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Return by Thursday, September 25.

1. Let ∇̄ be the standard connection of Rm and X,Y ∈ T (Rm) smooth
vector fields. Verify that

(
∇̄XY

)
p

depends only on the vector Xp and

values of Y along a path γ : ] − ε, ε[→ Rm, with γ(0) = p and γ̇0 =
γ′(0) = Xp.

2. Let M ⊂ Rm be a smooth n-dimensional submanifold of Rm and let
p ∈ M . Suppose further that v1, v2 . . . , vn is a basis of TpM . Prove that
the mean curvature vector at p is given by

Hp =
n∑

i,j=1

gij IIp(vi, vj),

where (gij) is the inverse of the matrix (gij), gij = 〈vi, vj〉.

3. Verify that the Riemannian curvature tensor

R̄ : T (Rm)× T (Rm)× T (Rm)→ T (Rm),

R̄(X,Y )Z = ∇̄X∇̄Y Z − ∇̄Y ∇̄XZ − ∇̄[X,Y ]Z

vanishes identically.

4. Prove the Gauss equation for smooth submanifolds of Rm:

K(P )|v ∧ w|2 = 〈IIp(v, v), IIp(w,w)〉 − | IIp(v, w)|2.

5. Suppose that M ⊂ Rm is a smooth submanifold, γ : I → M a smooth
path, and V a smooth vector fiels along γ tangent to M (i.e. Vt ∈
Tγ(t)M ∀t). Show that (DtV )t is the orthogonal projection onto Tγ(t)M of

the ordinary Euclidean derivative V̇t = V ′(t). Furthermore, show that γ
is a geodesic on M (i.e. DtV ≡ 0) if and only if its Euclidean accelleration
γ̈ is everywhere normal to M .

6. Suppose that Ω is an open subset of R2 and f : Ω→ R a smooth function.
Let M be the graph of f and N the upward-pointing unit normal vector
field on M . Then M is parametrized by graph coordinates (x, y) ∈ Ω,

(x, y) 7→
(
x, y, f(x, y)

)
.

Compute the components of the Weingarten map in graph coordinates,
in terms of f and its partial derivatives.


