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Return by Thursday, November 20.

Let Σ ⊂ Rn+1 be a smooth hypersurface and let N = (N1, . . . , Nn+1) be a
unit normal field. Furthermore, let δg = (δ1g, δ2g, . . . , δn+1g),

δg = ∇g − (∇g ·N)N,

be the tangential gradient of a smooth function g.

1. Prove that:
(a)

δiNj = δjNi ∀i, j = 1, . . . , n+ 1;

(b)
n+1∑
i=1

Niδi = 0;

(c)
n+1∑
i=1

NiδjNi = 0 ∀j = 1, . . . , n+ 1.

2. Prove that:
(a)

δiδj − δjδi =

k+1∑
m=1

(
NiδjNm −NjδiNm

)
∂

∂xm
∀i, j = 1, . . . , n+ 1;

(b)

δiδj − δjδi =
k+1∑
m=1

(
NiδjNm −NjδiNm

)
δm ∀i, j = 1, . . . , n+ 1.

3. Prove that
n+1∑
i=1

δiδiNj = −nδjH −Nj

n+1∑
i,k=1

(δiNk)2, ∀j = 1, . . . , n+ 1,

where H is the mean curvature of Σ with respect to N .

4. Suppose that Σ is the graph of a smooth function u : Ω→ R and let N be
the upwards pointing unit normal field. Furthermore, let ω : Ω×R→ R,

ω(x, t) = log
√

1 + |∇u(x)|2 = − logNn+1.

Prove that
n+1∑
i=1

δiδiω =
n

Nn+1
δn+1H +

n+1∑
i,j=1

(δiNj)
2 +

n+1∑
i=1

(δiω)2.


