
MARTINGALES AND HARMONIC ANALYSIS

Solutions to exercises

4. Petermichl’s dyadic shift and the Hilbert transform.
4.1 Write the binary expansion x = sgn(x)

∑
i∈Z αi2

−i, where αi = αi(x) ∈ {0, 1} for all i ∈ Z
and αi = 0 for every i < i0 where i0 is the first integer with 2−i0 ≥ |x|. For x > 0 and
any j ∈ Z, we may write

x =

{∑
i>j αi2

−i, j < i0∑j
i=i0

αi2
−i +

∑
i>j αi2

−i, j ≥ i0.

For the case x < 0 and any j ∈ Z,

x =

∑
i>j

2−i − 2−j

−∑
i∈Z

αi2
−i =

{
−2−j +

∑
i>j(1− αi)2−i, j < i0

−2−j −
∑j
i=i0

αi2
−i +

∑
i>j(1− αi)2−i, j ≥ i0.

Thus, for every j ∈ Z, using the fact that Dj ± 2−i = Dj for all i ≤ j, we obtain

Dj + x =

{
Dj +

∑
i>j αi2

−i, x > 0

Dj +
∑
i>j(1− αi)2−i, x < 0.

It follows that D + x = Dβ(x), where βi(x) = αi(x) if x > 0 and βi(x) = 1 − αi(x) if
x < 0. In both cases, the sequence (βi(x))i<i0(x) is a constant (in the first case, zero; in
the second, one). Hence any Dβ , for which limi→−∞ βi does not exist, cannot be of the
form D + x for any x ∈ R.

4.2 Write (in this exercise) D1
j for the one-dimensional dyadic intervals of length 2−j , j ∈ Z.

Then Dj = D1
j ×D1

j , j ∈ Z, and one can define (e.g.) Dj+1/2 := D1
j+1 ×D1

j , j ∈ Z. Then,
denoting Fi = σ(Di), i ∈ 1

2Z,

f =

∞∑
j=−∞

∑
Q∈Dj

1Q
(
E[f |Fj+1]− E[f |Fj ]

)
=

∞∑
j=−∞

∑
Q∈Dj

1Q
(
E[f |Fj+1]− E[f |Fj+1/2] + E[f |Fj+1/2]− E[f |Fj ]

)
where

E[f |Fi] =
∑
Q∈Di

1Q
|Q|

∫
Q

f, i ∈ 1

2
Z.

For Q = I ×J ∈ Dj , write Qs := Is×J and Qst := Is×Jt where s, t ∈ {−,+}. Note that
Q = Q+ ∪Q− and |Q| = 2|Qs|, and further, Qs = Qs− ∪Qs+ and |Qs| = 2|Qst|. Then we
can write,

1Q
|Q|

∫
Q

f =
∑

s∈{+,−}

1Qs

2|Qs|

∫
Qs

f +
∑

s∈{+,−}

1Qs

2|Qs|

∫
Q−s

f,

and similarly,
1Qs

|Qs|

∫
Qs

f =
∑

t∈{+,−}

1Qst

2|Qst|

∫
Qst

f +
∑

t∈{+,−}

1Qst

2|Qst|

∫
Qs,−t

f.
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Thus, for Q ∈ Dj , j ∈ Z, we calculate

1Q
(
E[f |Fj+1]− E[f |Fj+1/2] + E[f |Fj+1/2]− E[f |Fj ]

)
=

∑
s∈{+,−}

( ∑
t∈{+,−}

1Qst

|Qst|

∫
Qst

f
)
−

∑
s∈{+,−}

1Qs

|Qs|

∫
Qs

f +
∑

s∈{+,−}

1Qs

|Qs|

∫
Qs

f − 1Q
|Q|

∫
Q

f

=
∑

s∈{+,−}

∑
t∈{+,−}

1Qst

2|Qst|

(∫
Qst

f −
∫
Qs,−t

f
)
+

∑
s∈{+,−}

1Qs

2|Qs|

(∫
Qs

f −
∫
Q−s

f
)

=
∑

s∈{+,−}

1Qs− − 1Qs+

|Qs|

(∫
Qs−

f −
∫
Qs+

f
)
+

1Q− − 1Q+

|Q|

(∫
Q−

f −
∫
Q+

f
)

=
∑

s∈{+,−}

hQs

∫
hQs

f + hQ

∫
hQf,

where

hQs
(x, y) :=

1

|Qs|1/2
(
1Qs− − 1Qs+

)
(x, y) =

1Is(x)

|Is|1/2
hJ(y),

hQ(x, y) :=
1

|Q|1/2
(
1Q− − 1Q+

)
(x, y) = hI(x)

1J(y)

|J |1/2
.

