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Return by Thursday, November 27.

1. Let Σ ⊂ Rn+1 be a smooth hypersurface and let N = (N1, . . . , Nn+1) be
a unit normal field. Furthermore, let δg = (δ1g, δ2g, . . . , δn+1g),

δg = ∇g − (∇g ·N)N,

be the tangential gradient of a smooth function g. In the Exercise 8/2 we
learned that

δiδj − δjδi =
k+1∑
m=1

(
NiδjNm −NjδiNm

)
∂

∂xm
∀i, j = 1, . . . , n+ 1.

Prove that, in fact,

δiδj − δjδi = 0 ∀i, j = 1, . . . , n+ 1.

That is, [δi, δj ] = 0, as it should be since Σ is a (sub)manifold.

2. Let Ω ⊂ Rn be open. Prove that BV(Ω) equipped with the norm

‖u‖BV(Ω) := ‖u‖L1(Ω) +

∫
Ω
|Du|

is a Banach space. [Of course, we identify functions u, v ∈ BV(Ω), with
‖u− v‖BV(Ω) = 0.]

3. Suppose that Ω ⊂ Rn is a bounded open set and let u : Ω → R be a
continuous function. We define the relaxed area of its graph Γu as

Vol(Γu) = inf

{
lim inf
k→∞

V(uk) : uk → u uniformly in Ω, uk ∈ C1(Ω̄)

}
,

where the infimum is taken over all such sequences (uk). Prove that the
relaxed area functional u 7→ Vol(Γu) is lower semicontinuous with respect
to uniform convergence.

4. Prove that the relaxed area of the graph of a Lipschitz function coincides
with its usual area.

5. Suppose that Ω ⊂ Rn is a bounded open set and let u ∈ L1(Ω). We define

V(u) = inf

{
lim inf
k→∞

V(uk) : uk → u in L1(Ω), uk ∈ C1(Ω̄)

}
.

Prove that

V(u) = sup

{∫
Ω

(
u

n∑
i=1

∂gi
∂xi

+ gn+1

)
: g ∈ C1

0 (Ω;Rn+1), |g| ≤ 1

}
.


