MARTINGALES AND HARMONIC ANALYSIS

SOLUTIONS TO EXERCISES

4. Petermichl’s dyadic shift and the Hilbert transform.

4.1

4.2

Write the binary expansion « = sgn(z) >, 27", where o = o (z) € {0,1} for all i € Z
and «; = 0 for every i < ip where g is the first integer with 27% > |z|. For z > 0 and
any j € Z, we may write

o= Ez>g ;27 Z 7 <1
727t —|—zi>jozi2_i, j > .

=10

For the case x < 0 and any j € Z,

. [, (- a2, <
Z 2=t _97J _ Zai272 — ) + Zi}j( O[‘ ) ‘ ] Z.O
=277 =3 a2 30 (1= )27 g > .

i>] 1E€EZL i=ig
Thus, for every j € Z, using the fact that 2; 27 = 9; for all i < j, we obtain

.@j+17: ‘@j+zi>j ;27" » z >0
.@j + Zi>j(1 — ai)2 , x©<0.

It follows that 2 + 2 = 2°®) where 3;(v) = a;(x) if x > 0 and Bi(z) = 1 — a;(x) if
x < 0. In both cases, the sequence (ﬁi(a:))Kio(x) is a constant (in the first case, zero; in
the second, one). Hence any 2°, for which lim;_, ., 8; does not exist, cannot be of the
form 2 + x for any x € R.

Write (in this exercise) 9} for the one-dimensional dyadic intervals of length 277, 5 € Z.
Then 2; = 93-1 X @]17j € Z, and one can define (e.g.) Z;11/2 := Qﬁ_l X _@1,3 € Z. Then,
denoting .#; = 0(%;),i € 3Z,

f= Z > 1 (Elf1Z11] — E[f1F))

J=—00 QEZ;
Z > 10(Elf|1Fj11] — Blf|Fis1s2] + Ef|F s /2] — ELf|1F)])
where e
E[f|.7:] = > ‘Q|/f, z’efZ.

For Q =1xJ € 2;, write Qs := I, x J and Q4 := I x J; where s,t € {—,+}. Note that
Q =Q4+UQ- and |Q| = 2|Q4|, and further, Qs = Qs— U Qs+ and |Qs| = 2|Qs:|. Then we

can write,
1g 1g,
f= : / f+ : I
|Q| / {+ - 2|Qs {+ } 2|Qs| Q_s

and similarly,

1 1

Q. Fe lQ., / . Qut 7
|Qs| t€{+ - 21Qst| Jg., t€{+ } 2|Qstl Jo, _,
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Thus, for Q € 9;,j € Z, we calculate
Q(Elf1Fj41] — Elf|Fjt1/2] + Elf|F41/2] — ELf|F;])

_ 1Qet . 1Qs‘ ]-Q
B Z ( Z |Qst| Qst ) Z |Qs| Qéf+ Z |Qs Q|/f

se{+,—} te{+ -} se{+,—-} se{+,—} Q-

XX QTS;;K/;‘/J)*S i f)

se{+,—}te{+ -}

S 1@@81%/ / lo. 1Q+/ /Qf

se{+,—}
ZSE{Z; }hQé/hQ f+hQ/th7
where
hq.(x,y) = |Q1|1/2 (lo.. —1q.,)(z,y) = |1[I|(f/2h (),
ha(e.) = i (o ~ la.)ew) = ha(a) 2.

4.3 As in 3.23, one can represent any t; € [—1,1] in the form ¢, = Z;’il ex;279 were gi; €
{—1,+1}. Denote

M := max{|F(t)]: t € {-1,1}"}.
Then for any ¢ € [—1,1]",

F(t) = ‘Ztkgk‘ = }Z &Y en2” ‘ < ZTJ“ Z%j&‘ <MY 279 =M
k=1 =1\ =1 =1 k=1 =1

so M is the maximum in the whole cube [—1, 1]™.

4.4 Without loss of generality, we may assume that maxi<i<n ||gk]lcc = 1. Then for a.e. fixed
z € R, gi(z) € [-1,1]. For a moment, fix z € R and for each k € {1,...,n}, write gi(x) =
Z;L nk;277 (as we did for ¢ in the previous exercise) where ny; = ni;(z) € {—1,1}.
Then, by the triangle inequality in the probability space,

. 1/p o n
(E‘ng(x)ﬁkfk(x)‘p> = E‘ZTj (anjgkfk(x)) ’p
Pt = k=1

1/p

oo

gz (E’angekfk )’)Up.

Note that here, for every j € N, (ngjer)p_, and (ex);_, have the same distribution. Thus,

E‘ i nkjgkfk(x)‘p = E‘ i Ekfk(x)‘p‘
k=1 k=1

We conclude with

n 1/p 0o n 1/p n
(E‘ ng(x)ekfk(x)‘p> < ZTj (E’ ngfk(x)‘p> = (E’ Za?kfk(ff)‘p)
=1 =1 =1 =1

It remains to take the pth power and to integrate over R.

1/p
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5. Back to Burkholder’s inequality.
5.1 Forany 0 < a <b<2aand z€R,

T — 1 2 [Tt 4
mas@l=| [ T < L[ emplay< 2 [ 1wl < 2ars)
a<|y|<b Y Ta J|y|<b T Jr—b ™
Let g € C.(R). First note that

/ g9(z) dy = g9(z) / dy =0, foranyzé€R.

<lyl<b TY ™ <lyl<b Y

Thus,

Hag@) =| [ o —g@la] < 5 [ ot gl
4

<= —g(t
< o e lg(s) = 9 (1),

which tends to zero as b — 0 by the continuity of g.

For a general f € LP(R) and 6 > 0, let g € C.(R) with ||f — g||, < 6. Write Hop f =
Hab((f - g) + g) = Hab(f - g) + Habg‘ Then
. . 4
limsup |Hop f| < limsup (|Hao(f — )| + [Hapgl) < =M (f — g).

b—0 b—0 ™
Hence, for any ¢ > 0, since the maximal operator is of weak-type (p,p),
. 4 _
{z e R: 111;15(1)1p|Habf(33)| > e}l < {z e R: —M(f —g)(2) > e} < Ce7?||f — gll; < C(6/¢)".
—

Since 0 > 0 can be taken arbitrarily small, this shows that |[{x € R: limsup,_,o |Hapf(x)| >
e}| = 0 for any € > 0. This proves that limsup,_,o |Hapf| = 0 a.e. and hence, Hypf — 0
a.e.



