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Return by Thursday, December 11.

In Exercises 1-5 we will prove (step by step) the mean value property for
weakly harmonic functions.
Let Ω ⊂ Rn, n ≥ 2, be an open set. A function u ∈ L1

loc(Ω) is weakly
harmonic if

(1)

∫
Ω
u(x)∆v(x) = 0 ∀v ∈ C∞0 (Ω).

1. Let x ∈ Ω and R > 0 such that Bn(x,R) ⊂ Ω. Choose ε ∈ (0, R) and
ϕ ∈ C∞(R) such that suppϕ ⊂ (ε,R). Define

r(y) = |x− y|

and

(2) v(y) = ϕ
(
r(y)

)
.

Prove that:
(a) v ∈ C∞0 (Ω),
(b)

∆v(y) = ϕ′′
(
r(y)

)
+
n− 1

r(y)
ϕ′
(
r(y)

)
,

(c)

ϕ′′(r) +
n− 1

r
ϕ′(r) = r1−n d

dr

(
rn−1ϕ′(r)

)
.

2. Let ϕ be as above and define

ψ(r) =
d

dr

(
rn−1ϕ′(r)

)
.

(a) Prove that ψ ∈ C∞0
(
(ε,R)

)
and∫ R

ε
ψ(r) dr = 0.

(b) Prove the converse: That is, given ψ ∈ C∞0
(
(ε,R)

)
satisfying

(3)

∫ R

ε
ψ(r) dr = 0,

find ϕ ∈ C∞0
(
(ε,R)

)
such that

(4) ψ(r) =
d

dr

(
rn−1ϕ′(r)

)
.
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3. Let ψ ∈ C∞0
(
(ε,R)

)
be an arbitrary function satisfying (3). Then define

ϕ and v as above (in (4) and (2)). Apply (1) with this v and verify that

(5)

∫ R

ε
ψ(r)ω(r) dr = 0,

where

ω(r) = r1−n
∫
∂Bn(x,r)

u dσ

and σ is the (normalized) (n− 1)-dimensional Hausdorff measure.

4. Prove that ω(r) is constant for a.e. r ∈ (ε,R). Note that this constant
depends on the chosen x ∈ Ω. Denote this constant by σn−1ū(x), where
σn−1 = σ(∂Bn(0, 1)). Verify then that

ū(x) =
1

σn−1rn−1

∫
∂B(x,r)

u dσ

for a.e. r ∈ (0, R).

5. Prove that

ū(x) =
1

m
(
Bn(x,R)

) ∫
Bn(x,R)

u dx

for every x ∈ Ω and R > 0 such that Bn(x,R) ⊂ Ω. Furthermore, prove
that ū is continuous in Ω and u = ū a.e. in Ω.

6. Let D ⊂ R2 be the unit disc and u ∈ C(D̄;R3) ∩W 1,2(D;R3). Let uk ∈
C∞(D̄;R3) ∩W 1,2(D;R3) be a sequence of mappings such that uk → u
uniformly in D̄ and uk → u in W 1,2(D;R3).1 For each k ∈ N, let

uk = (u1
k, u

2
k, u

3
k),

∂uk
∂x

=

(
∂u1

k

∂x
,
∂u2

k

∂x
,
∂u3

k

∂x

)
,

∂uk
∂y

=

(
∂u1

k

∂y
,
∂u2

k

∂y
,
∂u3

k

∂y

)
,

g(k)
xx =

∂uk
∂x
· ∂uk
∂x

,

g(k)
xy = g(k)

xy =
∂uk
∂x
· ∂uk
∂y

,

g(k)
yy =

∂uk
∂y
· ∂uk
∂y

,

g(k) = det

(
g

(k)
xx g

(k)
xy

g
(k)
yx g

(k)
yy

)
.

Define gxx, gxy, gyx, gyy, and g similarly for the mapping u.
Study what happens to the integrals∫

D

√
g(k) dxdy

as k →∞.

1See [EG], Theorems 1-3 in Section 4.2.


