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Return by Tuesday, October 29.

1. (a) Prove that any closed ball B(p,r) C S" of radius r < 7/2 is convex.
That is, if z,y € S™ and [z,y] C S™ is the geodesic segment joining
x and y, then [z,y] C B(p,r).
(b) Prove that all balls (open or closed) in H" are convex.

2. Prove that the metric of a CAT(0)-space X is convex, that is, each pair
of geodesics a: [0,a] — X and §: [0,b] — X, with a(0) = 3(0), satisfy
the inequality

d(a(ta),ﬁ(tb)) < td(a(a),ﬁ(b))
for all t € [0, 1].

3. Let X be a CAT(k)-space and let p,z,y € X be such that d(p,z) +
d(p,y) < Dyg. Prove that the geodesic segment [z, y] is the union of [z, p)
and [p,y] if and only if

AP(LP’ ‘T]v [pvy]) =Tm.

4. Let X be a proper geodesic space. Suppose that there exists a unique
geodesic segment [z,y] joining points x,y € X. Prove that, for every
e > 0, there exists 0 > 0 such that dist(z, [z, y]) < € whenever

d(z,z) +d(z,y) < d(z,y) + 0.

5. Prove that a geodesic space X is a CAT(k)-space if and only if for every
geodesic triangle A(p, q,r) of perimeter < 2D, the midpoint m € [g,]
(d(g,m) = d(m,r)) and its comparison point m € [g,7] C A(p,q,7) C M?
satisfy the inequality

d(p,m) < d(p,m).