4.3 As in 3.23, one can represent any tk ∈ [−1, 1] in the form tk =
∑∞
j=1 εkj2

−j were εkj ∈
{−1,+1}. Denote

M := max{|F (t)| : t ∈ {−1, 1}n}.

Then for any t ∈ [−1, 1]n,

|F (t)| =
∣∣∣ n∑
k=1

tkξk

∣∣∣ = ∣∣∣ n∑
k=1

ξk ∞∑
j=1

εkj2
−j

∣∣∣ ≤ ∞∑
j=1

2−j
∣∣∣ n∑
k=1

εkjξk

∣∣∣ ≤M ∞∑
j=1

2−j =M,

so M is the maximum in the whole cube [−1, 1]n.
4.4 Without loss of generality, we may assume that max1≤k≤n ‖gk‖∞ = 1. Then for a.e. fixed

x ∈ R, gk(x) ∈ [−1, 1]. For a moment, fix x ∈ R and for each k ∈ {1, . . . , n}, write gk(x) =∑∞
j=1 ηkj2

−j (as we did for tk in the previous exercise) where ηkj = ηkj(x) ∈ {−1, 1}.
Then, by the triangle inequality in the probability space,(

E
∣∣∣ n∑
k=1

gk(x)εkfk(x)
∣∣∣p)1/p

=

E
∣∣∣ ∞∑
j=1

2−j

(
n∑
k=1

ηkjεkfk(x)

)∣∣∣p
1/p

≤
∞∑
j=1

2−j

(
E
∣∣∣ n∑
k=1

ηkjεkfk(x)
∣∣∣p)1/p

.

Note that here, for every j ∈ N, (ηkjεk)nk=1 and (εk)
n
k=1 have the same distribution. Thus,

E
∣∣∣ n∑
k=1

ηkjεkfk(x)
∣∣∣p = E

∣∣∣ n∑
k=1

εkfk(x)
∣∣∣p.

We conclude with(
E
∣∣∣ n∑
k=1

gk(x)εkfk(x)
∣∣∣p)1/p

≤
∞∑
j=1

2−j

(
E
∣∣∣ n∑
k=1

εkfk(x)
∣∣∣p)1/p

=

(
E
∣∣∣ n∑
k=1

εkfk(x)
∣∣∣p)1/p

.

It remains to take the pth power and to integrate over R.
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5. Back to Burkholder’s inequality.
5.1 For any 0 < a ≤ b ≤ 2a and x ∈ R,

|Habf(x)| =
∣∣∣ ∫
a<|y|<b

f(x− y)
πy

dy
∣∣∣ ≤ 1

πa

∫
|y|<b

|f(x− y)|dy ≤ 2

πb

∫ x+b

x−b
|f(y)|dy ≤ 4

π
Mf(x).

Let g ∈ Cc(R). First note that∫
a<|y|<b

g(x)

πy
dy =

g(x)

π

∫
a<|y|<b

dy

y
= 0, for any x ∈ R.

Thus,

|Habg(x)| =
∣∣∣ ∫
a<|y|<b

1

πy
[g(x− y)− g(x)] dy

∣∣∣ ≤ 2

πb

∫
|y|<b

|g(x− y)− g(x)|dy

≤ 4

π
max
|s−t|<b

|g(s)− g(t)|,

which tends to zero as b→ 0 by the continuity of g.
For a general f ∈ Lp(R) and δ > 0, let g ∈ Cc(R) with ‖f − g‖p < δ. Write Habf =

Hab((f − g) + g) = Hab(f − g) +Habg. Then

lim sup
b→0

|Habf | ≤ lim sup
b→0

(
|Hab(f − g)|+ |Habg|

)
≤ 4

π
M(f − g).

Hence, for any ε > 0, since the maximal operator is of weak-type (p, p),

|{x ∈ R : lim sup
b→0

|Habf(x)| > ε}| ≤ |{x ∈ R :
4

π
M(f − g)(x) > ε}| ≤ Cε−p‖f − g‖pp ≤ C(δ/ε)p.

Since δ > 0 can be taken arbitrarily small, this shows that |{x ∈ R : lim supb→0 |Habf(x)| >
ε}| = 0 for any ε > 0. This proves that lim supb→0 |Habf | = 0 a.e. and hence, Habf → 0
a.e.


