


EVOLUTION AND THE THEORY OF GAMES

Model solutions 14-2-2013

8. Show that in a (symmetric) 2-by-2 payoff matrix game, the ESS conditions are
equivalent to

π1(x, x
′) < π1(x

′, x′)

or

π1(x, x
′) = π1(x

′, x′) and π1(x, x) < π1(x
′, x)

for every pure strategy x != x′. (Remark: x′ doesn’t need to be a pure strategy.)

Note that this result, if true, is quite practical. To check whether a strategy is an
ESS, it is enough to test it against pure strategies!

Solution: We have to prove an ”if and only if” -type of statement. The ”⇒”
direction of the proof is clear, since if the ESS-conditions hold for all strategies,
they must hold also for every pure strategy.

For the ”⇐” direction of the proof we assume that the ESS-conditions hold for
every pure strategy, i.e. denoting the strategy set for both players with X =
{x1, x2} we assume that either the first ESS condition holds

π1(x1, x
′) < π1(x

′, x′)and(1)

π1(x2, x
′) < π1(x

′, x′)(2)

or the second ESS condition holds

π1(x1, x
′) = π1(x

′, x′),(3)

π1(x1, x1) < π1(x
′, x1)(4)

and

π1(x2, x
′) = π1(x

′, x′)(5)

π1(x2, x2) < π1(x
′, x2).(6)

Writing x = (q, 1 − q) and x′ = (p, 1 − p), our task is to show that for all x != x′

π1(x, x′) < π1(x′, x′), or π1(x, x′) = π1(x′, x′) and π1(x, x) < π1(x′, x).
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