), Dp:Vz) = (D@ Vu(p(2)), Vz)
for every V. We obtain
V(uo9)(2) = Dgly) Vu(e(2)).

Since p = (¢!, p?) is conformal, it satisfies the Cauchy-Riemann equations

¢z = 0,
P = —¢5.
Hence the matrices of Dy and Dp* are
11 1 2
Py P -
pe=(% )= (% %)
Pz Py Pr Pz

1 2
Dy* = ((pIQ SO%) .
Yz Pz

Thus the Jacobian determinant of ¢ is

and

Jo = det Dp = pron — oyt = (93)” + (92)%.

Since L 9 1 9
Pz Pz Uy Prla + Pyly
we have
|Dp*Vul? = (plu, + %Zcuy)Q + (—Qlug + @iuy)z
= (¢2)?|Vul® + (©3)?|Vul?
= J,|Vul?.
Hence

E(uoy) = ;/Dywuw)(z)m
= ;/D‘Dgpz‘o(z)Vu(gp(z))

=L o) ey

_ 1 2

= E(u).

2
‘dz
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O]

Recall from complex analysis that the group of Mobius transformations ¢: C — C acts triply-
transitively, that is, given two triples (p1, p2, p3) and (g1, g2, g3) of distinct points in C, there exists a
unique Md&bius transformation ¢ such that ¢(p;) = ¢;, @ = 1,2, 3. Moreover, if the triples (p1, p2, p3)
and (q1, g2, q3) have the same orientation with respect to I, then the map ¢ maps D to D.

Let then I' C R? be a piecewise C!' Jordan curve and fix a triple (py,pa2,p3) on D and a triple
(q1,92,q3) on I'. We have proved:

Lemma 8.19. Let u: D — R? be a mapping belonging to C(D) N VV}Q(D) such u|0D: 0D — T is
monotone and onto. Then there exists a Mobius transformation ¢: D — D such that

(1) E(uop) = E(u);
(2) wop € C(B) NW'2(D);
(8) uop|dD: 0D — T is monotone and onto;

(4) {ul(e(pr)), u(e(p)), u(e(ps)) } = {a1, 42,43}

We will use the Courant-Lebesgue lemma 8.17 to prove that fixing the images of three points
and bounding the energy implies equicontinuity on 0.

Lemma 8.20. For K > 0, let Fg be the family of all maps ¢: D — R3 satisfying
(1) ¢ € C(D)NWH2(D) and E(v) < K/2;
(2) ¥|0D: 0D — T' is monotone and onto;

(8) v({p1,p2,p3}) = {a1, a2, 43}

Then Fx is equicontinuous on OD.

Proof. Fix € > 0 smaller than min{|g; — g;|: i # j}. Since I is a piecewise C' Jordan curve, there
exists d > 0 such that I'"\ {p, ¢} has exactly one component of diameter < & whenever p,q € I are
points with 0 < |p — ¢| < d. Fix § € (0,1) such that /27es < d and that at most one of the points
p; belong to B%(z,/9) for every z € dD. By the Courant-Lebesgue lemma 8.17, given any z € 0D,
there exists gy € [4, /0] such that

d(CQw) < V2mes < d,
where d(C,,) is the diameter of the image 1(C,,, ) of the circular arc Cy, = {y € D: |y — 2| = 04}

and
_ 4rK
7 log(1/0)°
The circular arc Cy,, divides the unit circle 9D into two components A; y and Asgy such that the
longer one, say A, contains at least two of the points p;. Denote by A;y = 1¥A;, C T the

corresponding images. If {(1,(2} C 9D N C,, are the endpoints of Cy, then

[9(C1) — ¥(C2)| < d(Cy,) < d.

Hence (by the choice of d) either A; 4 or Aj, has diameter < e. Since ¢ < min{|g; — ¢;]: 7 # j},
that component cannot contain two of the points ¢;. Hence this component must be A; , = ¥ A; 4.
We have proved that for every € > 0 there exists 4 > 0 such that

diamy(A) <e

whenever A C 0D has diameter diam A < 2§ and ¢ € Fg. That is, the family Fx is equicontinuous
on OD. O
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8.21 Solving the Plateau problem

Proof of Theorem 8.1. Let T' C R3 be a piecewise C! Jordan curve and fix a triple (py, p2, p3) on
0D and a triple (q1, g2, g3) on I'. First we observe that Er < co. Indeed, since I' C R? is a piecewise
C! Jordan curve, its has a piecewise C' monotone and onto parametrization v: 8D — I'. Define,
by using polar coordinates 7 > 0 and ¥ € 9D, a mapping w: D — R3, w(r,9) = n(r)y(?), where
n: [0,1] — [0, 1] is smooth such that (1) = 1 and n(r) = 0 for all 0 < r < 1/2. Then w is Lipschitz,
and therefore E(w) < oco. Furthermore, w € Xr, and so Er < E(w) < oco. Let then ¢; € Xt be a
minimizing sequence for Er, i.e.

lim E(i;) = Ep.

j-}OO
For each j, there exists a harmonic map u;: D — R? such that u; € C(D) N C>°(D) and u;|0D =
1;|0D. In particular, u; € Xp and E(u;) < E(¢;). Hence also (u;) is a minimizing sequence.
Then we notice that u; o ¢ is harmonic and belongs to X if ¢: D — D is a Mdbius transformation.
Hence by Lemma 8.19, we may assume that each u; € Fg for some fixed K > 2Er. By the weak
compactness Lemma 8.10, there exists a subsequence, still denoted by (u;), and @ € W1?(D) such
that u; — @ weakly in W12?(D) and that

E(u) < liminf E(u;) = Er.
Jj—00
By Lemma 8.20, (u;) is equicontinuous on JD. Hence, by the Ascoli-Arzeld theorem, there is a
subsequence, still denoted by (u;), that converges uniformly on 0. Since each u; is harmonic, so

does u; — uj, and therefore
sup |u; — uj| = sup |u; — ujl
D oD

by the maximum principle. Hence u; — u uniformly on D. Now u is a harmonic map as a limit of
harmonic mappings in uniform convergence, hence it is smooth in . Furthermore, u = @ (a.e. in
D), u|0D is monotone and onto since each u;|0D does. It follows that u € Xt, and therefore

E(u) = Er = Ar,

where the last equation follows from Lemma 8.4. On the other hand, Ar < Area(u) < E(u), and
therefore we must have
Area(u) = Ar.

References

[CM]  T.H. Colding and W.P. Minicozzi II, A Course in Minimal Surfaces, Graduate Studies in
Mathematics, Vol. 121, AMS, 2011.

[EG] L.C. Evans and R.F. Gariepy, Measure theory and fine properties of functions, CRC Press,
Boca Raton, 1992.

[GM] M. Giaquinta and L. Martinazzi, An introduction to the regularity theory for elliptic sys-
tems, harmonic maps and minimal graphs, Edizioni della Normale, Pisa, 2005.

[GT] D. Gilbarg and N.S. Trudinger, FElliptic partial differential equations of second order,
Springer-Verlag, Berlin, 1983.



84 Minimal Surfaces

[G] E. Giusti, Minimal Surfaces and Functions of Bounded Variation, Monographs in Mathe-
matics, Vol 80, Birkhéuser, 1984.

[MP1] W.H. Meeks and J. Pérez, The classical theory of minimal surfaces, Bull. Amer. Math.
Soc. 48 (2011), 325-407

[MP2] W.H. Meeks and J. Pérez, A survey on classical minimal surface theory
www.ugr.es/ jperez/papers/monograph-book2.pdf

[O] R. Osserman, A survey of Minimal Surfaces, Dover Publications, 2002.



